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chapter I Model systems

1.0 overview

Derived from latin quantum that means how much, in English the term quantum signifies a small
discrete unit rather than part of a continuous quantity. We distinguish first between quantum physics,
implying experimental measurements on atomic systems and their analysis, quantum mechanics,
implying a collection of computational methods or algorithms applicable to systems on an atomic scale,
as listed in the table below, and quantum chemistry, implying semi-empirical calculations with more or
less standard computer programs of properties of chemical materials. To introduce quantum mechanics
in the context of chemistry, we distinguish further between the quantum laws, or the laws of
discreteness, and quantum theories, which have been devised to reproduce, approximately, various
experimental observations. Quantum mechanics is not a chemical theory -- not even a physical theory,
but is precisely a collection of methods or algorithms applicable to calculations of systems on an atomic
scale, as summarised in the following table, that might have a numerical nature or component; there is an
inevitable and unavoidable error in such calculations, apart from any approximations involved in the
theory that require the intervention of still further theories, that arises through the finite precision of not
only the calculations but also the parameters, such as #, e ... that were formerly known to only finite
precision but now have defined values in important instances. Of methods listed in the table, five are
discussed at greater or lesser length in these three chapters because of their prospective chemical
applications. All theories are inadequate to some extent; even Dirac's equation that enabled a treatment
of atom H fails to yield perfect agreement with experimental measurements of the hyperfine structure of
spectral lines of H; any experiment on other than H, among species of prospective chemical interest,
yields data that are imperfectly reproduced, even apart from the precision of the calculations and the
parameters. The most accurate theories are applicable to only the simplest systems, and become
absolutely intractable for application much beyond those simple or prototypical systems.

methods of calculations within quantum mechanics and their originators

1 matrix mechanics, Heisenberg, 1925, developed with Born and Jordan
2 symbolic method, Pauli, 1926, developed by Green, 1965
3 wave mechanics, Schroedinger, 1926



4 second quantisation, Dirac, 1927
5 density-matrix formulation, von Neumann, 1927
6 variational formulation, Jordan and Klein, 1927
7 pilot-wave formulation, proposed by de Broglie, 1927; developed by Bohm 1952
8 relativistic quantum mechanics, Dirac, 1928
9 phase-space formulation, Wigner, 1932
10 octonionic quantum mechanics, Jordan, 1933
11 quaternionic quantum mechanics, Birkhoff and von Neumann, 1936
12 path-integral formulation, Feynman, 1948, after Wiener, 1926, and Dirac, 1933
13 Hamilton-Jacobi formulation, Leacock and Padgett, 1983

The creation of important methods of quantum mechanics was a major development of theoretical
physics during the twentieth century; throughout the development of theoretical physics, forces of two
types have played an exceptional role -- the restoring force of simple harmonic motion proportional to
the linear displacement from an equilibrium condition and the force in the Kepler problem proportional
to an inverse squared distance. For this reason, even though our interest is chemically oriented, we
devote much attention in this chapter to the treatment of an harmonic oscillator and, in chapter 2, a
hydrogen atom, as a Kepler system, for which exact algebraic solutions are practicable within a limited
frame and as a basis of a quantum-mechanical treatment of complicated systems. The latter fascination
of theoretical physics reflected critical optical experiments, namely involving the emission and
absorption of light, which became a basis for the practice of spectrometry that plays a crucial role in all
chemistry. The Kepler problem encompasses both gravitation, of minor direct interest in chemistry, and
coulombic attraction between particles of opposite electric charge; the effective range of the Coulomb
potential energy is infinite because a photon has no rest mass. Whereas an harmonic oscillator is a
fiction, devoid of physical or chemical material existence but of invaluable significance in view of its
role as a prototype for the quantization of fields, a hydrogen atom is arguably the basis of all chemistry,
consistent with Prout's hypothesis that was a major influence on Rutherford in his pioneering
experiments on nuclear structure. For these reasons these chapters contain many sections devoted to
harmonic oscillators and the hydrogen atom in their various aspects. Although the duality of particle and
wave character that Einstein recognised in his treatment of the photoelectric effect led de Broglie to
propose an analogous duality for a moving particle, this idea is important in quantum physics but plays
little or no direct role in quantum mechanics even though it was the impetus for Schroedinger to develop
wave mechanics.

Initiated with the qualitative observation by William Wollaston in Cambridge, 1802, of dark lines
within the visible spectrum of light emitted by the sun that became the basis of seeking to delineate the
quantum laws of nature, the most sensitive and crucial experiments to precede the development of those
theories involved the measurement of optical spectra, in which discrete lines appeared and of which the
wave lengths or their inverses might be fitted to simple formulae, such as four lines in the Balmer series
in atomic spectra of H in 1885 and the Deslandres table in molecular spectra of C,, in 1891; that the

prototypical calculations in these chapters have a close connexion with spectrometric aspects is
appropriate for this reason, and, at various points in the derivation or interpretation of the results, we
mention these pertinent aspects. In 1924 before his original derivation of quantum mechanics,
Heisenberg recognised that the observable properties of a (free) atomic or molecular system are the
energies of its states -- or, precisely, their energy differences -- and the intensities of transitions between
those states; any properties of a particular method of quantum mechanics are artefacts of that method
and not a general feature of quantum mechanics. Dirac wrote subsequently that

"it is important to remember that science is concerned only with observable things...".



A system on an atomic scale, which might be amenable to calculation with some quantum-mechanical
method, differs from a system on a macroscopic scale in that every experiment on a microscopic system
results in an interaction that disturbs the properties of the system; this condition imposes a limitation on
the power of observation that implies that there exist observations that can not be made simultaneously,
which in turn implies an indeterminacy subject to Heisenberg's criteria that provide a quantitative
expression of the fact that, even in a pure state, non-commuting observable quantities are immeasurable
simultaneously. With a system on an atomic scale is associated a [Hilbert] space of infinite dimension, a
set of observable quantities, a set of states -- some discrete and some continuous, and measurements
according to which one might evaluate an observable quantity related to various states of that system.
The dynamics of a system on an atomic scale treat the variation of either the observable properties --
according to Heisenberg's approach -- or the states -- according to Schroedinger's approach -- that do not
vary with time. In these chapters our primary concern is with the stationary states of a system, not with
the temporal variation of those states; the stationary aspect implies not a lack of movement of any
particle but that the probability distribution is constant in time.

All quantum mechanics seems to be based on a postulate of a commutator -- a term originated by
Dirac, such as a commutator of position and momentum variables that Heisenberg deduced and that
Dirac directly recognised to be the key to quantum mechanics, namely the depecndence of multiplicative
relations on the order of the factors, a b # b a; on this basis, we undertake calculations according to
various algorithms of quantum mechanics -- which is intrinsically a collection of mathematical methods
to treat systems on an atomic scale, as opposed to quantum physics that is a branch of physics that is
concerned with experiments on matter and energy at the atomic level and their interpretation, because
the laws that are deduced from the behaviour of macroscopic objects fail to operate adequately in an
atomic realm. The canonical linear harmonic oscillator is a system that is amenable to treatment with
several methods or algorithms of quantum mechanics; we treat this system according to rigorous matrix
mechanics with explicit matrices to represent physical quantities, then according to rigorous wave
mechanics in both coordinate and momentum representations, and eventually with Dirac's operators for
creation and destruction. After a comparison of those results and a short analysis of their significance,
we treat again the canonical linear harmonic oscillator according to wave mechanics in the coordinate
representation and with spectral parameters, for comparison with another harmonic oscillator according
to Davidson's formula for potential energy; we generate the characteristic parameters of the putative
vibrational and rotational spectra of these two putative oscillators -- their frequencies and their
intensities -- for their comparison. As an exact application of pioneer wave mechanics in the coordinate
representation to an atomic system comprising one atomic nucleus and one electron, we treat the
hydrogen atom, generating accurately the atomic energies, amplitude functions and absorption spectrum
for both discrete and continuous transitions within the limitations of a non-relativistic approach and
neglecting the nuclear motion. As an accurate application of wave mechanics in the coordinate
representation to a molecular system comprising two atomic nuclei and one electron, we treat the
dihydrogen molecular cation, calculating in an approximate manner the energy of the system as a
function of internuclear distance. On the basis of these direct calculations and the deductions therefrom,
we discuss the relation between quantum mechanics and molecular structure, concluding with some
pedagogical ramifications. We explain how molecular structure in a classical sense is formally
incompatible with quantum mechanics. Quantum-mechanical methods are nevertheless applicable to
treat the structures and properties of molecules and matter, on the basis of approximations well defined,
in the form of quantum-chemical calculations of a semi-empirical nature such that the electrons but not
the associated atomic nuclei are treated with wave-mechanical methods. To facilitate these applications
we include procedures that originated with Professor H. Huber and his students in a spirit of transparent
quantum chemistry. Upon such a foundation, one might proceed to use other purely numerical software
designed specifically to generate numerical values of diverse properties of molecules and materials of



varied extent but that is opaque to the user.

Beginning early in the twentieth century, spectroscopists attributed the band spectra in the infrared
region emitted by diatomic molecules to "quantum vibration and rotation modes" of the molecules.
Because of these simple motions, band spectra offered a convenient first phenomenon to which to apply
not only the first quantum theory of molecules by Bjerrum in 1912 but also the formulations of the new
quantum mechanics in 1926. In 1920 Kemble distinguished explicitly between the frequencies of
photons, in the spectra of atoms and molecules for instance, and the frequencies of periodic motions in
these systems -- there is not necessarily a relation. In his first paper, completed in Cambridge in 1926
May, J. R. Oppenheimer presented a derivation of the frequencies and relative intensities of the
observable spectral lines on the basis of Dirac's new quantum commutator algebra [Proceedings of the
Cambridge Philosophical Society, 1926], followed by a paper on the intensities of lines in the emission
spectrum of the H atom. At the same time L. Mensing published a similar derivation utilizing matrix
mechanics, as did E. Fues utilizing wave mechanics. Analyses of Oppenheimer's paper and of its
historical and scientific contexts offer insight into the then new quantum mechanics and its utilization
and reception during this brief period of competing formalisms, and into the characteristic features of
Oppenheimer's later style of research and publication. Subsequent considerations of quantum mechanics
and molecular structure confirmed that diatomic molecules offer a special case in that the atomic nuclei
are distinguishable from the electrons such that an unique internuclear separation can be established.

We ignore Planck's derivation of a formula that expresses the distribution of frequency of radiation
from a black body, which is continuous -- hence showing directly no quantum characteristic, because
that formula is equally derived without assumption of discrete or discontinuous process (T. H. Boyer,
Physical Review, 182, 1374 - 1382, 1969); with a known value of the Boltzmann constant that is equal to
ideal-gas constant divided by Avogadro constant, a value for Planck's constant is determinable from

. . . . okT . . ) .
Wien's displacement law, discovered in 1893, v__ = —, »in which v is the frequency of light at

k _
which occurs the maximum spectral flux per unit frequency/Hz, aT =1.034561890x 10" HzK ! at

temperature 7'and o = 2.821439.

An important conclusion of these calculations and their explanation, worthy of reiteration, is that
quantum mechanics is not a chemical theory, not even a physical theory, but a collection of
mathematical procedures or algorithms that one might apply to solve problems on an atomic scale. For
this reason, the exploration, with mathematical software, of quantum mechanics applied to prototypical

systems is particularly appropriate.
1.1 the meaning of quantum

1.11 quantum laws and quantum theories

The universe comprises a sum of matter and radiation; that these constituents are interconvertible is
immaterial for practical chemistry -- the preparation and analysis of chemical substances and their
mixtures. Matter might be stationary or in motion, relative to an observer, but radiation is always in
motion: even though there are cavities that contain radiation, for instance as standing waves of
microwave radiation within a reflex klystron or in a laser cavity for visible light, we consider the
radiation to be in a continuous motion without frictional loss, reflected between one end of a cavity and
another, even though subject to loss at each reflexion. Experiments have been designed and performed
to take advantage of the duration of that transit back and forth across a cavity. Both matter and radiation
have their electric and magnetic aspects: with radiation, as visible light for instance, is associated an
electromagnetic field, which exists even in the absence of matter; radiation from the sun as centre of our
solar system, whether as radio waves or visible light or xrays, thus reaches planet earth through the



intervening electromagnetic field in a vacuum — i.e. the virtual absence of matter. Likewise,
macroscopic matter, in which the atomic centres on a microscopic scale comprise positively charged
atomic nuclei and their surrounding negatively charged electrons, can bear a net electric charge, such as
a plate of an electrical capacitor or a piece of dielectric material subjected to friction according to a
triboelectric effect, or a magnetic dipolar moment, such as a bar of iron or iron oxide; matter in a form of
a microscopic entity such as a molecule can analogously bear a net electric charge or a net electric or
magnetic dipolar moment; other electric and magnetic moments exist, of which the electric quadrupolar
moment is likely most generally important. An electric charge that is stationary with respect to an
observer generates an electric field whereas an electric charge that is in motion relative to an observer
generates also a magnetic field. A magnetic field can exist without a perceptibly moving charge, for
instance, in the vicinity of a piece of iron below a critical temperature known as a Curie point, cf chapter
18 on the dielectric and magnetic properties of chemical matter.

Although, on a conventional or macroscopic scale, both matter and radiation seem continuous and to
be capable of subdivision or attenuation ad libitum, on a microscopic or atomic scale both matter and
radiation are found experimentally to comprise discrete units; such a discrete unit might be called a
quantum, or described as the result of its discrete nature. The word quantum is adapted from latin
quantus, meaning how much; in English, a quantum signifies a chunk, a small unit of a quantity. The
discrete unit of matter we call a molecule -- a single atom by itself is merely a molecule with a single
atomic centre or atomic nucleus. The discrete unit of radiation we call a photon, a term proposed by G.
N. Lewis in 1926 to signify a carrier of radiant energy; Einstein's interpretation of the photoelectric
effect in 1905 was the first substantive recognition of the discreteness of radiation. Chemists typically
work with neither a single molecule nor a single photon, but only ensembles of these entities of
sufficiently large number. For most practical purposes, we can consider a (small) molecule to have

dimensions typically of order 10" mor 1 nm, but in principle a piece of matter as large as a diamond
claimed to be the size of a coconut, or a single crystal of ordinary salt NaCl as large as a football, or a
wide sheet of polyethene, might constitute a single molecule according to conventional chemical criteria.
Likewise, for most practical purposes, we can ignore any internal structure of a photon, but in a
chemical context a molecule is usefully considered to be composed of atomic nuclei and their
surrounding electrons that exist, collectively, in states of discrete or continuous energy depending on the
distribution of electronic density in the vicinity of the atomic nuclei and the history of the sample.
According to conventional definitions, an atomic nucleus in a stable or enduring molecular system bears
a net positive electric charge, whereas each associated external electron bears a negative charge; an
atomic nucleus is characterized also with a particular value of intrinsic angular momentum, parity,
electric quadrupolar moment and other properties that become significant in measurements of spectra
based on nuclear magnetic resonance, for instance. Although atomic nuclei have manifolds of excited
states, characterized by their energy, angular momentum and other properties, for most chemical
purposes such conditions are immaterial, but one significant application enables Moessbauer spectra --
whereby small variations of the energies of states of an atomic nucleus respond to the environment of
that atomic centre. The fact that atomic nuclei consist of subnuclear particles, most simply viewed as
protons and neutrons, is immaterial for most chemical purposes.

Matter comprises materials, in condensed or dense phases, and molecules. A molecule exists
rigorously only in an isolated state, such as in an hypothetical ideal gas at a small density or the

constituents of interstellar clouds, density ~ 5 molecules mL _1, and in an absence of external fields --
which never occurs; to an approximation of extent variable, depending on both the chemical nature of a
sample and the nature of an experimental measurement on that sample, a (small) molecule might,
however, seem to exist also within a condensed phase — a solid or liquid state of aggregation, mesophase
or compressed gas. Within a molecule there exist only atomic nuclei and electrons — hence no atoms,
but, near and surrounding an atomic nucleus, an atomic centre is observable that might resemble an



isolated atom of the same atomic number, except the case of hydrogen; an atomic nucleus designated ,

4M of a chemical element of symbol M is usefully deemed to comprise Z protons and 4 — Z neutrons,
but the subsidiary structure of a proton or neutron, or other aspect of what constitutes an atomic nucleus,
is typically of little concern in chemistry. The discrete properties of a molecule or a photon number at
least five according to the table below: four of them, which conform to macroscopic descriptions, are
inertial mass, electric charge, total energy and linear momentum. A further property has the dimensions
of a physical quantity called action, or angular momentum, or possibly something else; this property is
generally known as angular momentum, which implies a rotation of some object, but the nature of what
might be rotating is uncertain. Mass, charge and energy are scalar quantities, but linear momentum and
angular momentum (or whatever other quantity might pertain) are vectorial quantities.

Table Quantum laws or laws of discreteness of molecules and photons

property molecule photon
charge / |e| 0,+1,+2, 43, ... 0
mass / u ~1,~2,~3, ... 0
energy E~E +E +E. +E, +. E=hv
. — — h
linear momentum |p| =|mv| |p| = E
h 1 3
angular momentum / — V=0,£t—,£1,x—, ... 1
2T 2 2

These properties are all directly observable from experiment; for instance, not only the discreteness of

electric charge but also a value of electronic charge, at present defined as e = - 1.602176634 107" C,
were determined in Millikan's experiment with drops of oil in an electric field or other much more
sophisticated measurement.

With each property is associated a law of conservation, such as the conservation of net electric charge
or conservation of energy. According to Noether's theorem that is a rationalization of experimental
observations, with each law of conservation is associated a symmetry; each conserved quantity implies a
symmetry or shift invariance. A symmetry is a variation of some property of a system that leaves the
physical description of that system unaltered; symmetry is a fundamental attribute of the natural world
that enables one to investigate particular aspects of a physical system in isolation. An assumption that
space is homogeneous, or possesses translational symmetry, yields the property that the linear
momentum of a system closed and isolated is invariant as the system moves, so that one can examine
separately the motion of the centre of mass and the internal motion of the system. An assumption that
space is isotropic, or possesses rotational symmetry, implies analogously that the total angular
momentum of such a system is constant. Noether's theorem is applicable to conservations of linear and
angular momentum, energy and net electric charge of a closed or isolated system, as follows. A
conservation of linear momentum arises from an invariance to a displacement of the symmetry of spatial
translation, or translational invariance; a conservation of angular momentum arises from an invariance to
a displacement of a symmetry of rotation or angle, or rotational invariance. A conservation of energy
arises from a symmetry of translation in time; no such conservation applies directly to mass -- to only
the composite of mass and energy. Conservation of net electric charge arises from an invariant gauge
transformation or the shift invariance of electric current.

We consider each property in turn. A photon bears neither rest mass nor charge, but a (small)
molecule of particular isotopic composition bears a rest mass or inertial mass that is nearly an integer in



terms of unified atomic mass unit, u, or dalton, Da; a large crystal of salt or that enormous diamond

might have a mass of order kilogram, which corresponds to ~10?" u and for which any relation to an
integer is meaningless. A molecular entity can bear a net electric charge, of value 0 for a net neutral

molecule, or +£1, £2, ... for a molecular ion such as NO * orOH ™ or Ca2+, in units of the charge e on a
proton, which is the same magnitude as the charge on a single electron but of opposite sign. The

intrinsic energy E of a photon is directly proportional to the frequency v of an associated
electromagnetic wave; the factor 4 of proportionality in £ =/ v is known as Planck's constant, defined as

h=6.626 070 15 10" J's. A molecule might exist in a state of discrete energy, although a continuum
of internal energies is possible under various conditions; apart from the intrinsic mass energy and the
internal states of atomic nuclei, that molecular energy is conventionally subdivided approximately into
classical contributions of translation, or external kinetic energy, rotation of the molecule as a whole
about an internal axis, internal vibrations of atomic centres, and electronic energy; each such
contribution to the total energy might also appear to assume discrete values, and vibrational and
electronic energy might be considered to have kinetic and potential contributions. A photon moves in
vacuo at speed ¢ independent of its frequency, but its linear momentum p is inversely proportional to

. . : . o h
wave length A of its associated electromagnetic wave; the factor of proportionality in p = X between

momentum and inverse wave length is again Planck's constant. For a molecule confined to an enclosed
space, its linear momentum, taken as a product of its mass and velocity, assumes discrete values, but the
linear momentum of a free molecule, for instance in an interstellar cloud, takes continuous values. A
photon has unit angular momentum in terms of Dirac's constant, which is Planck's constant /2 divided by
2 m, independent of frequency or wave length; a photon is thus rigorously a boson, or particle to which
Bose-Einstein statistics pertain, rather than a fermion that conforms to Fermi-Dirac statistics. A single

h
molecule has total angular momentum in integer or half-integer multiples of 2— ; including the effects
I

of intrinsic nuclear angular momentum, a molecule is thus either a boson if it possess zero or integer

total angular momentum in terms of —2 , such as free'2C %0 in its state of least energy, or a fermion,
T

1 3 5 ) . h
5y units of angular momentum in terms of 2— , such as He. The external
T
kinetic energy of a molecule is related to its linear momentum, which affects only indirectly the internal
energy of which one might measure a change during absorption or emission of a photon. The angular
momemtum of a molecule is, in contrast, of great importance in relation to radiative processes; not only
the total angular momentum as a vectorial quantity takes discrete values, such as 0, 1, 2, ... in unit of

if it possess

h . . . .
2— , but also a component of angular momentum along a particular axis, generally assigned to axis z,
T

takes discrete values of interval 1 unit. For instance, for total angular momentum 3 units, in terms of

h ) .
2— , the component takes values from -3 to 3,s0 -3, -2, -1, 0, 1, 2, 3 in the same unit. The total
T

angular momentum of a photon is 1 unit, and its projections are only -1 and 1, not 0; these values might
be roughly associated with circularly polarized light, rotation clockwise or anticlockwise, for instance.
Like energy, angular momentum can, in the absence of friction, be neither created nor destroyed, but
might be exchanged between particles or between a particle and radiation; this conservation of angular
momentum is considered to be a direct consequence of the isotropy of space, i.e. the fact that empty
space has the same properties in all directions.



These properties of charge on an atom or molecule are
1, 12,
43, ... in units of e. For mass, the possible values for neutral molecules are positive integers 1, 2, 3, ... as
mass numbers, but these values are only approximately integers in terms of unified atomic mass unit or

dalton, and two molecules of the same total mass number, such as 28 for both'2C %0 at
27.99491461956 + 0.00000000016 u and 14N2 at 28.00614800956 = 0.00000000124 u, have slightly

disparate actual masses. As the mass of an electron, m, = (5.48579909065 + 0.00000000016) 107 u, is

much smaller than the mass of any stable atomic nucleus, the mass of a molecular ion accordingly
differs only slightly from that of the corresponding neutral atom or molecule. For the energy of an
isolated small molecule with multiple atomic centres, the vibrational contributions to the total energy
might be described in terms of integers 0, 1, 2, 3, ..., but the energy depends on these values in a linear
manner only poorly for small values of these quantum numbers; for only a diatomic molecule is a
vibrational quantum number rigorously defined. The energy of overall molecular rotation is formally
only approximately separable from energy due to angular momenta in other forms, including intrinsic
electronic and nuclear angular momenta, or from vibration, and the energy of electronic excitation of
atoms or molecules is generally not expressible in terms of simple relations involving integers; atomic H
or other system having only one electron is exceptional in this regard. A quantum number for linear
momentum is generally of no practical interest, whereas quantum numbers for angular momentum, that
assume integer or half-integer values in terms of the Dirac constant, are important: the internal state of a
molecule, hence excluding its external kinetic energy, might be defined uniquely in terms of its total
internal energy, relative to the energy of the ground state of least internal energy, and its total angular
momentum.

These attributes constitute the quantum laws of nature, or, more precisely, the laws of discreteness.
To obtain results consistent with these laws, one might either adapt classical theories of newtonian
mechanics and electricity and magnetism and impose the quantization near the end of the calculation, or
formulate new theories that are designed specifically to yield automatically these effects. Of the latter
type, there are many quantum theories, any of which is more or less approximate and more or less
irrelevant to a particular situation; these theories have been devised pragmatically to reproduce some
perceived properties of microscopic systems, but no theory yet devised, in the light of these experimental
facts, is accepted to be either generally accurate or universally practicable. The first quantum theory is
supposedly that of Planck (1900) who derived a formula to describe the spectral distribution of radiation
emitted by a black body, but that distribution of radiant energy is absolutely continuous: accordingly, no
theory requiring a discreteness is necessary; Boyer (1969, and subsequent papers) reported an alternative
derivation that is devoid of such a postulate. Einstein's treatment (1905) of the photoelectric effect, in
which the kinetic energy of electrons ejected from a metallic surface illuminated with light of varied
frequency increases linearly with that frequency beyond a particular frequency that becomes a threshold,
of which the corresponding energy is called the work function of that surface, was an innovation at the
time of its publication, but is trivial in the light of the concurrent or subsequent recognition of the laws
of discreteness of molecules or matter and photons, according to the table above; rather than influencing
the number of electrons or electric current measurable on illuminating a surface, the frequency of the
incident light affects only the kinetic energy of the electrons. Like the distribution of energy emitted by
a black body, the kinetic energy of the electrons that escape the surface for an energy exceeding that
threshold energy varies continuously with the frequency of incident light, and so is not formally a
quantum theory of radiation. The next theory, by Niels Yannicksen Bjerrum (1912), was strongly
influenced by the observation of spectral lines of diatomic molecular samples in the mid-infrared region.
Niels Henrik David Bohr (1913, 1915) originally sought to produce a mathematical derivation
concerning the structure of an atom following the account of Rutherford's nuclear atom; its relation to



the visible emission spectra of H was an afterthought. These theories of both Bjerrum and Bohr are
incorrect, worthy of only historical interest, and are a distraction from succeeding quantum theories.

As Max Born and Werner Heisenberg asserted in 1924, a proper physical description of microscopic
particles in motion must be concerned with their mechanics, of which the quintessential variables are
position, momentum, angular momentum and energy as a function of time; quantum mechanics must
hence involve those quantities, but for an hypothetical system in one spatial dimension angular
momentum is irrelevant. As P. A. M. Dirac recognised directly in 1925 on reading a paper of
Heisenberg, the fundamental postulate of quantum mechanics is

ih
pa,—4p; = P, q) = S 4>
in which b, and g, are components of conjugate variables momentum and position, respectively;

according to a frame of cartesian axes, j, K might pertain to x, y and z axes; i =/ -1 is the imaginary
unit; 2 denotes Planck's constant; SJ i denotes Kronecker's delta function, equal to 1 if j=4k and 0

otherwise. Notation [ p, ¢,] implies a commutator, as defined to its left in the above expression; with

j=kand SJ .= 1, components p; and q; fail to commute, or their commutator does not vanish, unlike for

ordinary numerical or algebraic quantities. In one dimension this relation becomes simply
ih
rPqg—qp = [pql = -—— -
27
This postulate has neither proof nor definitive derivation: its justification is that its application yields
results in various formalisms that generate values of quantities comparable with experiment. This
relation implies both de Broglie's relation, as outlined in section 1.25, and Heisenberg's principle of

indeterminacy: a simultaneous measurement of the momentum p and position g of a particle must be
inaccurate, such that the product of the uncertainty Ap of momentum and the uncertainty Ag of position

in the direction of motion has a minimum value: Ap Ag > 4— ; this relation is derived in section 1.24.
T

. . . h .
The interpretation of an analogous relation AE At > 4— requires care because no operator represents
T

time; time can not be a dynamical variable because such a variable implies a variation with time, thereby
excluding time itself. A third relation involves a product of angle and angular momentum.

In developing what became matrix mechanics, Heisenberg's intention was to avoid involving
unobservable quantities in his derivation, such as the circular orbits of an electron postulated by Bohr in

his incorrect and misleading derivation for the hydrogen atom. Although each hamiltonian operator
2

applied in succeeding sections includes a term for kinetic energy, generally expressed as ZP; , NO
m

internal motion involving a kinetic energy is observable in an atomic or other system; the discrete
properties of each system directly observable experimentally in principle are the differences of total
energy on an interaction of the system with light, and the intensity of a transition from one state to
another, as recognised explicitly by Heisenberg in 1924. In applying quantum mechanics to a molecular
system, one customarily -- but not invariably -- treats separately and consecutively the electronic and
nuclear motions following the approximate separation of those motions according to Born and
Oppenheimer in 1927 -- cf section 3.91 in chapter 3, but, perhaps ironically, no such motion is directly
observable.

According to pioneer quantum mechanics applied in two forms, and additionally with Dirac's
operators, we proceed to apply this postulate to deduce some observable properties of an hypothetical
canonical linear harmonic oscillator. Quantities of two kinds, among others, that conform naturally to



such a relation are a matrix and a differential operator with the associated variable: the former quantity
forms directly the basis of matrix mechanics; the latter quantity, with either

g and ih 0
- —>-— —
i~ 700
in terms of coordinate g, or in terms of linear momentum p,
p-p and g ih 0
- - —
2n O

in which p and ¢ denote ordinary multiplicative quantities, forms in either case a basis of wave
mechanics, in either a coordinate or a momentum representation, respectively. Another quantity that
might obey the commutation law is a quaternion, which is a hypercomplex number, as outlined in
section group 1.8. Other quantities, such as Dirac's operators for creation and destruction, might be
designed to obey this commutation formula. Other quantum theories, such as Dirac's relativistic
quantum mechanics, quantum electrodynamics et cetera, are little employed directly by chemists,
although significant applications exist, and quantum-chemical calculations within relativistic wave
mechanics are occasionally practised with valuable results.

1.12 particle and wave

In Annales de Physique 3 (series 10), 22 - 128, 1925, Louis, duc de Broglie postulated that, because
particles of light, that G. N. Lewis named photons in 1926, have properties like those of massive
particles such as momentum, material particles of rest mass not zero might also exhibit properties like
those of a wave, subject to experimental test. For such a particle of light, its mass m would hence be
related to its angular frequency  as

h o

m =
2
2T
and momentum

h hk

_2TEC 2T

2
in which appear Planck constant / and speed of light in vacuo ¢, with wavenumber k = Tn and wave

length A; p and k are formally vectorial quantities. According to Einstein's special relativity, the mass of

: : L v
a particle moving at speed v is, with = —,
c

0
m =
2
11—
2
m, ¢
in terms of its mass m,, at rest relative to an observer. We introduce a rest frequency = I so that
27
)
o =———"—"—". The frequency ® of a wave hence transforms to a velocity of a particle as




with wavenumber

my mc 2 2 0 Va0
k= = 0 -0, =— = —
e ® 0 e ¢
2n 2n
The phase velocity becomes
2
N——
p %
so that on direct differentiation we derive
0 (0, T 1 o
akm_(éo) ) = v =y,

This group velocity is thus identical to the velocity of the particle, and
v v =c
pg
exactly as for electromagnetic propagation in a dispersive medium. These phase and group velocities
become equal only if m; =0, appropriate to a photon in vacuo.

The basis of the model pilot wave of de Broglie is hence that the motion of a particle corresponds to
the motion of a localised wave packet, or pilot wave, assembled from waves in a set covering frequency
or energy in a narrow range, and propagating at the particle velocity. de Broglie's derivation is fully
relativistic throughout. Whereas Davisson and Germer might be credited with a verification of the de
Broglie wave length, the objective of their experiment was distinct. Sir George P. Thomson, son of Sir
Joseph J. Thomson who identified the electron, undertook research with the explicit intention to verify
the relativistic dependence of wave length,

2
NI A
my v c

by acceleration of electrons in a beam from small to large energies and measuring the corresponding
diffraction pattern as a function of energy. Whereas Sir Joseph J. Thomson became Nobel laureate in
physics for identifying an electron as a particle, his son became Nobel laureate in physics for discovering
that an electron acts as a wave. Sir George P. Thomson considered, however, that a wave of this sort
differs from a wave of water or sound in that the energy is located only where the electron is detected:
"the rest of it is a kind of phantom. Once the particle has appeared, the wave disappears like a dream
when a sleeper awakes". Whereas a point particle and its matter wave are both real and distinct physical
entities according to the pilot-wave theory of de Broglie and as extended by Bohm, according to
standard quantum mechanics particles and waves are considered to be the same entities, connected by
wave—particle duality.

We thank Professor J. D. Hey for making this description available.

1.2 canonical linear harmonic oscillator

1.21 harmonic oscillator

As a basis for a consideration of concept molecular structure, we consider the simplest system,
despite being hypothetical, that conforms fully to quantum-mechanical principles and that was involved
in the first application of a quantum theory, by Planck to the spectral distribution of radiation from a
'black body', even though this application was subsequently proved superfluous. This harmonic



oscillator is the most powerful and widely used single model in physical science, but no such physical
system exists explicitly. We then proceed to further aspects of underlying principles and prevailing
practices.

According to classical mechanics, the characteristic of an harmonic oscillator is that its frequency of
oscillation is independent of the amplitude of oscillation; in contrast, according to quantum mechanics,
the characteristic of an harmonic oscillator is that between adjacent discrete states of defined energy
there exists a constant difference of energy. An harmonic oscillator is formally a boson as it lacks

intrinsic angular momentum. Although there exist multiple functions of potential energy V in their
dependence on a displacement coordinate consistent with the latter property, a constant difference of
energy, for the canonical linear harmonic oscillator, this function is quadratic in displacement g from an
equilibrium position, at ¢ = 0, at which potential energy is conventionally set to zero,

k, q2

Vig)=—5—:

therein appears parameter £, called an harmonic force coefficient that is a factor of proportionality in

Hooke's law of restoring force for such a displacement,

E= -k,q.
with vector notation for £ and g that we henceforth suppress. This condition of a restoring force directly
and linearly proportional to a displacement from an equilibrium position independent of the amplitude of
that displacement produces, on displacement, an oscillation called simple harmonic motion. The most
fundamental quantity in classical mechanics pertaining to the dynamics of a system is its lagrangian L,

defined for a newtonian system as a difference of kinetic 7'and potential V energies; L=T— V. The use
of this equation might avoid the involvement of forces, which are vectorial quantities for which the
direction and sense might cause complications. An important formula in a lagrangian analysis or

derivation is this Euler-Lagrange formula,
90y,

or (aq. )_ 9
0

in which the inner derivative is of L with respect to q"‘ =5 a velocity, and analogously p"‘ implies

a rate of change of momentum L implying a force; this notation with raised point * to indicate a

temporal derivative originated with Newton. This lagrangian formulation of mechanics is useful
because therein Newton's equations of motion become covariant in that they assume the same form in
coordinates of any system; for instance, the preceding formula is valid even if coordinates are not
orthogonal.

The total energy of a conservative dynamical system, for which the potential energy is independent
of time, is a sum of kinetic and potential energies. The hamiltonian for a classical canonical linear

harmonic oscillator of mass (L and momentum p as a sum of kinetic and potential energies is
2

1
H=T+V =2+ — k ¢&;
2u 2 e
from the canonical relations we find
R o p ( 0 H) i
ooHa=q = /., T =p = ~Kkq
ap i g ¢

Solution of these differential equations that comprise a set yields



| k
q(t) =g, cos[ = t+ o
1)

with phase ¢ that might be determined from initial conditions. We expect to obtain approximately this
solution of the quantum-mechanical harmonic oscillator in the limit of large energy, which provides a
test of our solution of that problem.

For a point particle moving in a cartesian space of three dimensions with axes denoted x, y, z, the
equations of motion according to the hamiltonian formalism are analogous to those above,

0 o 0 o 0 o
gH—-(P ). aH—-(P )y EH__(p ).
0 Hey 0 [ 0 o
— =X D = D =z

op_ apy Y op_

in which p_is called the momentum conjugate tox, et cetera. When a derivative such as x* =0, the

conjugate momentum D, is constant.

We present, according to quantum mechanics, three approaches to the solution of the energies of
discrete states and possible transitions between these states appropriate to absorption or emission
involving a transition moment of type electric dipole. Considering this harmonic oscillator to be a

boson, we apply quantum mechanics in various non-relativistic approximations.

1.22 canonical linear harmonic oscillator according to matrix mechanics

> restart:

When Heisenberg was developing matrix mechanics, he bore heavily in mind that the observable
quantities associated with discrete atoms or small molecules were the frequencies of spectral lines and
their intensities. His effort was devoted first to an anharmonic oscillator, because for this system the
frequency of the absorbed or emitted light differs from the frequency of the oscillator, enabling a more
critical test of a theory than for an harmonic oscillator. Heisenberg's derivation is complicated, more so
because he lacked knowledge of matrix algebra and had to discover the law of matrix multiplication by
experiment. For this reason, we treat here the simpler case of a canonical linear harmonic oscillator,
applying not only methods of linear algebra in matrix mechanics, but, in succeeding sections, also
differential equations in wave mechanics, section 1.23, and an original calculus with Dirac's operators,
section 1.24. The required concepts of matrices and the skills in working with them might be acquired
through study of chapter 6 on linear algebra; the most important properties of a matrix concern its
addition, multiplication, special types comprising null, unit and constant matrices, hermitian and unitary
matrices, and its transformation and diagonalization. A matrix might serve in a function, such as f(4)
for which f'(x) is a polynomial so that f(4) becomes a polynomial in matrix A. Matrices of infinite
rank occur in matrix mechanics, but we assume that all reasonable results can be taken over matrices
from infinite to finite rank without difficulty. Matrix mechanics commonly involves matrices that are

hermitian, such that hermitian adjoint A’ of matrix A is obtained on interchanging rows and columns and
taking the complex conjugate of each element, and unitary, such that its hermitian adjoint matrix is equal

to its inverse - A’ = A~!. With each observable quantity is hence associated a square hermitian matrix
that might be generated from the mechanical variables pertinent to the system, such as the position or
coordinate ¢ and the momentum p of a particle; matrices in a set Ql, Q2’ Qn; P1° P2, Pn, hence for

coordinates and momenta respectively, that satisfy the rules of commutation in the form of Heisenberg's
uncertainty commutator
ih
-- Qij—Qij—O, Pij—PkPj—O, Pka_Qka__zn é‘}.)kE,



in which 8] . denotes the Kronecker delta function and E is a unit matrix, render hamiltonian matrix H.
Observable values are sought as H(Pj, P R Qj, Q ‘ ...) that is a function of momenta and coordinate

matrices and that is diagonal; those diagonal values then constitute the measurable values of energy of
the system.

A geometric picture that is common in quantum mechanics is a Hilbert space, such that a state
function becomes a state vector in that space of infinite dimensions: each dimension corresponds to one
row of the matrix with one column that describes the state; the component of the state vector along that
axis of the Hilbert space is numerically equal to the corresponding element of the matrix. Varied
orientations of the axes in a Hilbert space correspond to varied choices of a representation; for instance,
the energy representation corresponds to choosing axes such that a state vector oriented along one of
these axes is an eigenstate of the hamiltonian; in general vector a, has component a. along an axis that

corresponds to energy eigenvalue £,. The diagonal matrix elements of an operator that has diagonal

form are just the eigenvalues of that operator; if the form of the operator be not diagonal, the diagonal
matrix elements are the expectation values of operators for states that are normalised.
For the canonical linear harmonic oscillator, Hooke's law relates restoring force - ke q, with force

coefficient k, and displacement ¢ from equilibrium, to a product, according to Newton's second law of

motion, of inertial mass L and acceleration in derivative form —

q,
or
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o’
According to matrix mechanics (Max Born, Atomic Physics), each physical quantity has a representative
matrix. For this equation to be applicable to a system described by means of matrix mechanics, each

F=-kq =

element of matrix Q must separately obey this equation. With

u
in which @, is a parameter with dimension radial frequency, a solution of the differential equation,
2
d 2
—5 q(t) T oyq(t) =0,
d t2 0

for a particular element ¢ of the coordinate matrix is

-i® t
n, m

4, (1) =90, ¢
in which parameter g0, or @  is called aconstant of the motion that implies a constant of integration

of the equations of motion of a dynamical system. As a condition that the preceding formula be indeed a
solution of the differential equation, that formula requires that

2 2
(0)0_ mn,m) qn,m:O )
We verify these deductions with a direct calculation. For this differential equation,
> de :=diff(qg[n,n(t),t$2) + onega[ 0] 2*qg[n,n](t) = O;
2

d 2
de := ? qn’m(t) + o, qn,m(t) =0 5.1

a prospective solution is



> sol :=q[n,nl(t) = gO[n, n]*exp(-1*onmega[n, n]*t);

—lo ¢
sol = q, (1) =q0n7 " ’ 5.2)
which we verify on substituting into the differential equation,
> des : = subs(sol, de);
62 —Ic)n mt 2 —Io)n mt
des = § (qOH’ m© ’ ) + o, qu’ © =0 5.3)
and evaluating, which yields this condition.
> cond := sinplify(des);
—lo t 2 )
Py— n’ m —
cond == ¢ qu’ m (0)0 -, m) =0 5.4)

-im t
Becausee ™" can never be zero for finite time, we eliminate it from that product to generate the
expression claimed above.

> cond := qO[n,n]*(-onega[n, M "2 + onega[0]"2) = O;

cond = q0, (0, —w, )=0 (5.5)

A condition either that the amplitude quantity g =0 orthat® = + @, hence signifies that the
only non-vanishing elements g of coordinate matrix Q are those for which

(Dn,m:(DO or wn,m:_O)O'

Because numbering of matrix elements is arbitrary, we apply a convention that a condition ® =,

corresponds to emission of a photon as this oscillator passes from one energy state numbered 7 to

another numbered m =n — k, whereas a condition ® = -®; corresponds to absorption of a photon in a

transition from one state numbered » to another numbered m =n + k. Because m, n and k are indices to
number the rows and columns of a matrix, and their differences, these quantities are naturally integers,
whence quantization arises, although there is no restriction of a matrix to a finite order. We hence form
these elements such that

-i® t -
non+k

® t
_ _ nn—k
qn,n—|—k_q0n,n—|—ke or qn,n—k qu,n—ke

if m=n+tk
and
A 0 otherwise.
A direct solution of the original differential equation yields a formula equivalent to that in sol above, but
in a less convenient form,
> dsol ve(de, q[n,nj(t));
q, ,(t)=_CI sin(coo t) + C2 cos((;)0 t) (5.6)

as two independent solutions and their associated constants of integration; we can express the latter
result in terms of a single trigonometric function by including a phase factor 0,
> qg[n,n(t) = C3*cos(onega[0]*t + phi);

q, (1) =_C3 cos(O)OH— (1)) (5.7)



so that the two constants of integration required for the differential equation of second order are _C3
and ¢. Alternatively, we might convert the trigonometric functions to exponential form,
> | hs(% = collect(convert(rhs(%9, exp), exp);
I CI C2 ) ~loyt I CI C2 ) loy
qn’m(t)Z( B) +—2 )e +(— B +_2 )e

as a sum of two independent exponential functions of which the form is more complicated than the
preceding formula; for this reason, we prefer the solution derived above.

> restart:
> wi t h(Li near Al gebra):

We hence define the elements of an infinite matrix Q to represent coordinate g with non-zero
elements g form=n 1 k up to m=dimm, and display this matrix up to a specified size. We choose

(5.8)

first k = 1, and a matrix of order 12 for our purpose.
> k = 1:
dimm : = 12:
interface( rtablesize = 15 ):
> Q:= Matrix(dimm (n, m ->if m= n+k then
gO[ n-1, m 1] *exp(- | *onega[ 0] *t);
elif m= n-k then
go[n-1, m 1] *exp(l*omega[ 0] *t);

el se O;
end if);
—Imot
Q:= [[07 qOO le 705 Oa 07 Oa Oa 07 Oa Oa 050 s (5'9)

[ I(not —Ia)ot i
(90, ¢ 0,40, ,e ,0,0,0,0,0,0,0,0,0],
[ lo ¢ —I(oot i
OJ q02 le 707 qoz 3e ,0’ O) 0, 0’ O) 0, 070 b
[ lu)ot —Iwot ]
O’ O’ q03 2e 70’ q03 4e 307 07 0’ O’ 07 O’O 2
[ Iooot —I(oot ]
0,0,0,40, ;¢ 7,0,40, ;¢ 7,0,0,0,0,0,0|

lo ¢ —lo ¢

: 0 0 _
0,0,0,0,40, ¢ *.0,g0; e °,0,0,0,0,0]

lo ¢ —lw ¢

: 0 0 _
0,0,0,0,0,40, ;¢ ., 0,40 ;¢ ,0,0,0,0]

lo ¢ —lw ¢

_ 0 0 _
0,0,0,0,0,0,90, ;¢ ", 0,40, ¢ °,0,0,0]

7,8

Iwot 0 0 —I(oot
s s q 8’96

0,0,0,0,0,0,0, g0 ;e , 0,01,



[ I(oot —ImOt
0,0,0,0,0,0,0,0,¢0, ge °., 0,40, e ,0],

lo ¢ ) t]
b

0
» 0,90, 4, ¢

0,0,0,0,0,0,0,0,0,q0,, ,e

[ I(l)Ot
0,0,0,0,0,0,0,0,0,0,q0,, e ,0”

We show the form, which is tridiagonal, of the coordinate matrix in this figure.
> Qn:= Matrix(di mk, shape=symmetric):
for j to dimm2*k do
Qij+k, j] =1
end do:
plots[matrixplot] (Qn axes=frane, titlefont=[TIMES, BOLD, 14],
title="formof coordinate matrix", gap=1/4, hei ghts=histogram
orientation=[-105,40], Ilabels=["row',6 "colum","Q']);

form of coordinate matrix

As momentum is defined as a product of mass and velocity, so p =L ( o q) , momentum matrix P has

elements



> P = murmap(diff, Q t);
—lo ¢t
P= Ho —1nq0, @ ¢ ",0,0,0,0,0,0,0»090’0}’ 10

lo ¢ —I(n t

quOloo ",0, —Tugo, ,op¢ ooooooooo,

lo ¢ —Iu) t

O,I},LqOZI(z)Oe 0,0, —Ipngo, ,o,¢ 00000000,

Ia) t —lo ¢

0 0
0,0, Tng0; ,o0e ", 0, —Ipgl; ,o)c ,0,0,0,0,0,0,0,

lo ¢ —Iu) t

0
O,O,O,qu04’3(1)oe , 0, —qu04’5woe ,0,0,0,0,0, O ,

lo ¢ —lo ¢

oooomqo54 b€ 50, —Tig, soe 0,0,0,0,0,0_,

T ¢ —I(n t

0 0 _
o, 0,0,0,0,11g0, oy *, 0, —Ipgl ;ape ', 0,0,0,0|

lo ¢ —lo ¢

oooooomq() e .0, —Ing0, joe °,0,0,0]

760

Iw t —lo ¢

0 0
g 7@€ -0, —Ingly g e

Ia)ot —I(not
0,0,0,0,0,0,0,0,Tng0, go e ~, 0, —Ingly \ oe ,o],

ooooooomqo ,0,0|,

I(x)ot —Io)Ot
0 0,0,0,0,0,0,0,0, quOlO9 0 © , 0, —quOlO’HmOe ],

lo ¢

OOOOOOOOOOquO , 0

11, 10 0

so that the momentum matrix has the same form, tridiagonal with zero along the principal diagonal, as
the coordinate matrix. Both P and Q are hermitian matrices because they represent physically

measurable dynamical variables. The total energies are the sum of kinetic and potential contributions,

2 2
2 k4 2 Ho,q
w=r+y =L - £ -0
> W:= sinplify((P.P)/(2*mu) + nu*onega[0]"2*Q Q 2);
W:=|:|:Hq001(0(2)q01 0’ 0’ 0’ 07 07 05 07 07 05 07 070 s (5°11)

0. woy, (40, , 40, o+ 40, ,40, ). 0.0.0,0,0,0,0,0,0,0]

0.0, way (40, ,40, , + 40, 140, ,).0.0,0,0,0,0,0,0,0]



0,0, 0, 1oy, (40, 440, ,+ 40, 440, ;). 0.0.0,0,0,0,0,0],
0,0.0,0, 5oy (405,40, ,+ 40, 5405 ,).0.0.,0,0,0,0,0],
0,0.0,0,0, we, (40, ;905 , + 05 440 ). 0.0,0,0,0,0],
(0,0.0,0,0,0, 00, (405 (0, 5+ 40 140, ). 0, 0,0,0,0],

0 0,0,0,0,0,0, um (405 1407, 6+ 405 5405 1) 0,0,0,0:,

0 0,0,0,0,0,0,0, u(o (40, 5905 7+ 40 540y ) 0,0,0],
_0, 0,0,0,0,0,0,0,0, uwo (405, 9405, s + 404 1404 ) O 0],

r 2
0, 0,0,0,0,0,0,0,0,0, po, (q09’ 10 q010’9 + quO’ 1 qul’ 10), O],

2
() 0,0,0,0,0,0,0,0,0,0, Mqolo 11 oqoll,IO”

yielding a matrix with non-zero elements only along the principal diagonal; quantities g0 that

originate as constants of integration in the solution of the differential equation remain to be defined. For
this purpose we apply the commutation relation that expresses the fundamental postulate of quantum

mechanics, with commutator [p, ¢],

_gp=-
P4=qp=-_.

in which — denotes Dirac's constant, equal to Planck's constant 4 divided by 2 &. With matrices Q

2T
for coordinate and P for momentum, this relation becomes

PQ -QP=-"§g
2T

in which E on the right side denotes a unit matrix; the result of the calculation of matrices on the left
side must be a diagonal matrix because the temporal derivative of P Q - Q P must vanish. We form a

matrix for the commutator

[p,q] = Pqg—qp
on the left side.

> commut = sinmplify(P.Q- QP);

commut = H —2qu01 O(DOqOO P 0,0,0,0,0,0,0,0,0,0, O],
O,Zluwo(qOOIqOIO—q012q021) 0,0,0,0,0,0,0,0,0,0
O,O,2Iu(z)0(q012(]021—q023q03 2) 0,0,0,0,0,0,0,0,0

3

0,0, 0,200 (0, 5405 ,— 40y ,40, ;). 0,0, 0,0,0,0,0,0

2

b
]
]
b

0,0,0,0,21pey (405,40, s~ 40, 5405 ), 0,0,0,0,0,0,0

(5.12)



0,0,0,0,0,21pe, (90, 5405 ,— 405 (40 5), 0,0, 0,0,0,0
0,0,0,0,0,0,2Tpay (¢05 (40 s a0 540, ), 0,0,0,0,0

0,0,0,0,0,0,0,2Tpw, (g0 ;q0; ¢~ q0; (40 ;) 0,0,0,0

0,0,0,0,0,0,0,0,0, 2100, (q0s 490 = 904 11401y 4)- 0, 0],

[0,0,0,0,0,0,0,0, 211w, (40, 4405 ,— 404 4404 5), 0, 0, 0
[0,0,0,0,0,0,0,0,0,0, 2110, (405 1440, 4 = 404 1 401 1) 0]

0,0,0,0,0,0,0,0,0,0,0,2Tug0, 1 ©,q0,, ]|

Because both the energy and the commutator have no dependence on time, we set equal the amplitude
factors with related indices of row and column, in accordance with the principle of microscopic
reversibility, so that g0 =4¢0 = .

> for mfromO to di nmdo
for n frommto di mmdo
qo[n, m} := q0[ mn];
end do;
end do;

We apply the commutation formula to form these equations, simplifying the left sides on dividing by a
common factor

2ih
) 2mpw, ’
and also replace the radial frequency w, by 2 v,
> onega[0] := 2*Pi *nu[ 0] ;
O, =21V, (5.13)

to produce these conditions,

> for i to dimmk do
eq[i] := sinmplify(comut[i,i]/(-2*1*nu*onega[0])) =
-1*h/ (2*Pi )/ (-2*1 *nu*omegal 0] ) ;
end do;

5 h
eqy =q0y =
8T uv,

) 2 _
eq, = -q0, , + 40, 2

8T UV,

) I
eqy = -q0, ,+q0, , 8 7 v
0



o 2 2 h
€d, = -q02, 3T q03, 4- 2

8T v,

o 2 _
€qs "= q03,4+q04,5 8n2uv
0

2 > _
eqs =90, s+ 905 (= —

8T UV,

. m 2 _
eq; = -q0s ¢+ 405 , 8 1 v
0

) 2 _
eqg = ~q0g 1+ q0; 8 1 v
0

2 > _
eqy = -q0; ¢+ 905 = —

8T UV,
o 2 > h
eqyy = ~q905 gt 90y o= —
8T v,
= qi?  +qi = 5.14
€d1 = 4% 10 T 9Y0, 11 87c2uv (5.14)
0

which we solve sequentially,
> for j to dimmk do
gO0[j-1,j+k-1] := op(select(has, [sqrt(rhs(isolate(eq[j],
qo[j-1,j+k-1]"2)))], -1));

A
01" 41

end do;

_h
1y,
0 =
7,2 2T
/e _h
[ v,
0, . =
e 4



[
nv,
q0; 4= o
1y,
q04’5 - 41
h
5[
1V,
905, = 2
J 14 L
1y,
905.7°= 4r
e
1y,
q07,8 - T
h
32 | —
0, o= al
8.9 41
h
J5 | —
1y,
40y 19 o
1y,
9019, 11 = AT

and display as our matrix to represent displacement coordinate g.

>Q':rrap(sirrplify, Q:
' = SubMatrix(Q [1..dimmK],[1..dimK]);

\/_F—Zlnvt
Yo .0,0,0,0,0,0,0,0,0]

4m

(5.15)

(5.16)



\/_ Zlnv t / —ZInv t ]
VO
,0,0,0,0,0,0,0,0

4 2T

[ A 21nv ¢ \/_/7 20my, ¢ ]
[TRY
0, 0 Y 0,0,0,0,0,0,0

I

4
Zlnvt —ZInvt
J_/ J_/
% .0,0,0,0,0,0],

2T

Zlnvz —2I1tvz ]
J— /7 . /7
% .0,0,0,0,0

4n

[ FZInvt \/_F 20wy, ¢ ]
Vo
0,0,0,0, ,0,0,0,0

41 T

2

[ 21ch t —21ch t ]
\/_ / avS /

0,0,0,0,0, 0

, b
2T i

4
[ \/721th /7 —ZInvt
0,0,0,0,0,0,

T

h 2Im —ZInv t

VOt
3J—
uvo
0,0,0,0,0,0,0,

4

[ 2Inv ¢ —2Inv ¢
T [ 2 NG [
0,0,0,0,0,0,0,0,

ir

[ \/_/7211:\/:
0,0,0,0,0,0,0,0,0,

2T

We extract the constant part of the amplitude factors to be a multiplicand of the entire matrix.
>'Q =sqrt(h/(mu*nu[0]))/(2*Pi) & map(sinplify, map(x -> x*2*



Pi/sqrt(h/(mu*nu[0])), rhs(%));
7
M—V \/7 —ZInvot
o= Y—" J&*||0, Y=~ 0,0,0,0,0,0,0, 0,0\,
27 2
2Inv ¢t
\/76 0 —2I1tvot
2 90’e ’07030’09030’0709
)1 —ZInvot
TV _ 6
0,e °,o,J_‘C’2 ,0,0,0,0,0,0,0]
2Intv ¢t
\/?e 0 —ZIchot
0,0, *————.0.y2e 7.0,0,0,0,0,0
. ) —Zlnvot
v 10
0,0,0,J/2e °, 0, ez ,0,0,0,0,0],
Zlnvot 51
10 - TV _t
0,0,0,0, ; ,0,y3 e °,0,0,0,0]
[ . —ZITCVOI
TV _t 14
0,0,0,0,0,y3e¢ °,o0, 62 ,0,0,0],
2Ircv0t )1
14 = TV _t
0.0.0,0,0,0, © .0,2¢  ".0,0|
o1 —ZInvot
TV _t 3 2
0,0,0,0,0,0,0,2¢ °,0, J_Z L0,
ZInvot .
3 2 - TV _
0,0,0,0,0,0,0,0,F+,0, 5e¢ O ]

0,0,0,0,0,0,0,

According to the latter manipulation and recalling that the rows and the columns of this matrix Q
number from zero so that the element topmost and leftmost is g, ,, the numerical coefficients of

h —21t[v0t
€

1V,

2T

ing,

2Inv ¢t

0,0,/5¢ °,0

. + 1 along the superdiagonal in matrix Q are

(5.17)



numerical coefficients of

/ 1
" —; . We display the submatrix of energy for which the truncated matrices for P and Q are

2nlv t
h T,

— €
mv,

2T

valid.
"W' = map(eval, SubMatrix(W [1..dimK],[21..dimK]));

>

w

T’O’O’ 0,0,0,0,0,0,0,0

3hv0

O,T,O,O,O, 0,0,0,0,0,0

Shvo

0, O,T,O,O, 0,0,0,0,0,0

7hv0
2

0,0,0, ,0,0,0,0,0,0,0

9hvO

0,0,0,0, ,0,0,0,0,0,0

llhv0

0,0,0,0,0,

13hv
0,0,0,0,0,0,

15hv0
2

0,0,0,0,0,0,0,

17hv0
2

0,0,0,0,0,0,0,0,

19hv0

2

0,0,0,0,0,0,0,0,0, , 0

0,0,0,0,0,0,0,0,0,0, —

hv, ]

,0,0,0,0,0
——9%0,0,0,0
.0,0,0

0,0

21th'

A plot of this energy matrix shows this simple form.
> plots[matrixplot](rhs(%/(h*nu[0]), axes=frane, titlefont=[TIlMES,

BOLD, 14] ,

title="formof energy matrix",

orientation=[-105, 40],

gap=1/ 4, hei ght s=hi st ogram

ing, +1n along the subdiagonal in matrix Q are also

(5.18)

| abel s=["row', "col um", "W (h*nu[0])"]);



form of energy matrix

7/(h*nu[0])

We calculate the intensity of the absorption spectrum for the canonical isotropic harmonic oscillator in
three spatial dimensions and in its ground state, for which n =0, as a dimensionless oscillator strength or
fvalue dependent on the square of an electric dipolar moment e g,
2
_3-8um 5 5

S e q
3h62

for the transition from state with n = 0 to a state with n = 1, for which the applicable matrix element is
2 h —ZITtVOt
— ¢
A
47
but represented as Q, , in the matrix above because for Maple the matrix elements must number from

9o, 1~

unity, not zero.
>f = 3*sinplify(8/ 3*mu*Pi *"2/ h/e”"2*e*( 1, 2] *subs(I1=-1,e*Q 1, 2])*nu
[0]);
f=1 (5.19)
As the sum of all oscillator strengths for transitions in absorption from the ground state is unity for three
spatial dimensions, this value is consistent with that definition because only one transition, fromzn = 0
ton = 1, is possible from that state as 9o, = 0 for i # 1. The external factor 3 in the numerator of the

latter formula for fresults from a calculation in three spatial dimensions, although the oscillation is



effectively in only one dimension.
Forgq, ~# 0form=n 1tk with k=1, the energies of discrete states are hence independent of time

and take values
En= Wn,n= (n-l— %) hVO,
in which appear quantum number »n, Planck's constant / and circular frequency v,. According to
absorption or emission as a transition involving an electric dipole, for which the electric dipolar moment
is e g, the only possible transitions with k=1 are those for which n — m =% 1. When n =0, this
oscillator has residual energy
hv,

EOZVVO,O: Ty

whereas, according to classical mechanics, there is no residual energy. In accordance with the fact that
V»o as g—»oo, so that E»o0 as n—o, and assuming mass L to be independent of kinetic energy, there
are only discrete states, spaced equidistantly and numbering uncountably, with no continuum.

We repeat this calculation with £=2. Redefining the elements of an infinite matrix Q to represent
coordinate ¢ with non-zero elements D m for m=n + k up to m =dimm, we choose here k = 2, and
display this matrix of order 12.
>k 1= 2:

Q:= Matrix(dinm (n, m ->if m= n+k then

go[n-1, m 1] *exp(-1*onmega[ 0] *t);
elif m= n-k then

gO[ n-1, m1]*exp(l*onegal[ 0] *t);
el se O;
end if);

-2Inv_t

Q= Ho 0,40, ,¢ ,0,0,0,0,0,0,0,0, 0}, (5.20)

-2Inv_t

0,0,0,4q0, ;e 0,0,0,0,0,0,0,0,0},

2Inv ¢t -2Inv _t

90, ¢ ©.0,0,0,40, ,e °,0,0,0,0,0,0,0|

2Inv_t -2Inv _t

0,40, ;¢ °,0,0,0,40, ;¢ °,0,0,0,0,0,0|

VAL AN -2Inv_t

, 0 0 _
00,90, ¢ ,0,0,0,q0, (e ,0,0,0,0,0],

PALA -2Inv ¢t

: 0 O _
0,0,0,90, 3¢ ,0,0,0,q0; ;¢ ,0,0,0,0},

PAC A -2Inv_t

_ 0 0 _
0,0,0,0,90, ;e °,0,0,0, 40 ge ,0,0,0|

21Inv _t -2Inv_t

_ : _
0,0,0,0,0,90, ;¢ °,0,0,0,40, ,¢ 0,0




[ Zlnvot —ZITtVOt
0,0,0,0,0,0,90, e °,0,0,0, g0 e ,0],
2Inv ¢ —2I1tv01]

» 0
0,0,0,0,0,0,0,90, ;¢ °,0,0,0,q0, ¢

2Imv ¢
".0,0, 0],

0,0,0,0,0,0,0,0,q0, ¢

2Inv ¢

0
011 ¢ ,0,0]

0,0,0,0,0,0,0,0,0, g0

We show the form of the coordinate matrix in this figure, again having only two non-zero diagonals, but
separated by three zero diagonals.
> Qn:= Matrix(di mk, shape=symmetric):
for j to dinmm2*k do
Qij+k, j] =1
end do:
plots[matrixplot] (Qm axes=franme, titlefont=[TIMES, BOLD, 14],
title="formof coordinate matrix", gap=1/4, hei ghts=histogram
orientation=[-105,40], labels=["row', "colum","Q]);

form of coordinate matrix

As above, we form momentum matrix P with



VRS

®|@

0
F )for each element.
> P = murmap(diff, Q t);

=u
-2Inv_t

=Ho,o, -211q0, , TV, e ,0,0,0,0,0,0,0,0,0},

-2Inv_t

0,0,0, -21png0, ;mv,e 0,0,0,0,0,0,0,0,0},

PAL AN -2Inv_t

) : .
»21“900,27”’ e ,0,0,0, ‘ZIMC]02,47W0€ ,0,0,0,0,0, 0,0_,

0

[ 2I1tv0t —2Inv0t i
_O,Zluqomnvoe ,0,0,0, —2qu03’5nvoe ,0,0,0,0, 0,0_,

2Imv ¢t -2Inv _t

0,0,21nq0, ,mvye °,0,0,0, -21png0, ;tvge  °,0,0,0,0,0]

2Inv ¢ -2Inv ¢

, : _
0,0,0,21ng0; smvge  ",0,0,0, ~21ug0; ;v e ,0,0,0,0

PALIA -2Inv _t

0,0,0,0,21ug0, ;tvye °,0,0,0,-2Ipg0, ;mvye  °,0,0,0],

2Inv ¢ —ZInVOt

e ",0,0,0,-2Ipg0, ,mv,e ,0,0],

0,0,0,0,0,2Tng0, 7V,

PAL AN -2Inv_t
M O b

e ,0,0,0 , ~21pg0g | TV e 0

0,0,0,0,0,0,2Tug0 TV,

>

2Inv t —ZInVOt
0 9, 11 O

- 0
O, 0,0,0, O,O,O,2qu07’9nv e ,0,0,0, -2Inq0 e

2Inv t

OOOOOOOOZquO810 v, ,0,0,0},

21 t
nvO

OOOOOOOOO2I}M]0911 Vv, ,0,0

The total energies are the sum of kinetic and potential contributions,
2 )
P ka Pt HOyg
+ =
2u 2 2u 2
W:=simplify((P.P)/(2*mu) + mu*onega[0]"2*Q Q 2);

>
wi=[[41q0] ;7" v;.0.0.0.0,0.0,0,0,0.0,0]

W=T+1V =

[0, 41407 ;7°v,.0,0,0.0,0,0,0,0,0,0]

[0.0. 47 uv, (40 ,+ 402 ,).0.0.0,0,0,0.0,0,0],

(5.21)

(5.22)



(0,0,0,47 v, (407 s+ 40 ;). 0,0,0.0,0,0,0,0]
0,0,0,0,47 v, (403 ,+ 407 ). 0.0.0,0,0.0,0]
0,0,0,0,0,47 v, (40% 5+ q0% ;). 0.0,0,0,0,0]

0,0,0,0,0,0,47 v, (407 o+ a0 ). 0.0.0.0,0],

0,0,0,0,0,0,0,47 pv, (402, + 402 4). 0,0, 0,0],

I 2 2
0,0,0,0,0,0,0,0,4m uvy (q0; ¢+ q0; ), 0,0,0],

I 2 2
0,0,0,0,0,0,0,0,0, 4 uvy (403 4+ 405 ), 0,0},

2

_0, 0,0,0,0,0,0,0,0,0, 4 uqO& 10

2 2
nvO,O],

[ ) 2 2
0,0,0,0,0,0,0,0,0,0,0,4ug0; |, VOH

yields again a diagonal matrix in which still appear integration constants g0,

As above, we apply the commutation relation,

_gp=-
Pa=qp=-_.

by forming a matrix for the commutator

[p,q] = pg—qp
on the left side.

> commut = sinmplify(P.Q- QP);
commut = H —4qu0§ ,MV,,0,0,0,0,0,0,0,0,0,0, 0], (5.23)

0, ~41pg0} mv), 0,0,0,0,0,0,0,0,0,0],

0,0, 4Tmpv, (90, ,

~ 403 ,),0,0,0,0,0,0,0,0,0]
, , , _
0,0,0,4Impv, (qo1 3= q0; 5), 0,0,0,0,0,0,0,0],
0,0,0,0,41rnpv (90, ,— 40 (), 0,0,0,0,0,0,0],
(0,0,0,0,0,4Inpv, (q0§ s— a0 1)>0,0,0,0,0,0],

, ) ) _
0,0,0,0,0,0,4Inpy, <q04’6— q0638), 0,0,0,0,0],

0,0,0,0,0,0,0,41Imuv, (g0 ;407 ), 0,0,0,0],

I 2 2
0,0,0,0,0,0,0,0,4Impv, (q06’ s — a0y 10), 0,0, 0],

I 2 2
0,0,0,0,0,0,0,0,0,41mpv, <q07’9—q09311), 0, 0],



2

[O,O,O,O,O,O,O,O,O,O,4qu0810

TV, 0],
[o,o,0,o,o,0,0,0,0,0,0,4qu0;11nvoﬂ

Because both the energy and the commutator have no dependence on time, we set equal the
corresponding amplitude factors, so that g0 =q0 . although this setting is already imposed with this

command above.
> for mfromO to di nmdo
for n frommto di nm do
qo[n,m := q0[mn];
end do;
end do;

We apply the commutation formula to form these equations, simplifying the left sides on dividing by a
common factor
ih
TU®,

b

and also replacing radial frequency o, by 2 ©v,, involving circular frequency v, to yield these

conditions,
> onmega[ 0] := 2*Pi *nu[0];
for i to dimmk do
eq[i] := sinmplify(comut[i,i]/(-2*1*nu*onega[0])) =
-1*h/ (2*Pi )/ (-2*1 *nu*onmegal 0] ) ;
end do;

®, = 2 TV,
_ o2 ___h
eq =q0, ,= o nzuv
0

h

— 2 _
€q, "= q01, 37 2
8T UV,

— 92 02 _ n
3 ) O, 2 2, 4 2 V
0

) 2
eq, = -q07 3+ q0; ¢ 2

8T UV,

o 2 h
€qs "= q02,4+q04,6_ Snzuv
0

) 2 _
€ds "= q03,5+q05,7 2

8T uv,



. 2 2 h
eq; = =q0; ¢+ a0 = —
8T v,
) > . h
g ‘105, 7t q07, 9 2
8T uv,
— > h
eqy = ~q05 ¢+ 905 1= 81t2uv
0
. 2 > h
€y = —q07’9+q09,11— 81t2uv
0

which we solve sequentially,
>for j to dimmk do
gO[j-1,j+k-1] := op(select(has, [sqrt(rhs(isolate(eq[]j],
qo0[j-1,j+k-1]72)))], -1));
end do:
and display as our matrix to represent displacement coordinate g,
> Q:=mp(sinmplify, Q:
'Q = SubMatrix(Q [21..dimmk],[1..dinmmk]);

h -2Inv _t
2 — ¢ 0
M,
Q: OJ O’ 2 O’ 0’ OJ O’ 0’ OJ O 2
4T
h -2Inv_t
/7 e 0
v,
O’ O’ 0) ’0) O’ O’ 0) OBO b
i 41
[ \/7 A eZInvot A e—ZInvot
v, v,
70’ O) O’ 70’ O) O’ 070 b
4 2m
2Inv ¢t -2Inv_t
JT T SR
MV, MV,
O) 9 O) 0’ 07 9 O) 0’ 07 O 9
4 2n
h 2Inv ¢t h -2Inv_t
L Je
v, v,
O’ 09 b 0’ O’ 09 b 09 0’ O b
2T 41

(5.24)

(5.25)



h AL AN h -2Inv ¢t
R Jo [
uv, HV,
O’ O’ 0’ 507 O’ 0’ ’O’O 9
i 27 4
[ A 21y ¢ A -21mv._ ¢ ]
JE e 0 N6 .
nv, nv,
O’ O’ 0) O’ b O’ O’ 0) b 0 b
i 4T 2T ]
[ A 21y ¢ A 21 ¢ |
Nl JT T
v, v,
O) O’ 07 O) O’ b O’ 07 O) 9
i 41 2w ]
[ A 21nv ¢ ]
Nl e
1V,
O’ O’ 07 O’ O’ 07 2 ’07 090 b
T
[ 7 2Inv ¢ ]
Nl e
[TRY
0,0,0,0,0,0,0, 2" ,0,0
T

>'Q =sqrt(h/(mu*nu[0]))/(2*Pi) & map(sinmplify, map(x -> x*2*
Pi/sqgrt(h/(mu*nu[0])), rhs(%));

h
M_V —21nv0t
2
o= X+—2 | &*|]o,o, J_e—, 0,0,0,0,0,0,0|, (5.26)
2 2
—2Inv0t
2 e
O’ O’ 0’ 2 ’07 0’ O’ 07 O’O b
21Imv ¢
7 e 20wy, ¢
2 ,0’ O’ O,e )O’ 0) O) O’O >
21Inv t
e O 20y, ¢
O) 2 70) 09 076 70’ O) 070 >
. -21Inv t
v ¢ 6
0,0,¢  °,0,0,0,~>"——,0,0,0]
. -2Inv t
TV _t 6
0,0,0,¢ 0,00, ""——,0,0]




21 t
™

0,0,0,0,ﬁ+,0,0,0,ﬁe 0],

0,0,0,0,0,0,/2e °,0,0,0],

0,0,0,0,0,0,0,y2e °,0,0

According to the latter manipulation and recalling that the rows and columns of matrix Q number from
h -27nn vO t
— e
uvo |
zero, the numerical coefficients of ing,

I , along the superdiagonal in matrix Q

/ n+1 /
increase with 71 as for n even and for n odd; the numerical coefficients of

h 21‘51\1 t
— e
AN . . . . . n—1
. ing, . _, along the subdiagonal in matrix Q are correspondingly EC
n —
2
matrices for P and Q are valid.

> 'W' = map(eval, SubMatrix(W [1..dimmKk],[1..dinmKk]));

for n even and forn odd. We display the submatrix of energy for which the truncated

(5.27)



hvo
T 0 0 0 0 0 0 0 0 0
hvo
0 T 0 0 0 0 0 0 0 0
3hvO
0 0 > 0 0 0 0 0 0 0
3hv0
0 0 0 5 0 0 0 0 0 0
5hvO
0 0 0 0 5 0 0 0 0 0
W= (5.27)
5hvO
0 0 0 0 0 > 0 0 0 0
7hv0
0 0 0 0 0 0 7 0 0 0
7hvO
0 0 0 0 0 0 0 5 0 0
9hvO
0 0 0 0 0 0 0 0 > 0
9hv0
0 0 0 0 0 0 0 0 0 7

A plot of this energy matrix shows this simple form.
> plots[matrixplot] (rhs(%/(h*nu[0]), axes=frane, titlefont=[TIMES,
BOLD, 14],
title="formof energy matrix", gap=1/4, hei ghts=hi stogram
orientation=[-105, 65], |labels=["row',"colum","W]);



form of energy matrix

Rotate this plot to show that for each value of energy two adjacent states have an equal amount; this
property is described as degeneracy, such that two quantum states have the same energy and properties
that are identical apart from the choice or numbering of subscripts. For this choice k=2, the state of

least energy withn =0 orn = 1 has still

th

E=Mo0= 5

and the separation of energy between states of adjacent disparate energy is still 4 v, but two each

adjacent states share a common energy. Transitions according to an electric dipolar moment are,
however, still possible only between states of adjacent energies, so from n = 2 to either » = 0 in emission
orn =4 in absorption , or from n = 3 to either n = 1 in emission or n = 5 in absorption, and so forth.

The fact that matrices P and Q fail to commute results from the discreteness of the states, according
to the numbering of their rows and columns. Empirical evidence, such as the discrete lines in optical
spectra, require the development of a mechanics that treats discrete states; non-commuting matrices have
precisely the required mathematical feature to incorporate this discreteness into mechanics. The
commutatorP Q-Q P= - ;—h E, in which E denotes a unit matrix, is consistent with the difference of

T

the action integral, Jp dg =n h, between two successive states being invariably /; that action integral

through one period of a motion is thereby quantized to the unit of Planck's constant # except for an
additive constant. Setting that constant equal to zero generates the quantum conditions of Bohr and



Sommerfeld; for the canonical linear harmonic oscillator as solved above, the additive constant is > h.

The physical meaning of the non-commutativity of the matrices is the quantization of the physical states.

el.21 exercise
Apply the procedure in section 1.22 for k = n — m =3, to show that three adjacent states share a

common energy, but transitions are possible only between states with adjacent and unlike energies.

el.22 exercise

Given a real operator 4 satistfying this quadratic equation of least order,
A —34+2=0

find eigenvalues and eigenvectors of 4 and show that A corresponds to an observable property.

1.23 canonical linear harmonic oscillator according to wave mechanics
> restart:

A fundamental postulate of quantum mechanics, arising from the correspondence principle, is that
each classical dynamical variable that relates to the motion of a particle, whether free or otherwise, is
representable with a linear operator. Operator 4 is linear if, for functions fand g and scalar c,

A(f+g) = Af+Ag and Acf=cAf.
0
Examples of such operators are multiplicative operators such as 3 or differential operators such as o

An operator that represents a physical observable must be hermitian so that its eigenvalues and
expectation values are real. The observable properties of a quantum system are functions of the position
observables, ¢, and the momentum observables, p. According to wave mechanics, a physical quantity
might be represented with a differential operator; to every observable there corresponds an operator,
which might be an ordinary scalar or vectorial quantity. To conform to the fundamental postulate of
quantum mechanics for a single particle in one dimension with assumed cartesian coordinates, known as
Heisenberg's commutation relation,
_ih

pPqg—4qp PP
we select either p or g to be a differential operator and the other corresponding quantity to remain just
an ordinary algebraic quantity. For the momentum representation we choose

5 0
( dp )
2rn
and p remains an algebraic quantity; for the coordinate representation we alternatively choose

and ¢ remains an algebraic quantity. In either case, this formula for the commutator,
[p.ql1=pPq—qp

holds if we provide an operand for either differential operator — or @ ; this operand, y(p) or y(q)
4
respectively, is called an amplitude function. y(p) is only indirectly a Fourier transform of y(¢q), and

vice versa, and specifically in cartesian coordinates, as we demonstrate below -- in other coordinate

q-i

po-i



systems, an alternative transformation is applicable; all information within y(q) is thus likewise within
x(p), and both represent merely the content of a hamiltonian that enables their calculation. The general

operand (g, t) as a wave function must be subject to not only a spatial derivative, such as a , but

also a temporal derivative, R With the temporal dimension there is an associated differential

operator:

ih 9

21 ot
In what follows we examine the properties of operands without temporal dependence; although we
introduce these properties here before our first calculation according to wave mechanics that involves
the canonical linear harmonic oscillator, they are absolutely general: their scope is in no way limited to
this particular application or system.

In multiple dimensions with (cartesian) components 9, D) the corresponding commutators become [

9 q,1=0,[ P r1=0,[ Ppql=-i 2_11: Sj . in which 8 denotes the Kronecker delta function: 8= 1

when j =k and 0 otherwise.

As a mathematical function, within wave mechanics, that serves as an operand of differential
operators, an amplitude function y(q) or wave function y(q, ¢) in a coordinate representation in one

spatial dimension, or equivalently ¥ (p) in a momentum representation equivalent to one spatial
dimension, in either case generally including a temporal dependence, must conform to these technical
properties [E. C. Kemble, The Fundamental Principles of Quantum Mechanics, McGraw-Hill, New

York USA, 1937], expressed in terms of y(g):
* the physical state of a particle is described as fully as practicable with complex wave function

Y(q, t), but that function merely reflects the content of a hamiltonian, or other, operator according to
which that function might be defined or evaluated;

0
« that wave function (g, ¢) and at least its first spatial derivative, — (g, ¢), must be continuous

Oq

and remain finite for all values of ¢, except at an infinite discontinuity in potential energy V(q); in
. . . . . 2
the latter case, y(g) must be analytic at each point at which V(g) is analytic; only |y(q, ¢)|” must be
singly valued;
« for bound states, amplitude function y(g) and all its derivatives must tend to zero more rapidly

than g to any negative power; the theory of distributions is required for elements of the continuous
spectrum;

« amplitude function y(q) and all its derivatives must be absolutely and quadratically convergent for
all ¢, and for continuous functions they must be square integrable on any finite interval;

2
» amplitude function y(q) must be associated with a continuous flux of probability y(g) , and this
flux must be continuous across any boundary on which V(g) be continuous;

« amplitude function y(q) must satisfy a condition that it must admit orthonormal -- i.e. orthogonal
and normalised -- eigenfunctions in a complete set, which are required to establish that the series of

expansion of terms involving terms such as H" y(g) have a meaning well defined;



* a quantity that is physically observable is represented with an hermitian operator F that is linear; such

an hermitian operator satisfies a condition J\y(q ) 1* Fy(q),dq= j\u(q ), (Fw(q ) 1) N dg, in which

Y(g) denotes a complex conjugate according to which i = \/—_1 in y(g) becomes replaced
in y(q) with -7 anywhere that it occurs in y(g);

* the possible result of an observation of physically observable quantity F represented with linear
hermitian operator F' is any eigenvalue Jj of F, for which F y(gq )j = fj V(g )j; ify(q )j be an
eigenfunction of F', a measurement of F certainly yields a value J§;

* an average or expectation value <F> of any physically observable quantity F that corresponds to an

(o]

operator F is calculated with <F> = J v(q) ‘*‘F Y (q) dg; use of this formula is practical only if

— 00

o] AE A

Y (g) be normalised, such thatJ VY(q) W(q) dg =1; such normalisation enables y(q) to be

interpreted as a probability amplitude such that a particle with which that amplitude function is
associated is certain to be found somewhere; otherwise, for unnormalised y(q), <F> =

© N Y AER

J v(qg) Fwy(q)dqg/ J V(g) W(q) dg; in the latter most general form to calculate an average
or expectation value, if Y (g ) be normalised, the denominator is unity; such an expectation value is
the expected mean of measurements in a sequence on the observable quantity;

* depending on whether one employs the coordinate or the momentum representation of wave

mechanics, involving either p or g as a differential operator respectively, and any functional thereof,

becomes a differential operator; for a amplitude function with a temporal dependence, the operator

a
corresponding to energy E is 2= ;
2T ot

» wave function ¥(g, t) dependent on both spatial and temporal variables is a solution of
: : . 'h 0 : .
Schroedinger's equation dependent on time, H (g, t) ‘¥(q, t) = ;— o ¥(q, t), in which
T

H(q, t) denotes an hamiltonian operator; this operator is derived from a classical hamiltonian
expressed in cartesian coordinates according to the correspondences between quantities and operators
appropriate to wave mechanics in a particular representation, either coordinate or momentum; for a
particle subject to a field of only conservative forces, the classical hamiltonian is simply a sum of
kinetic and potential energies, which is inapplicable to an electrically charged particle in a magnetic
field for instance. If one assume the validity of this Schroedinger equation, the allowed values of
energy and angular momentum and the wave functions all arise from its solution.

For either the coordinate representation or the momentum representation in a cartesian system, extension
to three spatial dimensions is obvious. If a particle to be treated according to wave mechanics be other
than a boson with no intrinsic angular momentum, further properties of that amplitude function or wave
function are applicable.

In one dimension, Schroedinger's equation dependent on spatial, ¢, and temporal, ¢, variables is
hence



2 ( P
ih|—¥(q1) h(_7wwmj
(& ):_ dq +V(q) ¥(q. 1)

2
2T 8T n
P h
Whereas the kinetic energy is expressed classically as EP when p becomes an operator -i 2—
m T
0 . . .
E according to the basis of wave mechanics, this operator operates twice to produce
2
-—5 —_, rather than involving the square of a first derivative. The presence of a first derivative
47 Oq

in time but second derivative in spatial coordinate imposes that this equation is relativistically incorrect.
If V(q) be independent of time, these variables become separable so that we express wave function

Y(q, t) as a product of an amplitude functions and temporal function.
¥(q,t) =w(q) (1)
Substituting that product into the above equation and dividing by W¥(q¢, ¢) yields
2
d 2 d
h | — (t | —5 v(q)
l ( ar "' )) _ [ dg’
2m(r) 87 H(q)

This equation implies that each side is equal to a constant, which we denote 7, and which has the
dimensions of energy. The differential equation on the left side is

ih (% ‘C(t)) .

2mT(t)

+ Vig)

which has as its solution
i2nWt
h

T(t) =e

because T(¢) T(¢) =1 as the electron must be found somewhere at any time; T(¢) is the complex

conjugate of t(#) in which i is replaced with -i. The solution of the differential equation on the right
side,

d
- +V(g) =W
81 Ly(q)
or
2
2 d
h(gzwwq
q
2 +Vig) wig) =Wwl(q)
8w U
1
depends on the nature of the potential energy; for a canonical linear harmonic oscillator, V' (g) = 5

k q2 . We proceed to solve the radial equation with this potential energy.

According to wave mechanics, the energies of a system in a stationary state are solutions of
Schroedinger's equation independent of time. For such a system, the coordinate representation is
generally preferable to the momentum representation because the potential energy is generally expressed



more readily in terms of a coordinate than a momentum; we solve the system in momentum space below

our solution in coordinate space. Wave function P'(g, ) might contain a phase factor ¢'“ , which for a
system of charged particles implies the conservation of electric charge.
For the canonical linear harmonic oscillator, the function for potential energy is hence expressed as a
quadratic dependence on displacement variable g,
k q2

Vig)==,

The hamiltonian A (q) corresponding to the total energy of the system is thus a sum of kinetic, T(g), and
potential, V(g), energies,
2 2
p kq
H(q)=T(q) +V(q) = T
2

into which we substitute for momentum this differential operator according to the coordinate
0

()
g

representation, p—-i ; for a particle of effective mass |l subjected to a displacement ¢, the

2rn
operator for kinetic energy in one dimension is accordingly expressed as
2
aqz
Ig)=-—"—> ">
8w Uu

and the hamiltonian, dependent on coordinate ¢ but independent of time, becomes

o

e
_ (6612) kg’
;-

8n2u

Note that this expression contains a second derivative, — , rather than a first derivative squared,

0q

explained above. As only differences in potential energy matter physically, we choose the zero of the
energy scale at ¢ =0. Energies ¥ of the system are evaluated from the solutions to Schroedinger's

0 2 2
( -— ) , that one might, incorrectly, expect from the analogy with the classical expression, 5— , as
u

equation incorporating this hamiltonian operator that operates on amplitude function y(gq) as its
operand,

H(q)w(q)="Ww(q) ,
or

2
8T u
to yield
H(q) v, (q) =W, v, (q) -
The latter relation has the form of an eigenvalue equation with I as that scalar proper value of

eigenvalue that corresponds to a particular solution W (¢) as proper function or eigenfunction and that is



independent of variable ¢; quantities y (¢) called amplitude functions serve accordingly as
eigenfunctions or eigenvectors.
> w t h( DEt ool s) :

with(plots):

wi t h( PDEt ool s, decl are):

decl are(psi(q), prinme=q);

assune(k >0, mu >0, h >0, W> 0);

Y (q) will now be displayed as\y

derivatives with respect to q of functions of one variable will now be displayed with ' 8.1)

Having set assumptions on the sign of pertinent quantities, we state the resulting differential equation.

> ode := - h*2/(8*Pi~2*nu)*diff(psi(q), q$2) + 1/2*k*g 2*psi(q)= W
psi (q); ) i
ode == - h~ g"/) - kNg L =W~y 8.2)
8T U~

What kind is this differential equation?

> odeadvi sor (ode) ;
[[_2nd _order, with_linear symmetries ]| 8.3)

This differential equation is of second order, and linear because there is no constant term that is not a
factor of W(g). We proceed to solve the full equation.

> sol := dsol ve(ode, psi(q)):
2
C1 Whittaker| T AE I 1 27 ke 4 g
h~ | k~ 4 h~
Ja

2
_C2 Whittakerw | ZY-H W~ 1 2 I~ - g
h~ ./ k~ 4 S~
Ja

This solution is presented in Whittaker functions because Schroedinger's equation in this coordinate has
the form of Whittaker's differential equation, which is one standard differential equation in applied
mathematics and its physical applications. Is this expression that contains two independent parts that
arise from the solution of a differential equation of second order in derivatives, containing integration
constant either C/ or C2, a true solution? We test it.

> test := odetest(sol, ode);

sol ==y = 84)

+

test := 0 8.5

For any solution of Schroedinger's equation to be acceptable, the amplitude function -> 0 as g—» or
q—- *© , to conform to the properties stipulated above. For these Whittaker functions, the applicable

condition to enforce that asymptotic behaviour that y(g) -> 0 as g» or g—- o is that the difference
of the first argument and the second argument must take non-negative half-integer values, so that the
polynomial in g terminates at a particular power consistent with the quadratic convergence of the



amplitude function. We extract first the Whittaker functions,
> op(rhs(sol));

S~ 1 2nfi= Jie qz]
_ — b 4 9 hN
Ik , (8.6)
Ja

ny - W~ 1 2n .k~ ,u~q2]
h~ T~ T 47 h~

Ja
then their first and second arguments,

> op(1, op(3, op(2, [op(rhs(sol))]))), op(2, op(3, op(2, [op(rhs
(sol))1)));

_CI WhittakerM [

_C2 WhittakerW [

~ W~ 1
u, — (8.7)
h~Jk~ 4
of which we set their difference equal to a half integer, and solve for W,
> W := solve(op(1l, op(3, op(2, [op(rhs(sol))]))) -
op(2, op(3, op(2, [op(rhs(sol))])))=n/2, W;
Warnin solve may be ignoring assumptions on the input variables.
h~ k~ (2 1
Wi = (2n+1) (8.8)
4t
which we substitute into the expressions for the amplitude function.
> sol := eval (sol, WW);
2
C1 WhittakerM| 2 + - L 20Nk VI g
- 2 4° 4 h~
sol ==y = 8.9
Ja
. n 1 1 2nyhk~ g
2 WhlttakerW[ 5 + R . ]
+
Ja

This imposition of half-integer values of quantum number n generates the discrete energy associated
with each amplitude function, which we associate with discrete values in the spectrum of this oscillator.

We separate the two contributions to this solution,
renove(has, rhs(sol), WittakerW;

2k~ p q2 ]
h~

> psil :

n 1 1
1 WhittakerM| — + —, —
_CI Whittaker [2-1-4,4,

Ja

renove( has, rhs(sol), WittakerM;

wl = (8.10)

> psi2 :



_C2 WhittakerW

n
2

Y2 = (8.11)
simplify them,
>for j fromO to 16 do
psi3[j] := sinplify(eval (psil, n=j), synbolic);
end do:
>for j fromO to 16 do
psi4[j] sinmplify(eval (psi2, n=j), synbolic);
end do:
and plot them.
> plot([seq(eval (psi3[j], [_Cl=1, h=1, nu=1, k=1, W1]), j=0..5)],
g=-3..3, -2..2, nunpoints=500, title="Wittaker M functions",

titlefont=[TlIMES, BOLD, 14], col our=[red, bl ue, green, nagent a,
cyan, brown] ,

| egend:[ " n:Oll , n n:l" , n n:21l , n n:3ll , n r.]:4.ll , n r.‘:5”] ) ;
Whittaker M functions

n=0 n=1 n=2 n=3 n=4

—

> plot([seq(eval (psi4[j], [_C2=1, h=1, nu=1, k=1, W1]), j=0..5)],
g=-3..3, -2.5..2.5, nunpoints=500, title="Whittaker W
functions”,
titlefont=[TlIMES, BOLD, 14], col our=[red, bl ue, green, nagent a,
cyan, brown],
| egend=[ "n=0", "n=1", " n=2","n=3","n=4","n=5"]);



Whittaker W functions
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q
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n=0 n=1 n=2 n=3 n=4

—

As the contributions containing Whittaker M functions diverge for even values of index 7, we discard
these contributions. We retain the other, Whittaker W, contributions and convert them into arrow
functions.
> psi = unapply(psi4[n], (n,q));

Y= (n,q) Y4, (8.12)

These Whittaker functions are entirely real -- no quantity / 1 appears within them. With y (¢) =

V (¢) so that each amplitude function is identical with its complex conjugate,

oo [ee]

| w@v@d =] v@)

(o] oo

we thus integrate the squares of the first six amplitude functions y (¢), expressed in y(n, ¢) with

n=0..5, throughout all space in one dimension; we divide by a common factor _C22 to clarify the
remaining expressions.
> Int(psi(n,q)"2/_C272, g=-infinity..infinity)
= seq(sinmplify(int(psi(n,q)"2/ _C2"2, g=-infinity..infinity)),
n=0..7);

w4jd_[rﬁﬁ3ﬁ sdn 15n 45w 315w
e A T T I T R E

“ [e<]

(8.13)

> 'seq (n!*sqgrt(Pi)/2"n, n=0..5) = seq(n!*sqgrt(Pi)/2"n, n=0..7);

(8.14)



Seq[ ”!f,n=0..5}=(ﬁ, JZF JE 359 3!?’ 154JF’ 454JF’ 3lsgﬁ 314

For the normalisation of these amplitude functions, constant _C2 of integration must be set equal to the

inverse square root of these quantities.
> C2 :=sqgrt(2*n/(nl*sqgrt(Pi)));

To incorporate this result we evaluate ¥, (g).

>for j fromO to 12 do
psi (j,q) := eval(psi(j,q), n=j):
end do:
for j fromO to 5 do

psi(j,q) := eval(psi(j,q), n3j);

end do;
T~ 1~
21/41,@1[8#&} Se nJ_hJNu_qz
y(0,q) = h~ll4
k= i~ ¢
221/4ﬁqk~3[8u~ o h~
y(l,q) = h3[4
NN
2(71; = /—quz_k)zsmuNlISkNl/Se h~
W(zaq) = h~5/4
T~ J u~
34 3/8 2 3h~ 3)8 _w_h{u_qz
202314 T 3 7 e (n,/—k~ = Jk~
y(3,q) = NIE
V(4 q) =
) A EE L
4(1t2k~u~q4— ”Mt“k; Hgq | 3 ]23’4ﬁu~1’8k~1’8e -

(8.15)

(8.16)
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We test the validity of our normalisation over a range greater than that within which we deduced the
form of the normalising factor.

> Int(psi(n,g)”2, g=-infinity..infinity) = seq(sinplify(int(psi(n,q)
N2, g=-infinity..infinity)), n=0..10);

2
[ v dg=(1,1,1,1,1,1,1,1,1,1,1) (8.17)

v =00

As these values are all unity, we verify that our derivation is correct. As these amplitude functions are

[e<]

normalised according to J Y(g) *y(gq) dg =1, one regards, following Born (1927), w(gq) * wy(q)

dg as a probability of a particular displacement between g and g + dg, as the value of the normalising
integral then yields the total probability of a displacement somewhere as unity. Such an interpretation
involving probability is consistent with the principle of indeterminacy. Displacing the functions one unit

vertically for clarity, we plot y (¢) for small values of n; for the purpose of these plots, we take 7 = k =

u = 1, but such values act merely as scale factors.
>pl :=plot([0,1,2,3],-2.5..2.5, colour=[red, bl ue, green, nagent a] ,
linestyle=[2,2,2,2]):
p2 := plot([seq(sinplify(eval (psi(n,q)+n, [nu=1, k=1, h=1])),
n=0..3)], gq=-2.5..2.5, thickness=[2, 2,2, 2],
col our =[ red, bl ue, green, nagental ) :
di splay([ pl, p2], axes=BOXED, | abels=["q","psi(q)"],
title="anplitude function psi(q)", titlefont=[TIMES, BOLD, 14]
)

amplitude function psi(q)

psi(a) 2]




We plot also the squares of these amplitude functions.
>p3 :=plot([0,1,2,3], -2.5..2.5, colour=[red, bl ue, green, magent aj],
linestyle=[2,2,2,2]):
p4 := plot([seq(sinplify(eval (psi(n,q)”~2+n, [nu=1, k=1, h=1])),
n=0..3)], gq=-2.5..2.5, thickness=[2, 2,2, 2],
col our =[ red, bl ue, green, nagenta)):
di splay([ p3, p4], axes=BOXED, |abels=["q","psi(q)”"2"],
title="probability function psi(q)”"2",

titlefont=[TIMES, BOLD, 14]);
probability function psi(q)*2

psica)2 7]

We examine the forms of y,(¢),

> 'psi'[0]* (q) = psi(0,Qq);

I e 108 RN
Sl 4, 18 h~
Y, (@)= ”Nh J,i (8.18)
v, (g),
> "psi'[1]* (a) = psi(1,0);
I e 3ls = - A
221 4 k~3 8 h~

v, (@)= Jrg hN’; E s 8.19)

v,(9),

> 'psi'[2]*7°(q) = psi(2,0);



) nE= e ¢
2(7: = u~q2__~j23/4uNll8k~1lse I~

4
v, (q)= L (8.20)
and y,(q).
> 'psi'[3]* (q) = factor(psi(3,Q));
I 38 I RN
PARNEINE > dn ke e f —3h) k2T E -
v, =1 VA 4= g ) e 821)

6 he' | 4
We observe that, apart from numerical and physical constants and parameters, these amplitude functions

comprise an exponential factor of gaussian type and a coordinate ¢ in a finite series with terms in

alternating even or odd positive powers up to g"; the latter terminating series is a further consequence of
the choice of a half integer value of the difference between the first and second arguments of the
Whittaker functions. If, instead of using Whittaker functions above, we convert to Hermite functions,

we find them to have a common factor comprising a gaussian function, of form e_q2, which arises also in
the asymptotic expansion above; we then require that the first argument of these Hermite functions be a
non-negative integer so that each function becomes a polynomial of finite order of the same non-
negative integer. For the resulting amplitude functions in terms of Hermite polynomials, we obtain

2
exactly the same plots of ¥ (¢) and y (g) as above.

Are these amplitude functions orthogonal? We integrate their product over all space in one
dimension.

> Int('psi(1,q)" *psi(0,q9)', g=-infinity..infinity)
= int(psi(1,9)*psi(0,q), g=-infinity..infinity);

| w(L.g) w(0.q) dg=0 (8:22)
>Iint('psi(2,9)" * psi(0,q)', g=-infinity..infinity)
= int(psi(2,9)*psi(0,q9), g=-infinity..infinity);

| ¥(2.9) v(0.q) dg=0 (8:23)
>Int('psi(3,9) *psi(0,9)', g=-infinity..infinity)
=int(psi(3,9)*psi(0,q), g=-infinity..infinity);

| w(3.9) w(0.q) dg=0 (8.24)

v =00

We test whether our amplitude functions are eigenfunctions of the hamiltonian operator, for which
purpose we must ensure that the coordinate variable is the first argument; we hence define an amplitude
function in a slightly altered form.

>for j fromlto 5 do

psi[a]l(q,j) = psi(j,q);
end do;



4VF_ h~

qk~ ,u~ e
\lfq(% l) = h 3[4
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( == q _____)2 I4N‘ PREEN h~
Wq(qaz) = h~5]4
3(8 3h L
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Wq(Qa?’) = 3h~7l4

v, (g, 4) =
) 5 _n\/k_~\/Fq2
4[#kﬂhf—'3hn gy Sh Jz”4f?wf”k1”e -
3 p2 04
1 2 5/V~n\/k~\/pbaq2
v, (g,5) = ————77rz[4 (n bt g — )
15 h~
15 b 3] 8 e
+ ] x5 Jr el 3l te
"y (4,))
We calculate ————
v,(4.))

> ) ="
for j froml to 5 do
sinplify(collect((-h*2/(8*Pi~2*nu)*diff(psi[q]l(q,j),q$2)

(8.25)

+ 1/ 2*k*q*2*psi[q]l(a,j))/psi[al(q,j), mu), synbolic)

énd do;
3 [k~
L~
5h~k~
L~
7 h~k~

uN



9 h~| k~

4mty W~

A~y ke~ (8.26)
4m W~

of which the results are clearly equal to the energies calculated above as W1.
> seq(eval (W, n=), j=1..5);

3h~Jk~ Sh~Jk~ Th~Jk~ 9h~Jk~ 11h~k~ 8.27)

9 9 2 9

4y - 4ny pu- 4ny - 4n 4ny -

Amplitude functions \uq(q, Jj) are thus eigenfunctions of the hamiltonian operator with eigenvalues (

h 0

1 h k
n+ —)— — . We undertake an analogous test for momentum operator p—»-i — — .
27 2n M 2n Oq

>for j from1l to 5 do
sinmplify(collect(-1*h/(2*Pi)*diff(psi[qg]l(q,j),q)/psi[qa]l(q,]),
mu), synbolic);
end do;

5 (2nyF i - i)
ng
WiV g (4n o i ¢ =5 1)
4n\/k_~\/Eq2—h~
—%(—8n2k~,u~q4+18h~n\/k_~ - ¢ —3h2)
nq(4n\/k_~\/ﬁq2—3h~)
I\/k_~q L~ (—16Tc2k~,u~q4+56h~n\/k_~\/Eq2—27h~2>

16T k-p= gt + 24 hen T 1 ¢ — 3 02

I
5 (2 k312 1212 46 — 160 0 ke g g I~ + 150 W2 T I ¢F — 15 123)
(8.28)
s Shenk= e g N 15 h-?
2 16

2
q|m k~p~q

Apart from an alternating real and imaginary nature, these results contain a dependence on displacement
variable ¢; these amplitude functions are hence not eigenfunctions of the momentum operator.

In general, to evaluate an expectation value of some observable property O of a system with which is
associated amplitude function wj(x) involves this integral,



(o]

0| wmoyma

in which wj(x) denotes a complex conjugate of wj(x) . For amatrix element of some property O

involving two states, with which amplitude functions \uj(x) and y (x) are associated, the corresponding
integral is

[e¢]

0| Y Oouwm &

As a particular instance, we evaluate a matrix element of ¢ between states withn =0 and n =1,
which we denote ¢, , through an integral

[e<]

a 0= W@ awyla) da.

which is expressed as < 1 | g | 0 > according to Dirac's notation introduced in section 1.24. In this
integral for a real quantity ¢, ,, we take the complex conjugate of y, (¢), denoted y, (¢) or y,(¢)* and
best formed as subs(I = -1, y, (¢) ) rather than using conjugate( ), but, because these amplitude

functions of an harmonic oscillator as derived above have no imaginary part, this refinement is
superfluous here.

>Int('psi(1,q) " *g* psi(0,q)', g=-infinity..infinity) =
simplify(int(psi(1,q)*g*psi(0,q), g=-infinity..infinity),

synbolic);
" it aw0.g) dg=— =

Jos R A

We evaluate matrix elements <n + 1 | g | n > for n in a sequence [0, 12], suppressing the constant

(8.29)

symbolic factor that appears in the preceding result,

1

4.9
n ok
> smef = sqrt(h)/(k*(1/4)*muN(1/4)*sqrt(Pi));

snme = [seq(sinplify(int(psi(n+l,q)*qg*psi(n,q),
g=-infinity..infinity), symbolic)/snef, n=0..11)];

=
\/;k~ll4

R R RS I

smef =

|1 J2 /3
Sme’_[z’ 2 2

b

N3
11
u4k

> 'seq (sqrt('n" ' +1)/2, n= 12) seq(sqrt(n+l)/2, n=0..11);

seq(ﬂ,nZO..IZjZ(l,\/z_,\/z—, J;J— J7 J_ 3 J_ J_ , (8.31)

2 2

which has the form of this sequence of numerical coefficients of




/3

n+1
2

We test matrix elements between the state with » = 0 and other states up torn = 11.

> sme = [seq(sinplify(int(psi(n+l,q)*q*psi(0,q),
g=-infinity..infinity), symbolic)/snmef, n=0..11)];

1
sme = | —,0,0,0,0,0,0,0,0,0,0, 0} (8.32)

This result shows that the matrix elements increase with n according to

These results indicate that matrix elements of g are not zero only if values of n differ by precisely one
unit.

1
For the analogous quantity < 1 | ; | 0 >, we calculate the first integral,
> Int('psi(1,q) ' *1/qg* psi(0,q)', g=-infinity..infinity) =

simplify(int(psi(1,9)*1/g*psi(0,q), g=-infinity..infinity),
synbolic);

° 14, 1]4
viLg)w(0,g) | _ 2wk e
dg (8.33)
) q e~

and<n+ 1| q_1 | n > for n in the same sequence [0, 12], suppressing the constant symbolic factor

L
W

JE
> snmei = [seq(sinmplify(int(psi(n+tl,q)*1/g*psi(n,q),

g=-infinity..infinity),synmbolic)/(nu~(1/4)*k~r(1/4)*sqrt(Pi))*
sqrt(h), n=0..11)];

2909 2\4?909 2\2?909 ZF,O, 2303 %’Ol (8‘34)

3

smei = l

This sequence has a curious property of alternate members of the sequence having zero value, which we

1
reproduce with this formula, ———— (1 — (-1)" " ).,
Jyn+1
> [seq(1/sqgrt(n+1)*(1-(-1)"~(n+l)), n=0..11)];
|:2909 2\4?909 2\2?909 2\47909%,0,21111 ,Ol (8‘35)

-lk|»—‘

We form a matrix with elements<n + 1 | q | n >/ (\/7 (k ) ),
u

> wi t h(Li near Al gebra):
interface( rtablesize = 17 ):



My := Matrix(16,
>for n fromO to

My[ n+2, n+1] : =
g=-infinity..

end do:

> My;

0,

2%
-o /2 0, Yl

0,0,0,0, J__

1
2/

lo,ﬁ

,0,0,0,0

16, shape=symmetric):
14 do

’0705070705070705070’

’0709030709090709090709030

; 2J:;,

,0,0,0,0,0,0,0,0,0,0,0,0

090’ \/?’03 1 ’03090’03090’03090’0309

2

05090’ 1 90’ \/? ’09050509050’09050’0

Jooo2dn

T

Y

0,0,0,0,0, o

, 0, J__ ,0,0,0,0,0,0,0,0,0

70’ \/770’0505030’070’0

2yn

2Vn

090907090907 \/7709\/7709030509030709

2

0,0,0,0,0,0,0,

T T

JE_,O, & ,0,0,0,0,0,0

T 2T

0,0,0,0,0,0,0,0,——. 0,42 9.0, 0,0,0

2/ 2ﬁ

0,0,0,0,0,0,0,0,0, /10 , : ,0,0,0

2ﬁ 2ﬁ

0,0,0,0,0,0,0,0,0,0, — J__ ,0,0,0,

2T i

sinmplify(int(psi(n+l,q)*qg*psi(n,q),
infinity)/sqrt(h)*(nur(1/4)*k~(1/4)),synbolic):

(8.36)
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afn

3

S

which is tridiagonal with zero along the principal diagonal and non-zero values in the superdiagonal and
subdiagnal. We invert this matrix

> Mjil = map(sinplify, SubMatrix(1/M, 1..10,1..10));

Mgil = Ho,zﬁ,o, : 2J§ﬁ,o, 4ﬁsm,o, : qum,o, 16/ n /70

105

], (8.37)

2/m,0,0,0,0,0,0,0,0,0
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3
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0.0.0.0.0 2@@907 ) 2@5,/210 . 8/ n /105

2 b 105 ])

'4ﬁm0_4ﬁmozﬁﬁoooool
15 T 15 > 5 S

3 b

0,0,0,0,0,0,0, —”775,0 ——4523 =

| 8/n /35 NN N NE R I 2ﬁﬁ0001
_ 35 0 35 35 0 7 o)

0,0,0,0,0,0,0,0,0, 2\/F

3 b
16 ® J70 0_1655 . 8 /n /105 0_4ﬁm . NE] 0”
105 0 10s > 105 20 3



. . 1 . . :
We form the corresponding matrix of <n + 1 | ; | n > directly from integrals of the amplitude

functions, which requires several sequences of integrals.
> Myi = Matrix(16,16, shape=symmetric):
> for n fromO while n+1<16 do
Myi [n+2, n+1] = sinplify(int(psi(n+l,q)*1/qg*psi(n,q),

g=-infinity..infinity)*sqrt(h)/(nu”"(1/4)*k~(1/4)),synbolic):
end do:
for n fromO while n+3<16 do
Myi [ n+4, n+1] = sinplify(int(psi(n+3,q)*1/g*psi(n,q),
g=-infinity..infinity)*sqrt(h)/(nmu*(1/4)*k~(1/4)),synbolic):
end do:
for n fromO while n+5<16 do
Myi [ n+6, n+1] : = sinplify(int(psi(n+5,q)*1/qg*psi(n,q),
g=-infinity..infinity)*sqrt(h)/(nmu"(1/4)*k~(1/4)),synbolic):
end do:
for n fromO while n+7<16 do
Myi [n+8, n+1] := sinplify(int(psi(n+7,q9)*1/qg*psi(n,q),
g=-infinity..infinity)*sqrt(h)/(nmu"(1/4)*k"(1/4)),synbolic):
end do:
for n fromO while n+9<16 do
Myi [ n+10, n+1] := sinplify(int(psi(n+9,q)*1/g*psi(n,q),
g=-infinity..infinity)*sqrt(h)/(nmu*(1/4)*k~(1/4)),synbolic):
end do:
for n fromO while n+11<16 do
Myi [ n+12, n+1] := sinplify(int(psi(n+ll,q)*1/g*psi(n,q),
g=-infinity..infinity)*sqrt(h)/(nmu"(1/4)*k~(1/4)),synbolic):
end do:
for n fromO while n+13<16 do
Myi [ n+14, n+1] := sinplify(int(psi(n+l13,q9)*1/g*psi(n,q),
g=-infinity..infinity)*sqrt(h)/(nu"(1/4)*k~(1/4)),synbolic):
end do:
The resulting matrix, of which we show this submatrix,
> Myi 2 := map(sinplify, SubMatrix(Mji, 1..10,1..10));
Mgi2 = Ho, 2/n,0, - 2@5 .0, 4ﬁsm’ 0, - 8655 .0, 16J£5J7_0 ] (8.38)

2n,0,0,0,0,0,0,0,0,0]

_ NEWNES 4ym 15 4= 70 16y n 35
0, 0,0, =S 0, - TN g, ST g, - R

105




—2535,0, 265,0,0,0,0,0,0,01,

0,0,0,0,0, 25 o 20z A0 8 n /105 JlOS]

105

-—4ﬁmo—4ﬁmozﬁﬁooooo]
15 e T |

> b

0.0,0,0,0,0,0, —”775,0 ——452; =

| 8/m /35 NENER ST NE R TN NiNE ooo]
_ 35 00 35 0 35 0 7 00U

0,0,0,0,0,0,0,0,0, 2\/F

3 b
167 Y70 16Jx Y35  8Jr /105 s fr & 2=
105 TR s 0T o 0, =50

which has matrix elements of value identical to those of the matrix obtained on inverting the matrix
containing elements < #n + 1 | ¢ | » >. The matrix that we obtain on inverting the matrix with elements

1
<n+1|—|n>,
q

> Mg2 = map(sinplify, SubMatrix(1/Mi, 1..10,1..10));
Mgq2 = (8.39)

1

O’
2yn

’070307070307070’

\/7’09030’09050’0’

, 0,
2/ 2Yn |
09 \/7 b 07 \/? 9 09 O’ 0’ 09 O’ 0
 2dn 2Yn

0.0, 0. 0.0.0.0.0]
AN T

0.0,0.——. 0.5 4 0.0.0]

| VR NE _
0,0,0,0, 5 , 0, V6 ,0,0,0],
2/ 2yn




0,0,0,0,0, ﬁ,o, ﬁ,o,o\,
_ 2/n 2yn
0,0,0,0,0,0, ﬁ,o,ﬁ,o,
NI L
o,o,o,o,o,o,o,ﬁ,o, 3
YERRNEN
3
2/n

0,0,0,0,0,0,0,0, , 0

> Equal (My2, map(sinplify, SubMatrix(M, 1..10,1..10)));
true (8.40)

is identical with the original matrix containing elements <n + 1 | g | n >. Because / 35 might appear

in matrix Mqil as \/7 \/? the corresponding test of equality might fail, despite the equality of the
matrices.

The significance of these results is that, when one seeks to calculate matrix elements of a quantity for
which direct integration is impractical, one might, for only this canonical linear harmonic oscillator,
alternatively calculate through integration the recipocal of that quantity and then invert the
corresponding matrix. Although the number of states of discrete energy of the canonical linear harmonic
oscillator is uncountable, and thus the matrices of these quantities are formally of infinite order, for the
purposes here a submatrix of appropriate order suffices.

We plot the integrands these integrals that yield the mutually reciprocal matrix elements, first

y(n+1,q9)qy(nq),
> plot([seq(eval (psi(n+l,q)*q*psi(n,q), [mu=1,k=1,h=1]), n=0..7)],
q=-2.. 2,
col our =[ red, green, bl ue, brown, cyan, magent a, cor al , gol d] ,
title="integrands of psi(n+l,q)* 1/q * psi(n,q)", titlefont=
[ TI MES, BOLD, 14],
| egend=["1,0","2,1","3,2","4,3","5,4","6,5","7,6","8,7"]);



integrands of psi(n+1,q)* 1/q * psi(n,q)
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1
and then first y(n + 1, q) ; y(n, q); for odd values of m  n, other integrals are non-zero, as shown

. . 1
in the matrix of <n + 1 | ; | n > above.

> plot([seq(eval (psi(n+l,q)*1/g*psi(n,q), [nu=l, k=1, h=1]), n=0..7)],
gq=-2.. 2,
col our =[ red, gr een, bl ue, brown, cyan, nagent a, cor al , gol d] ,
title="integrands of psi(n+l,q)* 1/q * psi(n,q)", titlefont=
[ TI MES, BOLD, 14],

| egend=["1,0","2,1","3,2","4,3","5,4","6,5","7,6","8,7"]);
integrands of psi(n+1,q)* 1/q * psi(n,q)
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To the spatial part of the amplitude functions y(/, ¢), we include the temporal factor,
i-2nWt

1
T(t) =e¢ h , which with W (n) = (n + Ej h\/0 becomes, forn =0, 1, 2, 3, to formn(J, g, t)

=V(J,q) (1),
> eta(0,q9,t) := psi(0,q)*eval (exp(-1*2*Pi *Wt/h), W1/ 2*h*nu[0]);

T u- ¢
21[4k~1]8u~1186_ - e_lm’o’
n(0,q,1) =
( ) PRIE
> eta(l,q9,t) := psi(1,q)*eval (exp(-1*2*Pi*Wt/h), W3/2*h*nu[0]);
R e
22114ﬁqk~318u~318e h~ e 0
n(l, g, t) = 3] 4
h~
> eta(2,q9,t) :=psi(2,q)*eval (exp(-1*2*Pi *Wt/h), WE5/2*h*nu[0]);
R e
2@5@: quk—%f)flﬂbwgb}me h~ . 0
n(zaqat) = h5]4

> eta(3,q9,t) :=psi(3,q)*eval (exp(-1*2*Pi*Wt/h), WE7/2*h*nu[0]);
n(3,q,t) =

s - RV 4

202314 7 3 7 e (n\/_k~ ;MZ—T)M% R

3h~7l4

=71 t
™

> eta(4,q9,t) := psi(4,q)*eval (exp(-1*2*Pi*Wt/h), W9/ 2*h*nu[0]);

3k~ = ¢
2

L 1 2 4
n(45 q, t) '_ 3h~9[4 [4 (TC kNILLNQ

R g
h~ 0
16 ©

2
—I—i)f“ﬁwllglﬁllge

> eta(b,q9,t) := psi(5,q)*eval (exp(-1*2*Pi*Wt/h), W11/2*h*nu[0]);

o 1 2 s ShnJk= - ¢
n(s,q,t) = 15h~11 | 4 [4 [TC k~ e~ gq 7

7~ ¢
15 2 BN iy
+ )q23/41/41/15 NEYEIL PEIL e 0]

The corresponding matrix elements become

(8.41)

(8.42)

(8.43)

(8.44)

(8.45)

(8.46)



> Int(conjugate('eta(l,q,t)')*g*" eta(0,q9,t)"', g=-infinity..infinity)

sinmplify(int(subs(l=-1, eta(l,q,t))*qg*eta(0,q,t), gq=-infinity..
infinity),
synbolic);
ZInvot
s /hN
n(l, q,t) gn(0,q,1) dg= (8.47)

e 2w ket

> Int(conjugate('eta(2,q,t)')*g*" eta(l,q,t)', g=-infinity..infinity)

simplify(int(subs(l=-1, eta(2,q,t))*g*eta(1,q,t), g=-infinity..
infinity), synbolic);

2Inv ¢

i c " Jh_NJ— (8.48)

| n2gnan(le.ndg=

I N

> Int(conjugate('eta(3,q,t)')*g*" eta(2,q9,t)"', g=-infinity..infinity)

sinplify(int(subs(l=-1, eta(3,q,t))*g*eta(2,q9,t), g=-infinity..
infinity), symbolic);
211tv0t \/_
Y e \/h~
| nGananan - (349)
- e

Relative to the corresponding matrix elements calculated above, these expressions contain an additional
2Inv_t
multiplicand e ,

> smet = [seq(sinmplify(int(eta(j+1,q,t)*g*eta(j,q,t),
g=-infinity..infinity),synbolic), j=0..4)];

-41nv ¢t -8Inv ¢ -121Inv ¢ -16Inv_t

S~ e 0\/h_~\/—e 0\/h_~\/— e "V e
2 St T T g el T g T T et 4

—ZOInv t

e 5\/_‘
e

but the temporal factors become eliminated from the squares of these matrix elements, with -/ -1

smet =

replacing 4/ -1 in one multiplicand; to such squares is related some physically meaningful quantity that
is independent of time.

> snmetsq = [seq(sinmplify(subs(l=-1,snet[j])*snet[j]), j=1..5)];
h~ h~ 3 h~ h~

4n bk~ , 2wk~ W1 ’ 4k~ W ’ Tk~ 1~ ,

smetsq = (8.51)




5 h~

4n\/k_~\/E

In summary, through a solution of Schroedinger's equation independent of time for a canonical linear
harmonic oscillator in the coordinate representation, thus invoking momentum as a differential operator,
we have obtained discrete energies

1
) (n+5)h0)0_ 1
En— e —(n-i—zjh\/o

) . k . .
in which occur angular frequency ®,= / — or circular frequency v, =2 m @, expressions for
u

amplitude function y (¢) in terms of Whittaker functions, and expressions for matrix elements for ¢
that pertain to emission or absorption of a single photon in a transition between states of adjacent
energies.
>n:="'n":

For an alternative approach, within wave mechanics, to the solution of the energies and amplitude
functions for this canonical linear harmonic oscillator, we adopt the momentum representation for

which
a2
. ( op )

q-i 2— R and p remains an algebraic quantity;
T

We here use x(p) to distinguish the amplitude functions in terms of p from those y(g) in terms
of g above. Schroedinger's equation independent of time becomes accordingly
> ode := p"2/(2*mu)*chi (p) - 1/2*k*(h/(2*Pi))"2*diff(chi(p), p$2)
= Wchi(p);
2 ke~ b
P xwp) (}p,p) — W~%(p) (8.52)
2 8w

ode =

in which - implies a second derivative of y with respect to p. What is the kind of this differential
equation?

> odeadvi sor (ode) ;
[[_2nd order, with linear symmetries]|] (8.53)

Like the analogous version of Schroedinger's equation in the coordinate representation above, this
differential equation is of second order, and linear because there is no constant term that is not a factor

of x(p). We proceed to solve this equation.
> sol := dsolve(ode, chi(p));

Ty e W~ 1 27tp2
k= 4 e e e
Jr

_CI WhittakerM

sol :==x(p) = 8.54)



n - W~ 1 211:p2
h~] k~ ,4’h~/kw s
Jp

Because this differential equation contains derivatives of second order, this equatioin has two
independent solutions, as shown. Is this expression that contains two independent parts, each with an

arbitrary parameter C/ or (3, a true solution? We test it.
> test := odetest(sol, ode);

_ C3 WhittakerW

+

test == 0 (8.55)

For any solution of Schroedinger's equation to be acceptable, it must conform to the properties stipulated
at the top of this section. For these Whittaker functions, the applicable condition is that the difference of

the first argument and the second argument must take non-negative half-integer values.
> op(rhs(sol));

2
' CI WhittakerM| T~ %, 2mp
h~] k~ h~ S ke~ | 1~
, (8.56)
Jr
' 2
3 Whittakerw | "YW ,%, 2Tp
h~] k~ h~k~ | 1~
Jp
We again extract the first and second arguments of these Whittaker functions,
> op(1, op(3, op(2, [op(rhs(sol))]))). op(2, op(3, op(2,
[op(rhs(sol))]))):;
~ W~ 1
u,_ (8.57)
hk~ 4
and set their difference equal to a half integer; we solve for the energy,
> W := solve(op(l, op(3, op(2, [op(rhs(sol))]))) -
op(2, op(3, op(2, [op(rhs(sol))])))=n/2, W;
Warning, solve may be ignoring assumptions on the input
variables.
~ k~ (2 1
4nt -
which we insert into the amplitude functions.
> sol := eval (sol, WW);
27tp2

_CI WhittakerM % +

11
40 4°

hy k= B (8.59)
Jr

sol = x(p) =



_C3 WhittakerW +

n 27tp2
2

11
474 e
Jr

We separate the two contributions to this solution,
> chil := renove(has, rhs(sol), WittakerW;

+

_C1 WhittakerM % + %, %, 2 an ]
xl = i e (8.60)
Jr
> chi2 := renove(has, rhs(sol), WittakerM;
_C3 WhittakerW % + %, %, 2 npz J
X = = e[ e (8.61)

simplify them,
>for j fromO to 16 do
chi 3[j] sinplify(eval (chil, n=), synbolic);
end do:
>for j fromO to 16 do
chi4[j] := sinplify(eval (chi2, n=j), synbolic);
end do:
and plot them.
> plot([seq(eval (chi3[j], [_Cl=1, h=1, nu=1, k=1, W£1]), j=0..5)],
p=-3..3, -2.5..2.5, nunpoi nts=500, title="Wittaker M
functions",
titlefont=[TIMES, BOLD, 14], |egend=["n=0","n=1","n=2","n=3", "n=
4" "n=5"],
col our=[red, bl ue, green, nagent a, cyan, brown] ) ;



Whittaker M functions

n=0 n=1 n=2 n=3 n=4|

—

> plot([seq(eval (chi4[j], [_C3=1, h=1, nu=1, k=1, W=1]), j=0..5)],
p=-3..3, -2.5..2.5, nunpoints=500, title="Wittaker W
functions”,

titlefont=[TIMES, BOLD, 14], |egend=["n=0","n=1","n=2","n=3",
n=4","n=5"],
col our =[ red, bl ue, gr een, nagent a, cyan, brown] ) ;
Whittaker W functions
3 2 \ / Yo 1 2 3
)\

n=0 n=1 n=2 n=3 n=4|

—

As the contributions containing Whittaker M functions diverge for even values of index n, we discard
these contributions. We convert the other, Whittaker W, contributions into arrow functions.

> chi := unapply(chi4[n], (n,p));



X = (n,p)~x4, (8.62)

Applying the fact that these functions are real, we integrate the first six amplitude functions  _(p),

expressed in ) (n, p) for which n =0..7, throughout all space in one dimension; we divide by common
symbolic factor _C32 to clarify the remaining expressions.
> seq(sinmplify(int(chi(n,p)n2/_C3"2, p=-infinity..infinity)), n=0.

1)
Jr Jn 3/n 3/n 15/ 45 fn 315x
\/;3 2 ) 2 ) 4 ” 2 ) 4 b} 4 b 8 (8'63)

n!ﬁ

2}'1
> "seq (nl*sqgrt(Pi)/2"n, n=0..7) = seq(n!*sqrt(Pi)/2*n, n=0..7);
seq[n!\{l;,nZOJJ:(\/;, Jf Jz? 3{7’ 3f’ 154JF’ 454{?, 3lsgﬁ 5.64

2

By inspection we again deduce that these quantities have the form , as we test.

For normalisation of these amplitude functions constant C3 of integration must be set equal to the
inverse square root of these quantities.

> C3 :=sqgrt(2*n/(nl*sqgrt(Pi)));

2n
C3:=

- n!\/F

To incorporate this result, we evaluate y (g).

(8.65)

>for j fromO to 11 do
chi(j,p) := eval(chi(j,p), nsj);
end do:

We test the validity of our normalisation over a range greater than that within which we deduced the
form of the normalising factor.

> seq(sinmplify(int(chi(n,p)”*2, p=-infinity..infinity)), n=0..12);
L1, 1,1,1,1,1,1, 1,1, 1,1, 1 (8.66)
Because these values are all unity we verify that our derivation is correct. We plot x (p) for small

values of n, displacing the functions vertically cumulatively one unit for clarity.

>pl :=plot([0,1,2,3], -2.5..2.5, colour=[red, bl ue, green, nagent a],
linestyle=[2,2,2,2]):
p2 := plot([seq(sinplify(eval (chi(n,p)+n, [rmu=1l, k=1, h=1])),

n=0..3)], p=-2.5..2.5, thickness=[2,2,2,2],
col our =[ red, bl ue, green, nagental ) :
di splay([ pl, p2], axes=BOXED, | abel s=["p","chi(p)"],
title="nonmentum anplitude chi(p)", titlefont=[TIMES, BOLD
14]);



momentum amplitude chi(p)

chi(p) 21

We plot also the squares of these amplitude functions.

>p3 :=plot([0,1,2,3], -2.5..2.5, colour=[red, bl ue, green, magent aj],
linestyle=[2,2,2,2]):
p4 := plot([seq(sinplify(eval (chi(n,p)”~2+n, [nu=1, k=1, h=1])),

n=0..3)], p=-2.5..2.5, thickness=[2, 2,2, 2],
col our =[ red, bl ue, green, nagenta])):
di spl ay([ p3, p4], axes=BOXED, | abels=["p","chi(p)"2"],
title="nmomentum probability chi(p)"2",

titlefont=[TIMES, BOLD, 14]);
momentum probability chi(p)”2

chipy2 2|




We examine the forms of ), (p) forn=0,
> 'chi'[0]* (p) = chi(0,p);

o
S 4 =V
n=1,
> 'chi'[1]* (p)" = chi(1,p);
o
) 221/4\/;1)e NN
% ()= PEIETRIE #~3I8 (8.68)
n=>2,
> 'chi'[2]* (p)" = chi(2,p);
o
, (ﬂpz_ mejzwe ==
X, (P)= PEETRIE HNSIS ®6)
andn = 3.
> 'chi'[3]* (p)" = chi(3,p);
w7
2p23’4ﬁﬁﬁ(w2— 3h~J§_NJuN ]e e
% ()= E ®70)

7
3h~7l4k~7/8u~
We observe that, apart from numerical and physical constants and parameters, these amplitude functions

comprise an exponential factor of gaussian type and momentum p in a series with terms in alternating

even or odd powers up to p”. Are these amplitude functions orthogonal? We integrate their product
over all space in one dimension.

> Int("chi'(0,p)* chi'(1,p), p=-infinity..infinity)
= int(chi(0,p)*chi(1,p), p=-infinity..infinity);

| 20.0) 2(1.p) dp=0 ®.71)

> Int('chi'"(0,p)* chi'(2,p), p=-infinity..infinity)
= int(chi(0,p)*chi(2,p), p=-infinity..infinity);

| 0.0y 129y ap=0 3.72)
> Int("chi'(0,p)* chi'(3,p), p=-infinity..infinity)
= int(chi(0,p)*chi(3,p), p=-infinity..infinity);
(8.73)



~ 00

| 1(0.p) x(3.p) dp =0 (8.73)

Y -0

We evaluate a matrix element of g between states with n =0 and n =1, or ¢, |, through an integral,

(o]

4= BB ax(r) .

which we denote according to Dirac's notation as <0 |g | 1>. In this integral for a real quantity g, ,,

we should take the complex conjugate of , (p), denoted y, (p) or x, () *, but, because these amplitude
functions of an harmonic oscillator as just derived have no imaginary part, this refinement is superfluous
here. Because we are integrating with respect to p, a particular requirement of this momentum

. . 1 . . .
representation is that we must convert g to —2 F ; for this reason the integrand contains that
T p

derivative.
>Int('chi(l,p)'*I*h/2/Pi*Diff('chi(0,p)' ,p), p=-infinity..infinity)

simplify(int(chi(1,p)*I*h/(2*Pi)*diff(chi(0,p), p),
p=-infinity..infinity));:
I d
5 X(Lp) h~ (E X(Oap)) Ty Ve
dp = (8.74)

- k~ll4,u~1l4ﬁ

Apart from an extra factor -/= -/ -1, that result is the same as generated above with y (¢), as

J_ o0

expected because <0 | g | 1 > must be independent whether coordinate or momentum representation of
the amplitude functions; the intensity of a transition according to radiation interacting with an electric
dipole is proportional to the square of the modulus of this quantity, hence [<0 | ¢g | 1 > |2 or alternatively
expressed as <0 | g |1><1]|¢q |0>. This matrix element, called a transition moment of electric
dipolar type, has the sense of an electric dipolar moment, but a calculation of any such quantity might

J-T (oco - al)

contain a phase factor of form e in which o and o, are arbitrary; such phase factors are

intrinsically unobservable, being arbitrary. Because in a construct suchas <0 | g |1><1|g |0>such
phase factors cancel, they can occur in expressions for observable quantities. In general, if such a phase
factor fail to cancel, the quantity in which it might occur does not correspond to an observable property.
This criterion, among others, is useful to verify whether an expression for an observable quantity be
correct.
Are the other matrix elements of g also the same as above, apart from a possible factor /? We test
by calculating the first six matrix elements <7 | g | n+1>.
> sme = [seq(sinplify(int(chi(n,p)*I*h/(2*Pi)*diff(chi(n+l,p), p),
p=-infinity..infinity)), n=0..5)];
I I I
S SN2 S =

sme = ; (8.75)

k~1/4u~ll4ﬁ, k~ll4u~ll4ﬁ’ k~1]4u~1l4ﬁ’ k~ll4u~1l4ﬁ




I I
Lo Lo
k~1,4,u~ll4ﬁ’ k~ll4,u~ll4ﬁ

To perceive the significance of these expressions, we extract the constant factor,
> snef = sqgrt(h)/ (k™ (1/4)*mu™(1/4)*sqrt(2*Pi)):

sne ;= sinmplify(map(x -> x/snmef, sne))*smef;
[% /7L % J6. 17, % JI0 13 | = 7
sme = (8.76)

Zﬁk~ll4u~ll4

and recognise the sequence as follows.
> 'seq (sqrt((n+1)/2)*I, n=0..5)*snmef = seq(sqgrt((n+l)/2)*1, n=0..7)
*smef ;

seq(%m,n=0..5)\/h_~\/7
Zﬁk~ll4u~ll4
(VT L VO VIO T. 5 TE21) Vi T
) 2ﬁk~1,4u~ll4

Apart from the common factor /=,/ -1 , these results are the same as for the solution of Schroedinger's

equation above in the coordinate representation. This result shows that the matrix elements increase

n+1
2

(8.77)

according to

i2nWt

We might append a temporal factor, e g , to these amplitude functions ) (p) just as for the

corresponding amplitude functions y (p) above.
In summary, through solution of Schroedinger's equation independent of time for a canonical linear

0

h -
( P )

harmonic oscillator invoking coordinate g as a differential operator, g—i 5
T

, we have obtained
discrete energies
iy
n—+ > ®, 1

En= . =(n+3)hv0

: . | k . : :
in which angular frequency ®,= / — and circular frequency v =2 1t @, expressions for amplitude
1)

function , (p), and expressions for matrix elements for ¢ that pertain to emission or absorption of a

single photon in a transition between states of adjacent energies.



To take into account that the variable conjugate to ¢ is not p but % , so that a pure Fourier

transform of y (¢) fails to produce y, (p), we test the consistency between y (¢) and x, (p) by
1
applying this indirect Fourier transform to y (¢) that includes weighting factor ——

Jh
00 _2mlgp

- 00

we calculate also a ratio of that transformed function with function ), (p) calculated above directly from

Schroedinger's equation, then analogously an inverse Fourier tranSfOI‘m,
9

h
X,(P) e
v, (q) = dp
Jr
of that result, and eventually calculate, as a test of consistency, the ratio of the latter from that second
integral with the original amplitude function y (q) as already calculated directly above from

Schroedinger's equation.
> for n fromO to 11 do
chi||p[n] := collect(factor(sinplify(conbine(int(psi(n,q)
*exp(-2*Pi*I*g*p/h), gq=-infinity..infinity)/sqrt(h), radical))

). P):
aa[n] := collect(factor(chi||p[n])/chi(n,p), p):
aa[n] := sinplify(expand(nuner(aa[n]), radical)

/ expand(denom(aa[n]), radical)):
psi|]qg[n] := collect(factor(sinplify(conbine(int(chi]|]|p[n]*
exp(2*Pi*1*g*p/h), p=-infinity..infinity)/sqrt(h), radical))),
Q)
ab[n] := sinplify(psi||q[n]/psi(n q)):
print('n=",n,  ratio chi(p)t/chi(p) =, aa[n],
| ratio of psi(q)t/psi(q) =, ab[n]);
end do:
n=,0, ratio chi(p)t/chi(p) =, 1, ratio of psi(q)t/psi(q) =, 1
n=, 1, ratio chi(p)t/chi(p) =, —1, ratio of psi(q)t/psi(q) =, 1
n=,2, ratio chi(p)t/chi(p) =, —1, ratio of psi(q)t/psi(q) =, 1
n=,3, ratio chi(p)t/chi(p) =1, ratio of psi(q)t/psi(q) =, 1
n=,4, ratio chi(p)t/chi(p) =, 1, ratio of psi(q)t/psi(q) =, 1
n=, 5, ratio chi(p)t/chi(p) =, —1, ratio of psi(q)t/psi(q) =, 1
n=, 6, ratio chi(p)t/chi(p) =, —1, ratio of psi(q)t/psi(q) =, 1



n=,7, ratio chi(p)t/chi(p) =, 1, ratio of psi(q)t/psi(q) =, 1
n=, 8, ratio chi(p)t/chi(p) =, 1, ratio of psi(q)t/psi(q) =, 1
n=,9, ratio chi(p)t/chi(p) =, —1,  ratio of psi(q)t/psi(q) =, 1
n=, 10, ratio chi(p)t/chi(p) =, —1, ratio of psi(q)t/psi(q) =, 1
n=, 11, ratio chi(p)t/chi(p) =,1, ratio of psi(q)t/psi(q) =, 1 (8.78)

In the above list, the ratio of y_(p) calculated directly from Schroedinger's equation and of ), (p)

calculated as a Fourier transform of y (¢) is one of the fourth roots of unity, i.e. +1, £ this test of

consistency proves valid in each case.
Here are the first four amplitude functions %, (p) calculated directly above.

> for n fromO to 3 do
chi||n := collect(chi(n,p), exp);
end do;

_mr
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We observe that x_(p) has the same form as y (¢ ), because a Fourier transform, direct or indirect, of a

gaussian function yields simply another gaussian function, and that likewise a Fourier transform of a
gaussian function multiplied by a polynomial yields simply another gaussian function multiplied by an

analogous polynomial. We find also an extra factor (\/ -1 )n in amplitude functions , (p) transformed

from y (g) relative to x (p) calculated directly from Schroedinger's equation above, but this factor is

. . . 2 2 . . .
immaterial because only the magnitude, as ‘\un(q)| or |xn( p)| , of the amplitude function has a physical

significance; any solution of Schroedinger's equation independent of time multiplied by eia, with
constant a, remains a solution of Schroedinger's equation because it is homogeneous; if the magnitude of
a be other than unity, the normalisation might suffer. Apart from this complication, these results reflect



2 2
that the hamiltonian operator for the canonical linear harmonic oscillator, H= 5— + Tq , 18
u
effectively symmetric in variables p andg, which we might express as H = p'2 + q'2 with modified

forms of p and g.

With regard to the plots of the amplitude functions, taking as mass L of the oscillator that, m , of an
1

electron at rest and as frequency v, that of blue light, force coefficient assumes a value ~12.9 N m ; the
m c
width at half maximum stature of y,(¢) is ~3 10™° m and the corresponding width of x, (p) is ~ 1; 0

. That the latter value is much smaller than m ¢ justifies a non-relativistic approximation in these

. . . . /1
calculations; the ratio of these two widths is ~ PR as expected.

> restart:

The WhittakerW functions are equivalent to a product of Hermite polynomials and a gaussian
function, which is a conventional expression of the amplitude function of the canonical linear harmonic
oscillator in the position representation.

>psi[n](q) = 2*((-2*n+1)/4)*(k*nmu)~(1/8)*Herm teH(n,sqrt(2*Pi/h)*
(k*mu) ~(1/4)*q)
Isqrt(n!t)/ (h~(1/4))*exp(-Pi/h*sqgrt(k*m)*
q"2);
1 Y
4 (ku)llgHermiteH[n,\/? % (ku)ll4q)e "

JaT 'l

The amplitude functions in the momentum representation likewise has this form.

> chi[n](p) = 2*((-2*n+1l)/4)*Herm teH(n,sqrt(2*Pi/h)/((k*mu)"(1/4))*
p)

=+
5 2

v (q)= (8.80)

[sqrt(n!)/ (h~(21/4))/ ((k*nmu)~(1/8))*exp(-Pi/h/sqgrt(k*
mu) *p”2) ;

R |
h
w "

At it ey

This approach is discussed explicitly in section 1.31 for a canonical linear harmonic oscillator in
spectrometric notation.

=
2 HermiteH| n,

|

X, (P) = (8.81)

el.23 exercise
Using the amplitude functions generated according to the method in section 1.23, and forming matrix

[e ]

elements Mq3j = <J | q3 k> = J V(Jj,q) q3 Y (k, q) dg, form a matrix of the results of the

-



integrations, and with inversion of that matrix as real numbers form a matrix of elements <;j | q_3 | k> .
1.24 application of Dirac's operators to a canonical linear harmonic oscillator
> restart:

We proceed to treat a canonical linear harmomic oscillator on applying operators a and @’ (generally

printed elsewhere as a with suffixed superscript dagger); here o, which is the adjoint of @, is denoted b
for practical convenience in input and output. These operators, developed by Dirac and Fock from a
formalism developed by Jordan, Klein, Wigner and Dirac in 1927, operate on a state through its ket to
diminish the population of that state in favour of an adjacent state, either of less energy -- for a, or

greater energy -- for a’ or b according to an index of that state; for an harmonic oscillator as a boson, i.e.
having integer intrinsic angular momentum and specifically zero intrinsic angular momentum, the effect

of a is thus to destroy a vibrational quantum and of d' to create a vibrational quantum. For this reason
these operators are called destruction and creation operators, respectively, or lowering and raising
operators, or shift operators in various contexts. The property of destruction or creation is most pertinent
in a quantum field theory, or with second quantization, in which real particles are destroyed or created,
but we retain the nomenclature here for practical purposes.

In this formalism these, and other, operators require operands, which we define as follows: a ket
implies an abstract quantity with a vectorial sense that is supposed to signify a state of a system, which is
assumed to exist, and its properties; a bra, which is likewise assumed to exist, as the dual of a ket, is a
corresponding conjugate transpose vector of a ket; a state function or state vector, whether represented

by v ora orb ishence described with a ket or ket vector, |ot> and the hermitian adjoint state as y
o o o o

or a; or b; with a bra or bra vector < ¢t|. Such a ket or bra is supposed to carry complete information
about that physical state but in an entirely abstract sense; Dirac introduced this notation in 1939. Dirac's
notation in which state function \ is written as | y > is convenient when we treat functions in a known
set v, and seek to emphasise the relations between functions with varied j; symbol y is then omitted to

leave |j >. This notation expresses compactly integrals over all space that commonly arise in the theory
or its practice, according to the following equivalences.

wave mechanics Dirac
Y =
U <J
Jq{]. w4y, de <j|A|k>

In the latter case 4 denotes some operator and integration is over all pertinent space. An inner product

: t : L
of two state vectors, written v, WB =< o | B >, is called a bracket, which is or represents a number.

Operation on a ket vector from the left with 4 produces another ket vector, 4 | B >=|B'>, or
analogously on a bra vector from the right produces another bra vector, < ot |4 =< a'|. A matrix
element of 4 between states o and B is a number and is expressible as <o |4 | B>=< o |B' >=< ']

B >. The operators a and b or @’ on these ket and bra quantities are alternatively described as ladder
operators to indicate their effect on stationary states: the raising operator adds a quantum of energy or
angular momentum to a system, and the lowering operator removes a quantum of energy or angular
momentum. In some contexts, the use of these operators is known as second quantization; the first
quantization applies to the energies of molecules, the second to quantization of the radiation field. In our
calculations the use of abstract operators is impracticable with Maple; an operator must invariably
operate on a function. In a commutation relation, any operator must act on a function, such as a bra or



ket; whether that function be an eigenfunction of that operator is irrelevant.

If particles in some set be indistinguishable, their hamiltonian is invariant to permutations of these
particles; dynamical states that differ only by a permutation of identical particles can not be
distinguished with any observation. According to a postulate of symmetry related to the
indistinguishability of particles, particles of which the intrinsic angular momentum is an integer multiple

h ) ) o
of 2— , or zero, have only symmetric states, are called bosons and are subject to Bose-Einstein
T

statistics, whereas particles of which the intrinsic angular momentum is a half odd integer multiple of

2— have only antisymmetric states, are called fermions and are subject to Fermi-Dirac statistics;
T

partially symmetric states do not exist. The operators for creation and destruction treated here are
formally appropriate for operations on bosons.

Creation and destruction operators can act on states of particles of various types. A destruction
operator decreases the number of particles in a given state by unity; a creation operator increases the
number of particles in a given state by unity, and is the adjoint of the destruction operator. In many
subfields of physics and chemistry in which the use of these operators, instead of amplitude functions, is
known as second quantization, these operators can server to represent

* phonons, which are collective excitations in a periodic, elastic arrangement of atoms or molecules in
condensed matter, such as a solid or some liquid, or

* plasmons that are collective excitations of electrons associated with mobile electrons in a fixed lattice
of ions, or

» magnons that are produced from 'spin' waves in magnetic materials, or

* polarons produced by an electron and lattice distortion that forms a polarization field.

In each case, a wave field becomes quantized so that the problem is described in terms of an occupation
number of a particle. In quantum chemistry and many-body theory, these creation and destruction
operators might act on electron states. They can also refer specifically to ladder operators for the
quantum canonical linear harmonic oscillator, as we apply in succeeding subsections. In the latter case,
the raising operator is interpreted as a creation operator, adding a quantum of energy to the oscillator
system, and the lowering operator is interpreted as a destruction operator, removing a quantum of energy
from the oscillator system. A state of a system might be defined with the number of quanta or particles
in each allowed mode; a creation or destruction operator enables particles to be added or subtracted from
the physical state, and a 'vacuum' state of fixed energy constitutes the state of the system with least
energy.
cf. J. S. Avery, Creation and Annihilation Operators, McGraw-Hill, New York, USA, 1976
To implement the required operations on quantities bra and ket, we apply procedures below that are
designed for this purpose; alternative operations are practicable with the content of various commands in
Maple package physics.
1.241 procedures
These procedures were developed with kind assistance from G. J. Fee. This procedure &* defines an

operator for multiplication involving non-commuting quantities, each of which must be defined in a
preceding list named Operators.
> & = proc()

|l ocal C, CT, d, i, j, k, Largs, n, t, Xx;

option renenber, system

if type( [args], "list'("And' (' nane', 'operator')) ) then



‘& (args);

el se
t = NULL;
C:=1;
Largs := [args];
n : = nops(Largs);

for i ton do
X .= Largs[i];
if not type( x, 'operator' ) then

C:= Crx;
elif type( x, 'nane' ) then
t 1 =t, Xx;

elif type( x, "“*' ) then
CT, d .= selectrenove( '"type', x, 'Not'('operator') );

C := CCT,

if type( d, 'specfunc' ('anything', ' & ') ) then
t :=1t, op(d);

el se
t :=1t, d;

end if;

elif type( x, 'specfunc' ('anything', ' & ') ) then
t :=1t, op(x);

elif type( x, "+ ) then
return add(procnanme(seq(Largs[j], j=1..i-1), op(k, x),
seq(Largs[j], j=i+1..n)), k=1..nops(x));

el se
t 1 =t, Xx;
end if;
end do;
if t = NULL then
G
elif nops([t]) = 1 then
C* t,;
el se
C * procnane( t );
end if;
end if;
end proc:
This procedure & defines the raising of a non-commuting quantity to a non-negative integer.
> & := proc(a, n)

I f type(n, 'integer') then
if n<O then error "inverses undefined";



el se
if n=0 then 1,
elif n=1 then a;
elif n=2 then a&*a;
el se (a&(n-1)) & a;
end if;
end if;
else ' & ' (a, n);
end if;
end proc:

This procedure type/operator distinguishes operators, which must be defined in a list of name
Operators, from other variables or quantities.

> “type/operator” := proc(x)
I f menber(x, Operators) then
true;
elif type(x, {'name', 'nuneric'}) then
fal se;
elif type(x, 'function') and op(0, x) = & then
true;

elif type(x, {+, *, "~}) then
menber (true, map(procnane, [op(Xx)]));
el se
fal se;
end if;
end proc:

This procedure &c defines a commutator [a, b] = a b — b a between non-commuting quantities a and
b.

> & := proc(a,b)
radsi np(a&b - b&*a);
end proc:
This procedure type/ket distinguishes an operator ket = | .. > from other quantities.
> “typel/ ket := proc(x)
I f type(x, 'function') and op(0, x)="ket' then
true;
el se fal se;
end if;
end proc:
This procedure type/bra distinguishes an operator bra = < .. | from other quantities.
> "typel/bra := proc(x)
I f type(x, 'function') and op(0, x)="bra" then
true;

el se fal se;



end if;
end proc:

This procedure evalapply/&* extends a Maple operator evalapply for purposes required with non-
commutative algebra.

> “eval apply/ & := proc(f,L)
| ocal c,g,h,i,mn;
n := nops(f);
m : = nops(L);

if m<> 1 then
error "expecting one argunent”;
end if;
h :=L[1];
c :=1;
for i fromn by -1to 1 do
g 1= op(i,f);
I f type(g, 'operator') and type(g, 'procedure') then
h :=g(h);
el se
C .= C*Q;
end if;
end do;
c*h;
end proc:
This procedure braket2 evaluates an inner product < n | m >, in which < n | is Dirac's quantity called
'bra n' and | m > is Dirac's quantity called 'ket ', according to Kronecker's delta function, such that < # |
m > =1 for normalisation if » =m or 0 for orthogonality otherwise.
> braket2 := proc(x,y)
| ocal k1, k2,kd, c,i,ib;
if type(x, "bra') and type(y, 'ket') then
k1 := op(1,x);
k2 := op(l,y);
kd := k1 - k2;
I f type(kd, '"integer') then
I f kd=0 then 1

el se 0;
end if;
el se
' procnane' (args);
end if;
elif type(x, “*) then
c :=1;

for i in x do



If has(i, "bra') then
Ib:=1i;
else ¢ := c*i;
end if;
end do;
c*procnane(ib, vy);
elif type(y, *°) then

c .= 1,
for i iny do
I f has(i, '"ket') then
Ib :=1;
else ¢ .= c*i;
end if;
end do;

c*procnane(x, ib);
elif type(x, “+) then
map( procnane, X,Y);
elif type(y, + ) then
map2( prochane, X,Y);
el se
" procnane' (args);
end if;
end proc:
This procedure braket3 to evaluate < .. | .. | .. > accepts three parameters or arguments, of which the first,
on the left, denotes a state according to a bra, the second, in the middle, is a constant or an operator, and
the third, on the right, denotes a state according to a ket. If the second argument be an operator, that
operation on the ket is implemented with procedure operator/apply; the result is sent to procedure braket2
for further evaluation.
> braket3 := proc(x,r,y)
| ocal ry;
ry := “operator/apply (r, ket(y));
factor(sinplify(radsi np(braket2(bra(x), ry))));
end proc:
This procedure applies an operation, according to a procedure named as first argument or parameter, to a
quantity named as second argument or parameter; this procedure is invoked within procedure braket3.
> “operator/apply := proc(a,x)
| ocal c,h,i,n;
I f type(a, 'procedure') then
a(x);
elif not type(a, 'operator') then
ar*x;
elif type(a, *) then
c :=1;



h 1= x;

for i in a do
if not type(i, 'operator') then
C .= C*i;
el se
h := procnane(i, h);
end if;
end do;
c*h;
elif type(a, function) and op(0, a) = " & then
n := nops(a);
h 1= x;
for i fromn by -1 to 1 do
h := procnane(op(i, a), h);
end do;
h;
el se map(procnane, a,x)
end if;
end proc:

This procedure & (@ applies an operator to a ket.
> " &@ := proc(a, X)
expand( operator/apply (a, x));
end proc:
This procedure enables ordering of products of operators according to an order of those operators
specified in deforder.
> ordering : = proc(c)
| ocal a, b,dl,d2,i,ia,ib,j,n
I f type(c, constant) then
C;
elif
type(c, {"+, * , ~}) then
map( procname, c);
elif
type(c, & ) then
n := nops(c);
for i to n-1 do
a :=op(i, c);
ia := op_nunial;
I f not type(ia, integer) then
next ;
end if;
jo= 141



b :=op(j, c);
Ib = op_nunib];
if not type(ib, integer) then

next ;
end if;
dl := a &c b;
d2 :="'"& ' (a, b);
If dl1 = d2 then
next ;
end if;

If ib <ia then
return expand(procnane( &  (seq(op(k, c), k=1..i-1),
b,a, seq(op(k, c), k=i+2..n)) -
& (seq(op(k, c), k=1..i-1), dl1, seq(op(k, c),
k=i +2..n))));
end if;
end do;
C,
elif type(c, & ) then
map( pr ocnane, c);
elif type(c, function) then
map( procname, c);
elif type(c, nane) then
C,
el se
error "invalid expression";
end if;

end proc:
Warning, (in ordering) "k is implicitly declared local

This procedure defines the order of operators desired in output expressions.
> deforder := proc()
| ocal i, a;
gl obal op_num
for i to nargs do
a .= argsf[i];
if type(a, operator) then
op_nunfa] :=1i;
el se
error "Argunment nust be an operator";
end if;
end do;
end proc:



op_num : = table():
These two procedures are utilities that are essential in ordering operators according to procedure
ordering above.

> "typel/ & = proc(c)
type(c, specfunc(anything, & ));
end proc:
> "typel/ & := proc(c)
type(c, specfunc(anything, & ));
end proc:

This procedure defines a commutator and sets the result equal to a specified quantity:
[a,b]=ab—Dba=d.
> def _c := proc(a,b,d)
& (b,a) = -d;
& (a,b) = d;
end proc:
This procedure defines a double commutator and sets the result equal to a specified quantity:
[a, [b,c]]=d.
> def _2c := proc(a,b,c,d);
& (& (c,b), a) :=d;

& (& (b,c), a) := -d;

& (a, & (c,b)) :=-d

& (a, & (b,c)) :=d;
end proc:

This procedure converts a list, as a conventional printed representation of a commutator such as [a, b],
into a commutator.
> |ist2commutator : = proc(a::Ilist)
if nops(a) = 2 then
al[l] &c a[2];
el se
a
end if;
end proc:
This procedure replaces a list of two elements by their commutator.
> | ist2com: = proc(a)
If type(a, list) then
| i st 2comrut at or (&)
elif type(a, {numeric,synbol}) then
a
el se
map( procnamne, a)
end if;



end proc:
This procedure truncates undesired terms according to a specified order.

> truncate := proc(c)
if type(c, { +, *}) then
map( pr ocnanme, c);
elif type(c, constant) then
C,
elif type(c, & ) then
I f nops(c) < Order then c else 0; end if;
elif type(c, nane) then
C;
el se
C,
end if;
end proc:
This procedure converts a product <j | k> of bra <;j | and ket | k> into a Kronecker delta function, for
which 8} ,=Lif j=kor Sj .= 0 otherwise.

> “convert/Krondelta := proc(a)
| ocal al, a2, bl, b2;
I f type(a,function) and op(0, a)=braket?2 then
al := op(1,a);
a2 := op(2,a);
I f type(al, function) and op(0, al)=bra then
bl := op(1l,al);
end if;
I f type(a2, function) and op(0, a2)=ket then
b2 := op(1l,a2);
end if;
I f assigned(bl) and assigned(b2) then
return Krondelta(bl, b2);
el se
return a;
end if;
elif type(a, constant) or type(a, nane) then
a
el se
map( procnamne, a)
end if;
end proc:

This procedure evaluates a Kronecker delta function 8] , according to the relative symbolic values ofj
and k.



> Krondelta : = proc(a,b)
| ocal c;
c := b-a;
If type(c,integer) then
I f ¢c=0 then
1
el se
0
end if;
el se
" procnane’ (args);
end if;
end proc:
This procedure alters the effect of the evaluation of the Kronecker delta function on bra <; | and ket | &
>,
> “sinplify/Krondelta™ := proc(a)
| ocal al,a2,ia,r;
if type(a,function) and op(0,a) = Krondelta then
al := op(1,a);
a2 :=op(2,a);
if type(az2, nane) or type(a2,constant) then

return a;
elif type(a2, + ) then
ia := indets(a2, name);

I f nops(ia) = 1 then
la :=op(l,ia);

el se
return a;
end if;
r := solve(al=a2, ia);
return Krondelta(r,ia);
end if;
elif type(a, constant) or type(a, nane) then
a,
el se
map( procname, a);
end if;
end proc:
This procedure prints a Kronecker delta function in a conventional manner.
> "print/Krondelta := proc(a,b)
del tal a, b]

end proc:



1.242 application to canonical linear harmonic oscillator

> # no restart herel
The physical state of a system, of which an index is denoted 7, is represented in a dual space of

complex vectors according to quantities ket, denoted | n >, and bra, denoted < n |; such a ket or bra is
supposed to carry, in an abstract sense, complete information about that physical state. An observable
property of a system is represented by an operator, such as A4, that acts on a ket, represented as 4 | n >,
to yield another ket. An inner product <m | n > of a bra and a ket is in general a complex number, and
<m|n>=<n|m>*
in which * implies a complex conjugate. Two kets are orthogonal if an inner product of one ket with a
bra corresponding to the other equal zero, so <m | n >= 0, hence with | n > orthogonal to <m |; a ket 1s
normalised if the corresponding inner product equal unity, so <#n | n > = 1. An outer product | m > <
n | acts as an operator, such asin (| m><mn|)|/> thatevaluatesto |m>(<n| [>) in which the
inner product, according to the content between parentheses, is simply a number or a quantity that
evaluates to a number; an outer product acting on a ket hence produces another ket, just like an operator.
These operators are linear, in the sense that 4 (|m> +|n>) = A|m> + A|n>.

We postulate operators for creation and destruction that can act on states of particles, represented as
ket or bra with vectorial sense, of various types, such as fermions with half-integer intrinsic angular
moment or bosons with integer intrinsic angular momentum, but their properties differ for these two
types. We design and form procedures to implement these properties. We first specify in a list the
names of operators on bosons that fail to commute according to multiplication.

> Qperators :=[a,b,Np,q];
Operators == [a, b, N, p, q] (10.2.1)

According to Dirac's formalism, for a canonical linear harmonic oscillator we proceed to define two
operators, one for destruction, a, and another for creation, b, accordingly implemented with two
additional procedures, for specific application to the canonical linear harmonic oscillator. The first
procedure, of name a, implements an operation on a state of which a ket or | > is named as argument of
this procedure; also known as a lowering operator, this particular operator is Dirac's operator a for
destruction, such that its operation on a ket of a particular state decreases a population of that state to
which it is applied by one unit and increases accordingly the population of an adjacent state of one unit

less, with a normalising factor / n as follows.

a|n>=n |n— 1>with a scalar multiplicand \/n forn >0,
and a special case a |0> = 0.

> a .= proc(x)
| ocal n;
i f type(x, '"ket') then
n := op(1l,x);

iIf n =0 then O else
sqrt(n)*ket(n-1);

end if;

elif type(x, {*, "+, "~}) then
map( procname, X);

el se x;

end if;

end proc:



Another procedure has as name b, replacing a with suffixed superscript dagger, like o', that is
unprintable here, and implements its operation on a state of which a ket or | > is named as argument of
this procedure; this particular quantity is Dirac's operator for creation, such that its operation increases a
population of a particular state to which it is applied, as the argument of the procedure, by one unit and
decreases accordingly the population of an adjacent state of one unit greater, with its normalising factor

J n+ 1, also known as a raising operator,
b|n>=\n+1 |n+ 1> with ascalar multiplicand \/ n + 1 .

> b := proc(x)

| ocal n;

I f type(x, "ket') then
n:=op(lx) + 1;
sqrt(n)*ket(n);

elif type(x, {*, "+, "~}) then
map( procname, X);

el se x;
end if;
end proc:
We test both operators a and b.
> "a |n> = a &ket(n);
aln>=n ket(n—1) (10.2.2)
> b |n> =Db &ket(n);
bln>=\n+1 ket(n+1) (10.2.3)

Being satisfied that these operators work as designed, we next test the commutation property, by
operating consecutively with firsta,

> "a |n> = a &ket(n);
aln>=\n ket(n—1) (10.2.4)

then on that result with b,
> "baj|n> =b &rhs(%;

ba|n>=nket(n) (10.2.5)
then in the reverse order,
> b |n> =Db &ket(n);
bln>=\n+1 ket(n+1) (10.2.6)
> "ab |n> =factor(a &Drhs(%);
abn>=(n+1)ket(n) (10.2.7)

and find the difference between the results.

> factor(rhs(%89) - rhs(%);
-ket(n) (10.2.8)

The products, in one or other order, of these creation and destruction operators, as defined and
implemented above, clearly fail to commute, and thereby become suitable for the purpose of quantum-



mechanical operations according to the fundamental postulate of quantum mechanics. The effect of the
preceding five commands is to prove that
ba-ab=-1.
in which form operations on appropriate kets are implicit.
Auxiliary operator N that is defined as b a is called also a number operator because its operation on a

state with ket n, with & as operator between b and a,
> N:=Db & a;
N:=b&*a (10.2.9)

> "N| n> = N &@ket(n);
N|n > =nket(n) (10.2.10)

returns that state with factor n;so ba |n>=N | n>= n | n>. This relation has the form of an
eigenvalue equation, with linear operator NV, eigenvector | n > and eigenvalue 7; the eigenvalues of this
operator are non-negative integers. Repeated use of b, or analogously a, yields these results.

> b |n> =Db & ket(n);
bln>={yn+1 ket(n+1) (10.2.11)
Here % denotes the preceding output.
> "bb|n> =b &Drhs(9;
bbln>=Jn+1 yn+2 ket(n+2) (10.2.12)

\%

"bbb|n> =b &rhs(%;
bbbln>=\yn+1yn+2 Jn+3 ket(n+3) (10.2.13)

> "a |[n> = a &ket(n);
aln>=n ket(n—1) (10.2.14)
> aal|n> =a&@rhs(9;
aaln>=Jyn Jn—1 ket(n —2) (10.2.15)
> "aaal|n> =a&drhs(%;
aaa|n>=\/7\/n—l Jn—2 ket(n—3) (10.2.16)

In raising to a power an operator that is a non-commuting quantity, we must use &” rather than *, just as
in forming a product in which multiplicands are non-commuting operators we must use &* rather than *.

We hence obtain the same result directly by operating on | n > with operator b cubed;
> "pbN3 *T | n>T b& 3 &@ ket (n);
B in>=yn+1Jn+2n+3 ket(n+3) (10.2.17)

a&"3 &@ ket (n);
@ n>=yn n—1n—2 ket(n—3) (10.2.18)

> 'an3d x| n>

The preceding results are general, resulting from merely the definitions of @ and b as operators for
destruction and creation, or equivalently for lowering and raising.

One approach to obtain the eigenvalues corresponding to energy associated with hamiltonian
operator H applies operator N as follows. For state | n > that yields eigenvalue N | n > =n ket(n) as



above, with a normalised state such that <n | n > =1, it follows that
n=<n|N|n>=<n|ba|n>=<an|an> >0,

in which <n | N | n > denotes a bracket quantity as evaluated below, so that the eigenvalues of N are non-

negative and that there must exist a smallest eigenvalue n,. According to the latter relation, we define of

operatora anormas ||a|n>|>= <n|ba|n>=nand |b|n>|*= <n|ab|n>=n+1. Applying
Nb|n>=bab|n>=bba+1l)|n>=(n+1)b|n>,
analogously,Na |n>=(n -1 )a|n>.

> || a| n>|] "2 = braket3(n, b&*a, n);
la|n>|=n (10.2.19)
> || b]|] n>|] "2 = braket3(n, a&'b, n);

b n>|F=n+1 (10.2.20)

Operating repeatedly with a, as above, yields states in a sequence with eigenvalues (n — 1), (n — 2), ...
until a least eigenvalue n,, for whicha | n,>=0. AsN|[n,>=ba|n,>=0, state | n, > has

eigenvalue 0; the eigenvalues of N are 0, 1, 2, ... Operation of operator a on a bra is equivalent to
operation of bon aket: <n|a =b|n>, as applied above. After we split the hamiltonian, below, we
find the energy eigenvalues of the hamiltonian of the oscillator.

For our application on the canonical linear harmonic oscillator as a boson with zero intrinsic angular
momentum, we must relate the creation and destruction operators, defined above, to the mechanical
variables coordinate and momentum. We assume that a hamiltonian divided by a characteristic energy
can be factored into complex multiplicands: one such multiplicand becomes an operator for creation,

named a’ or b below; the other becomes an operator for destruction, named a. The operation of first a
and then b on a ket, operating from right to left, must yield the energy relative to a particular state, but
the intermediate result with only a is found to be the decreased population of that state by one unit, as
shown above; the second and separate application of b must hence increase the population by one unit,
so as to leave the resulting ket to be identical with the initial ket. According to that assumption, of two
operators a for destruction and b for creation from the hamiltonian, their product b a operating on a ket
of a particular state clearly yields the energy of that state divided by the characteristic energy; that
product b a that contains implicit division by a characteristic energy causes its operation on a ket
pertaining to a state to yield a dimensionless quantity, a number denoting the energy of that state in

terms of that characteristic energy. We express the hamiltonian as

Force coefficient k, for a canonical linear harmonic oscillator we express in terms of angular frequency

| k 1 k
®,, as 0, = —< , or circular frequency Vo= T —£ . We rewrite accordingly the hamiltonian
u 2m u
as
2.2 2 9
2 4T Vol g
H = +
2u 2u

applying the fact that
2 2
k,=4m v u,



and retaining product 2 | in the denominator. To eliminate the dimensions from this hamiltonian
formula that has the dimension of energy, we divide the entire formula by a characteristic energy, 4 v, =
k
A _¢
2n W '
222 9
2 4T V.U g
P 0
H 2u 2u

hv, hv,
> H (h*nu[0]) = (p"2/(2*nu) +4*Pi "2*nu[ 0] "2* mu~2*q”2/ (2*nmu) )/ (h*nul 0]
);

2
£ +2 71',2 vi Wg
H 2u

= (10.2.21)

hvo hv0

2

We then factor the resulting expression over the complex domain, to yield, with /=/ -1,
> H (h*nu[0]) = Pol ynom al Tool s[ Split](numer(rhs(%), p)/denon(rhs
(9A):

) [Mq%n_ RootOf(_zzz—i- 1)p j (uqv0n+ RootOf(_222+ l)p]
= (10.2.22)
hv, whv,
> H (h*nu[0]) = convert(rhs(%, radical);
_1Ir Ip
I 2(uqv0n ) )(uqv0n+ ) j
- (10.2.23)
hv, whv,
SO
H (pl+2uv0q n) (pI—Zuvoq n)
hv, 2hpy,

We separate the multiplicands in the numerator, and take the square root of the denominator, 2 LA v,

as | 2WhvV, ;weapportion this quantity equally to each factor of the numerator, yielding these results

for the two factors,

> fl = 2*(op(2, rhs(9)/(sqgrt(denom(rhs(%))));
(MCIVOTC_ITPJ\/?
11 = (10.2.24)
/uhvo
> f2 := 2*op(3, 2*rhs(%9 )/ (sqrt(denom(rhs(%49)));

(10.2.25)



2= (10.2.25)

which are evidently mutually complex conjugate. We define b as the quantity of the two above that
contains a minus sign, and a as the other quantity. To avoid problems with infinite recursion of names,
weuse'p , q, a and b " to exhibit the properties of these quantities without affecting the

corresponding operators.
> "b ° := select(has, {fl1l, f2}, -1/2*1);

I
(uq VT~ TPJ J2
b o= (10.2.26)

[ Lhv,

> "a := select(has, {fl, f2}, +1/2*1);

Ip
(quVOTE+ 7) \/7

a = (10.2.27)
[ Lhv,

With destruction operator a and creation operator b defined in terms of momentum p and coordinate g in
appropriate combinations, we proceed to perform calculations of expectation values and matrix elements
of a canonical linear harmonic oscillator as in preceding treatments with matrix mechanics and wave
mechanics.

Taking a and b to be expressible according to the particular formulae presented in the text above as
factors of the hamiltonian of the canonical harmonic oscillator divided by 4 v, we solve for the general

coordinate, ¢, and general momentum, p, variables,
> sol :=solve({a = 1/2*( p *I+2*Pi*nu*"q *nu[0])*2"(1/2)/ (mu*h*nu
[0])"(1/2),
b =1/2*(2*Pi*mu* q *nu[0]-1*"p )*27(1/2)/(mu*h*nu[ 0] )~
(12)}, {'p ., a});

[wh +b)2
sol == pz—% [whv, (a—b)J2.q = whYy (4t )2 (10.2.28)

4nuv0

which we implement with general coordinate ¢ as defined in terms of creation b and destruction a
operators,

> g := subs(sol, "q );

[whv, (a+b)J2
g = (10.2.29)

4mnuv,

and general momentum p as a conjugate quantity defined in terms of creation and destruction operators
as

> p := subs(sol, "p );

(10.2.30)



I
pi=-7 Juhv, (a=b) J2 (10.2.30)

When we solve fora and b in those two relations for p and g,
> sol 2 1= sinplify(expand(subs(pp="p *, qq="q ", solve({pp=p, qgq=q},
{a, b}))), synbolic);

(Ip +2mug vo)ﬁ (-2mug vo—i-lp)ﬁ
sol2 == la= bh=- (10.2.31)

2 VWV [y, 2T v,

we find that @ and b are precisely complex conjugates of each other, as above. The product of these two
quantities,

> subs(sol 2, a);

(Ip +2nug Vo)ﬁ

(10.2.32)
2 [W VT 5,
> subs(sol 2, b);
(-2mug v0+1p)\/7
_ (10.2.33)
2 W T [,
> subs(sol 2, " (a)* (b)) = expand(subs(sol 2, a*b));
(1p +2nuqv)\/7 (—2nuqv+1p)\/7 2uv g2 2
0 - 0 = ‘;l P (10.2.34)
2\/Eﬁ/v0 2\/Iﬁ/v0 Zuhv,
: : H :
is precisely —— , which we recall from above,
%
0
> H (h*nu[0]) = expand(( p "2/(2*mu) + 4*Pi"2*nu[0]"2*nu"2* ¢
A2/ (2*mu))/ (h*nu[0]));
)
H 2uv, T g 2
=—20 + £ (10.2.35)
hv, h 2uhv,
> is(rhs(% = rhs(%9);
true (10.2.36)

demonstrating the correctness and consistency of the derivation.

To find the energies of this system of a canonical linear harmonic oscillator, we recall the
hamiltonian,

2 k ¢
2u 2
in which we replace &, with its equivalent involving v, and L.

> k[e] := 4*Pi ~2*nu[ 0] *2* nu;



2 2
k=41 vy (10.2.37)

and express that hamiltonian in terms of creation and destruction operators through the above
assignments of p and g.

> H:= 1/(2%mu) *p& 2 + 1/ 2*k[e] *q& 2;

hv, (a&*a— (a&*b) — (b&*a) + b &* b)
T ] (10.2.38)

Voh(a&*a—i-a&*b-l-b&*a—l-b&*b)
4

+

The operation of a hamiltonian as operator within a bracket, or combination of bra and ket, of the same
state yields the energy of that state, hence as an expectation value;

> "'<n| H| n> = factor(expand(braket3(n, H n)));

hv,(1+2n)
<n|H|n>= 7 (10.2.39)
>"'<n-1| H| n1> = braket3(n-1, H n-1);
hv,(-1+2n)
<n-l|H|n-1l>= 2 (10.2.40)
> "< n+l | H| n+l > = braket3(n+l, H n+l);
hv,(3+2n)
<n+l|H|n+1>= 7 (10.2.41)
we alternatively apply this hamiltonian operator directly on a ket, |n>,
> "H|n> = factor(H & ket(n));
hv,ket(n) (1 +2n)
Hn>= (10.2.42)

2
which confirms that states |[7> are eigenstates of the hamiltonian operator, justas for Hy = E Wy in

. . H 1 . .1
wave mechanics. N|n> = n|n > differs from h_ |n>=(n+ > ) | n >; the difference is 5 | n
v
0
>, as we show here.

We apply these formulae for p and ¢ to evaluate quantities known as expectation values and matrix
elements of momentum and coordinate, respectively, just like the usage in the preceding sections on
matrix mechanics, section 1.22, and on wave mechanics, section 1.23; the connexions to matrix

mechanics and wave mechanics appear in this equality for ¢,

[e]

q,,=<nlqgln>= J v gy dq

(o]

Gy = <Mlq|n>= J v qV dq

and similarly for expectation values or matrix elements of other quantities. We form matrix elements



for a particular state, hence expectation values, first for quantities ¢ and p to the first power with their

corresponding results of operations on |[n> for comparison,

> "q |n> = factor(q &@ket(n));

[ Lhv, ﬁ(ﬁk@t(n—l)-l-\/n—i-l ket(n—i—l))

n>=
1| 4mnuv,

>'<n| q| n> = braket3(n, g, n);
<n|g|n>=0

> "p |n> = factor(p &@ket(n));

p|n>=—% [ whv, ﬁ(ﬁket(n—l)—\/n—i-l ket(n-l—l))

>'<n| p| n> = braket3(n, p, n);
<nl|p|n>=0

and then of ¢ and p to the second power.

> 'gnr2'* | n> = factor(q& 2 &@ket(n));

q |n>

_ h(Jn Jn—1 ket(n —2) + 2 nket(n) + ket(n) +n+ 1 Jn+2 ket(n +2))

2
SHv,m
> "< n | *gM2'* | n> = braket3(n,
h(l1+2
<n|q2|n>=—( ;)
Suv,m

> 'pr2' * | n> = factor(p& 2 &@ket(n));

piin>=

_%<tho (\/71/71 — 1 ket(n —2) — 2 n ket(n) — ket(n)

+Jyn+1yn+2 ket(n+2)))

whvy(1+2n)

>'<n | * "pr2'* 7| n > = braket3(n,
<n]p2|n>=
2
2
The expectation value of kinetic energy is < 5— >,
> < n | * "pr2'* | n >/(2*mu) = braket3(n,

<n|p2]n> - hv, (1+2n)

n)/ (2*m) ;

2u 4

(10.2.43)

(10.2.44)

(10.2.45)

(10.2.46)

(10.2.47)

(10.2.48)

(10.2.49)

(10.2.50)

(10.2.51)



. : . 1 1 2 2 :
The expectation value of potential energy is < > k, q2 > =< > q2 (4m Wv, ) >, for which purpose
we replace k, with its equivalent involving v, and .
> 1/2 * k[e] * "<n | * 'g"2'* | n> = braket3(n, g&2, n) * 1/2 *
4 *Pi "2*nu*nu[ 0] *2;
hv, (1+2n)
4

2 2 2
2Znvu<n|qg|n>= (10.2.52)

The result shows that < potential energy > = < kinetic energy >, i.e. the expectation values of these
quantities in any state defined with quantum number 7 of this canonical linear harmonic oscillator are

equal, in accordance with the virial theorem in quantum mechanics. This theorem states that, for a
potential energy that depends on distance according to 7, the expectation value of kinetic energy, which

2
is expressed as < 2’; >, equals B times the expectation value of potential energy, expressed as < V' >.
m

In the case of the canonical linear harmonic oscillator, the potential energy has the form ~ qz, which

2 2

means that » =2 and so <2P; >= < J> and the total energy = < ;; > + < V>, asderived
m m

. 1 )
above. In contrast, for the H atom, the potential energy has the form —, which means that » = -1 and <
r

2

1 1 ) . .
Zp_m > = - > < V>, so that the total energy = > < V>, i.e. the total energy is half the potential
energy.
For an important derivation we apply our quantities defined above as follows. The variance of

. . 2 . .
quantity x that is defined as 6 equals the difference of expectation values of <x*>and <x>2, SO
2
o = s ey s 2
the square root of the variance is the standard deviation 6. In terms of Dirac's approach, an expectation
value <x>1is simply < | x| n>. For quantity g as an operator, we have therefore

> '<n| *g*"2'* | n> = braket3(n,qg&2,n);
h(1+2n)

<n|q2|n>= 5
Suv,m

(10.2.53)

>"'<n| q|] n>"2 = braket3(n,q,n)"2;
<n|q|n>%*=0 (10.2.54)

> sigma['q'] = sqgrt(rhs(%9 - rhs(%);
h(1+2n)
/2 - @@ 7
/ HVYo
G =
1 4

For quantity p we have correspondingly
> < n | * '"pr2'* | n > = braket3(n,p&2,n);

(10.2.55)



whv,(l1+2n)
2

<n|p’ln>= (10.2.56)

> '<n| p| n>"2 = braket3(n,p,n)"2;
<n|p|n>%?=0 (10.2.57)
> sigma['p'] :=sqrt(rhs(%®) - rhs(%);
ﬁ\/uhvo(l+2n)
o =
P 2

(10.2.58)

The product of these two quantities c, O, is thus

>"'sigma’ " ['p'] * "'sigm'['q ] =sinplify(sigm['p"]*sigma['q'])
assum ng positive;

v vy 2hn+h

6 6 =———

s, i (10.2.59)

The latter result, which is expressible as

G O ! (n + ! ) U
= —_— n —_— —_—
P g 2 27 2’
has thus its minimum value forn = 0. This formula becomes thus
1 &
> R —_—
Gp Gq 2% .
or
1 h
Ap Ag >+ —,
P q 2 g

which is known as Heisenberg's principle of indeterminacy and which has general applicability, not

merely to a canonical linear harmonic oscillator: any couple of non-commuting and self-adjoint

operators, such as p and ¢, that represent observable quantities are subject to this constraint, such that the

minimum product of their uncertainties, such as o, and o, or Apand Ag,is > 2— . The distinction
T

between indeterminacy and uncertainty implies that there is a fundamental limit to the accuracy of a

simultaneous determination of two such non-commuting quantities, independent of the uncertainty of

. 1 . : .
any particular observer or measurement. Conversely, the addend > of n, implying a residual energy,

. 1 . . ) .

for the energy in £ = (n + > ) h v, might be considered to be present as a result of indeterminacy.
A product of complementary variables energy E and time ¢ has the dimensions of Planck's constant 4,

. . . 1 A . .
like a product of p and ¢; a corresponding relation A E At > > 2— exists, but differs from the product
T

of uncertainties of p and ¢ because only energy E has a legitimate uncertainty. Under this condition, Az

is regarded as an evolutionary interval, rather than as an uncertainty, during which a system might

evolve from one state to another. The latter inequality is useful in specifying a relation between a mean

lifetime At of, typically, an excited state and its energy width. The significance of these relations is that

calculations according to quantum-mechanical algorithms are subject to indeterminacy, and



consequently any system to which these calculations are applied.

As an alternative formulation, for two hermitian operators 4 and B, with commutator [4, B] =
A B — B A4, arelation for indeterminacy due to Robertson is expressible as

L. ‘
GAGBZE |'<'[4,B] >]

in which the right side of the equality denotes half an absolute value of an expectation value of that
commutator. Other relations involving such commutators, expressed according to definition as
[A,B]l=AB—BA,
and anti-commutators, expressed according to definition as
{A,B}=AB+BA,
are known.

We test the evaluation of commutator p ¢ — ¢ p, employing commutator operator &C, recalling the
derivations of p and ¢ in terms of @ and b, as generated above.

> pcq = p & q;

%h(a&*b— (b&*a))

peq = (10.2.60)
T

We generally express such a commutator as [p, ¢] that has significance identical to p ¢ — ¢ p, but
resembles a list comprising two items; we input that commutator as a list,

> pcqg :=[p, q];

[uh +b) 2
peq = % [uhv, (a—b){2, whvy (atb) 2 (10.2.61)

4muv,

which hence becomes expressed in terms of @ and 5. We convert that list into a commutator with
> pcq = list2conmpcq);

%h(a&*b— (b&*a))

peg = (10.2.62)
/I

which yields the same result as above. To obtain an elegant result for this commutator p ¢ — g p
according to the fundamental postulate of quantum mechanics
ih
pPqg—4qp o

we apply it to a quantity ket(n), employing operator &@ for this purpose.

> pcgn : = pcq &@ ket (n);
—% h ket(n)
pegn = (10.2.63)
T
> pcgn = sinplify(pcq &@ ket (n), synbolic);
—% h ket(n)
pegn = (10.2.64)

T



> (pg-49gp) *|n> =%
-%hket(n)
(Pg-qp)n>= B (10.2.65)

as expected from the above formula. The anti-commutator of p and ¢ is
> (& (p,q) + & (q,p)) &@ket(n);

U o 01 ket(n —
Ihn Jn = ket(n —2) Thyn+1 \/24‘2 ket(n + 2) (10.2.66)
T T

> sinplify(% assum ng positive;

—%h(ﬁmket(n—Z)—\/n-l-l \/n+2 ket(n+2))

(10.2.67)
T
We examine analogously the commutator of a and b,
> acb :=[a, b];
ach == [a, b] (10.2.68)
> acb := list2conm(ach);
acb = a &* b — (b &* a) (10.2.69)
and apply it to a ket of a state,
> acbn := acb &@ket(n);
acbn = ket(n) (10.2.70)

consistent with our test above. The commutator a b -b a = 1, whereas the anti-commutator a b + b a is

> factor(( & (a,b) + & (b,a)) &@ket(n));
ket(n) (14 2 n) (10.2.71)

soab+ ba=2n+ 1. The difference between the hamiltonian operator and the number operator, each

operating on the same ket, [n>, is

> "H| n>/(h*nu[0]) = sinplify(H&@xet(n)/(h*nu[0]));
H|n> _ ket(n) (1+2n)

10.2.72
. 5 ( )
> "N| n > =N &@ket(n);
N|n > =nket(n) (10.2.73)
> sinplify(rhs(98) - rhs(%);
kefz(") (10.2.74)

as derived above. That eigenvalues of number operator N comprise only non-negative integers is a
consequence of the commutation relation a b -b a=1. We evaluate also matrix elements of ¢ between
states represented by unequal kets.



>'<n| q]| ntl > = braket3(n, g, n+l);
[whv, 2 Jn+1

4mnuv,

<n|g|nt+l>= (10.2.75)

h
When we extract a constant factor2m /| ——

wv,
> |l hs(%/sqrt(h/(mu*nu[0]))*2*Pi = sinplify(rhs(%/sqrt(h/(nmu*nuf[0])
)*2*Pi, synbolic);

< >

2<n|q|n+l nz\/?\/n-i-l (10.2.76)
7 2
wv,

.. . [ n+1 ) .
we find that the remaining factor is - We express the matrix element as a bracket in an order

opposite that above,
> '<n+l | g | n > = braket3(n+l, q, n);

[whvy 2 n+1

4muv,

<n+ll|gqg|n>= (10.2.77)

but obtain the same result. Here follow the calculations of some other matrix elements, assuming no
value n <0.

>'<n| q]| n1> = braket3(n, g, n-1);

<n|g|nl>= (10.2.78)

> '<n| *g"3* | n+tl > = braket3(n, q&'3, n+l);

3h [uhv 2 (n+ 112
whvy 2 (n 4 1) (10.2.79)

32 u2 vé n3

<n|q3|n+1 > =

>'<n | * '"g"3* | n-1 > = braket3(n, g&3, n-1);

3h [unv, 2222
S (10.2.80)

2 2
2pv,m

<n|q3|n-] > =

> "< n | * "ghr3* | nt3 > = braket3(n, &3, n+3);
h /uhvoﬁ\/n—l-Z Jn+3 Jyn+1

2 23
R2upvym

<n|q|n+3>= (10.2.81)

> '<n| *'g"2'* | n+tl > = braket3(n, q&2, n+l);

10 O



>

<

<n|q2|n-/-] >=0

n| * ' "g"8* | nt2 > = braket3(n, &8, n+2);
TR n+2 Jn+1 3+2n) (i*+3n+5)

<n|q8|n+2>= YRR
1024 v m

> "< n+tl | p| n> = braket3(n+l, p, n);

>

>

>

>

>

<

<

<

<

<

<

<n+1|p|n>=% /uhvo\/?w/n-l—l

n| p| n1> = braket3(n, p, n-1);

<nlpint >=— [whv T Jn

n| * "pr3* | ntl > = braket3(n, p&3, n+l);

3 31 3/2
<nlpIntl >=-==whv, [Whvy 7 (n+1) ’

n| * '"pr3'* | n-1 > = braket3(n, p&3, n-1);

31
<n|p3|n-1>=Tuhv0 [Whv, \/711312

n| * '"pr3* | nt3 > = braket3(n, p&3, n+3);

|
<”|P3|”‘/‘3>=Zuhv0 [ whv, J2Jn+2 Jn+3 Jn+1

n| * "pr2'*| n+l > = braket3(n, p&'2, n+l);
<n|p2|n—/-] >=0

n| * p”r"8 *| n+t2 > = braket3(n, p&8, n+2);

7(3+2n)u4\/n+1 (n2+3n+5)h4vg\/n+2

<n|p8\n+2>=— 1

Other observable quantities one calculates analogously.

To work further with symbolic matrix elements, we show the following commands.

>'<m| gq| n> = braket3(m g, n);
<ml|q|n>

1 ( [ Lhv, \/7 (\/7 braket2(bra(m), ket(n — 1))

- 4muv,

+ Jn+ 1 braket2(bra(m), ket(n + 1))) )

This result is correct, but is displayed with improved meaning as follows.

> convert (% Krondelta);

(10.2.82)

(10.2.83)

(10.2.84)

(10.2.85)

(10.2.86)

(10.2.87)

(10.2.88)

(10.2.89)

(10.2.90)

(10.2.91)

(10.2.92)



v th0 \/7<\/78m,n—1+ v n+l 8m,n-{—l)

<m|q|n>= (10.2.92)
4mnuv,
For the particular case that n =m — 1, we find
> '<m| qg] ml> =-eval(rhs(%, n=m1l);
/ nhv, ﬁ\/m
<ml|q|m-1>= (10.2.93)
4mnuv,
whereas for the case n =m + 1 we find
> "'<m| q| ml> = eval(rhs(%®9, n=mtl);
[ Whv, J2 ym+1
<m|qg|m+1>= (10.2.94)
4mnuv,
For the case n =m, we find the same result as above.
>"'<m| q| m> = eval(rhs(%8y, n=m;
<m|q|m>=0 (10.2.95)

As an important application of the use of commutators, we evaluate commutator [ H, g ] between a
hamiltonian operator and a coordinate operator.

> Heq :=[H (q];
Hcg := list2com Hcq);
hvy(a&*a— (a&*b) — (b&*a)+b&*D)
4

Heqg == | -

Voh (a&*a+a&*b+b&*a+b&*b) [uhv, (a+b)2

+ ,
4 4muv,
h fuhv, J2 (&*(a,a,b) — (&*(a,b,b)) — (&*(b,a,a)) + &*(b, b, a))
Heq = - 0 (10.2.96)
g
> sinmplify(Hcq &@ ket (n));
h | uwhv ﬁ(ﬁket(n— 1) —yn+1 ket(n+ 1))
- 0 (10.2.97)
4T
. i-2mu
We multiply the result by o
> 2%Pi *| *nu/ h* %
I
- [uhv, V2 (Vi kettn —1) = n+ 1 ket(n+ 1)) (10.2.98)

We recallp |n>.



> factor(sinplify(p &@ket(n)));

% [unhv, V2 (Vn kettn —1) = Jn+ 1 ket(n+ 1)) (10.2.99)

> is(%= 9%84;
true (10.2.100)

i2mTu
h
oscillator, this relation is general, applicable to any conservative system.

Although we have proved thatp = [H, g ] in the particular case of a canonical linear harmonic

1.243 further tests on commutators, ordering and other operations
> # no restart herel

To illustrate the capabilities of these operators for creation and destruction, we undertake the
following tests, first with commutators. In our ensuing work with commutators explicitly, we make use
of the following identities, involving three operators A, B and C:

[A,B] = -[B, A]
[A,A"]= 0 forn=1,2,3,...
[A,BC]= [A,B]C+B]JA,C]
[AB,C]=[A,C]B+A[B,(C].
On the basis of the latter results, we expand a square as
[A,B%] = [A,B]B+BJ[A,B].
We evaluate other commutators. The commutator of operators a and b is [a, b],
> acbh :=[a, b];

ach = [a, b] (10.3.1)
> achb := list2con(ach);
ach == a &*b — (b &* a) (10.3.2)
which we apply to | n >.
> sinplify(acb &@ket(n));
ket(n) (10.3.3)

As [a, b] | n >=|n >, the commutator of @ and b is thus unity. We test the other order.
> bca :=[b, a];

bca == [b, a] (10.3.4)
> pbca := list2con(bca);
bca:=b&*a— (a&*b) (10.3.5)
> sinplify(bca &@ ket (n));
-ket(n) (10.3.6)
As [b, a] | n>=-|n >, the commutator of b and a is thus negative unity, - 1.

Here are some tests of commutators involving H. Because &c has greater priority than *, the meaning
of H &c 3 * pis [H, 3]*pnot [H, 3*p], but H &c (3*p) yields the correct answer. Applying a list notation



to represent the commutator and applying procedure list2com yields the correct answer in any case. We
first test [H, 3 p],

> 11 :=[H 3*p];
hv,(a&*a— (a&*b) — (b&*a)+b&*D)

ll:=- 1 (10.3.7)

Voh (a&*a+a&*b+b&*a+b&*D) 31

7 LA (a—b)ﬁ]

> |1n := factor(list2com(l1l) &@ket(n));

31
ln===2 (Vn ket(n = 1) +Jn+ 1 ket(n+ 1)) [whv, vyh (10.3.8)

for comparison with [H, p * 3].
> 12 :=[H p*3];
hvy(a&*a— (a&*b) — (b&*a) +b&* D)

2= |- 3.
[ 1 (10.3.9)

_|_

Voh (a&*a+a&*b+b&*a+b&*D) 31
+ 4 Ty MhVO (a—b)ﬁ

> | 2n := factor(list2com(l2) &@ket(n));

I2n = % J2 (Vi kettn —1) +Ju+ 1 ket(n+ 1)) [uhv, v h (10.3.10)

> is(lln =12n);

true (10.3.11)
As the first commutator with H, we apply [H, ¢] to act on [>,
> [H al;
hv,(a&*a— (a&*b) — (b&*a) +b&*D)
_ (10.3.12)
4
v h(a&*a+a&*b+b&*a+b&*b) [uhv, (a+b)J2
40 ’ 0
4 4Ty,
> |ist2com % ;
h [whv, 2 (&*(a,a,b) — (&*(a,b,b)) — (&*(b,a,a)) + &*(b, b, a))
_ (10.3.13)
8mu
> sinmplify(% &@ket(n));
h [whv ﬁ(ﬁk@t(n— 1) —yn+1 ket(n+ 1))
- 0 (10.3.14)

4ntu



for comparison with -ip |n>,

> sinplify(p &@ket(n));

% [uhv, J2 (Vn kettn —1) = Jn+ 1 ket(n+ 1)) (10.3.15)

by calculating the ratio.
> sinplify(9%4 % synbolic);

I
- E h
(10.3.16)
T
Between the latter expressions there is hence a factor - 5 , which indicates that
Tu
_ _h .
[H,q] [n> = —— (-ip)|n>,
2mp
as derived above.
Here is the corresponding commutator [H, p],
> [H pl;
hv,(a&*a— (a&*b) — (b&*a) +b&* D)
- (10.3.17)
4
Voh (a&*a+a&*b+b&*a+b&*D) I
+ 1 N ALAL (a—b)J2
> |ist2com % ;
Thvy [uhvy 2 (&*a,a,b))  Thv, [whvyJ2 (&*(a,b,b))
4 + 1 (10.3.18)

 Lhy, [uhvy 2 (&*(b,a,a))  Lhy, [whv, 2 (&*(b,b,a))
4 4

> factor(sinplify(%&@ket(n)));

%hvo [uhv, 2 (Vn kettn —1) +Jn+ 1 ket(n+ 1)) (10.3.19)

which we compare with i g |n>,
> sinmplify((l * q) &@ket(n));

% [uhvy V2 (Vn ket(n — 1)+ Jn+ 1 ket(n + 1))

TV

(10.3.20)
0
through a ratio.
> sinplify(9%4 % synbolic);
2 kv (10.3.21)



2
Here the factor between the expressions is 2 Tl /2 v, which indicates that
2
[Hp]|n>=2mphv (iq)|n=>.
Some further examples of commutators follow.

> Hca :=[H, a];
hvy(a&*a— (a&*b) — (b&*a)+b&*D)

Hca == | - 4 (10.3.22)
Voh (a&*a+a&*b+b&*a+b&*D)
+ ,a
4
> Hca := |ist2com Hca);
hv, (&*(b,a,a)) hv,(&*(a,a,b))
Hca = — (10.3.23)
2 2
> Hcan := Hca &@ket(n);
Hean :=-hv\[n ket(n — 1) (10.3.24)
> a &@ ket (n);
Jn ket(n—1) (10.3.25)
> Hcan/ %
-hv, (10.3.26)
Here the factor is -/ Vv, which indicates that [/, a] |n> = -hvV, a|n>, which is appropriate
because H has dimensions of energy. For [H, b],
> Hcb :=[H, b];
hv,(a&*a— (a&*b) — (b&*a) +b&*b)
Hceb == | - 1 (10.3.27)
Voh (a&*a+a&*b+b&*a+b&*D)
+ , b
4
> Hcb = list2comHch);
hv,(&*(a,b,b)) hv, (&*(,b,a))
Hceb == — (10.3.28)
2 2
> Hcbn := Hcb &@ ket (n);
Hebn == hv,yn+1 ket(n+1) (10.3.29)
> b &@ket(n);
Jn+1 ket(n+1) (10.3.30)
> Hcbn/ %

n AN



hv, (10.3.31)

the factor is just 4 v, which indicates that [H, b] |n> = hv, b|n>. We test the product of

operators N and a,
> Npa := N & a;
Npa == &*(b, a, a) (10.3.32)
> col l ect (Npa &@ ket (n), ket);
(12 = J7) ket(n — 1) (10.3.33)
and N and b.
> Npb := N & b;
Npb == &*(b, a, b) (10.3.34)
> Npb &@ ket (n);
(n+ 1) 2 ket(n + 1) (10.3.35)

When we operate on a bra or < | with ¢ on the right, we obtain no result directly,
> "< n| *a=bra(n &@a;

<nla=bra(n)a (10.3.36)
but when we complete the bracket with | n + 1 > we obtain
> "< n| a| n+l> = braket3(n,a, n+l);
<nla|n+1>=yn+1 (10.3.37)

which implies that<n|a =<n+ 1| \/m because <n|a|n+1> = <nt+l | \/m |n+1> =
\/m <n+l|nt+l1> = \/m . Analogously for b, we obtain
> braket3(n,b,n-1);

Jn (10.3.38)

which implies that <n |b =<n -1 |/ n . Operating with a on a bra hence yields a result that
corresponds to operation with » on the same ket, and vice versa.

Operation with L on aket of a state yields
w

> pn := factor((1/ nu*p) &@ket(n));

- JHhvg VT (T ket(n = 1) =TT ket(n + 1))

pn = (10.3.39)
u

to which we apply a hamiltonian operator.
> sinplify(collect(factor(sinmplify(H &@pn)), [ket h, nu[0]]));

32
%ﬁh(ket(n-i—l)(%—i—n) n+1 + ket(n — 1) (\/— 27 ))\/Oluhvo

u

(10.3.40)



As that result is complicated, we form a bracket of the former result with .
> rl1l := braket3(pn, H pn);

3hv,
= (10.3.41)
We make an analogous calculation with q.
> gn = sinmplify(collect(sinplify(l*nmu*nu[0]*q &@ket(n)), ket));
|
) [ Whv, ﬁ(ﬁket(n— 1)+yn+1 ket(n+ 1))
gn = (10.3.42)
T
> r2 := braket3(qgn, H, gn);
hv,
72 = T (10.3.43)
W p . P . P .
etest — + iUV, q and then form <~ +ipuv,q | H | +iuv,g >
H [ [
> ppq = expand(sinplify(((2/ mu*p) + (I*mu*nu[0]*q))
&@ ket (n), synbolic));
Wh 2 [vyJn+Tket(n+1) 1o Juy2 [v, Jn+1 ket(n+1)
prq = + (10.3.44)
2\/? 41
Wh V2 [v, Jnkettn—1)  1Jh Ju2 [v. Jn ket(n—1)
B 0 n 0
zﬁ 41
> col l ect (ppg, ket);
WEVZ [y, W uJZ [y, Jn
- + ket(n — 1) (10.3.45)
2\/? 41
Why2 [vyyu+1 i Juy2 [v,Jn+1
+ + ket(n + 1)
2\/E 4
> coll ect(braket3(ppg, H ppq), ket);
hv,
7 (10.3.46)

We test analogously the action of £ _; 1LV, g on a state.

> 1/2*1*(b-a)*2°(1/ 2) * (mJ*nu[O]*h) (1/2);

— (b—a)J2 Juhv, (10.3.47)



> png 2= (p/mu) - (I*mu*nu[0]*q);

I h —b 2 1 h + b 2
[uhv, (a—b)2 - /1 v04(a V2 (10348
TC

2

pmq = -

> sinplify(collect(sinmplify(pmy &@ ket (n), symbolic), ket));

%ﬁ[ket(n+1) (n—%Jm— (n+ %jﬁket(n—l)]ﬁ/\’_o

(10.3.49)
Jun
> collect(braket3(% H %, ket);
3hv,
- (10.3.50)

Expressions ( = +ipv,q) [n> and ( £ _; nv, q) |n> are thus eigenfunctions of hamiltonian
[ [

operator H with the corresponding eigenvalues, which is a reason to define p and ¢ in terms of a and b as
in section 1.242.

To test the ordering of operators, for two new operators a and b without their former significance,
>a, b:="a, '"b:

Qperators := [a, b]:
we define their commutator to be [a, b] = -i h.

> [a,b] = def _c(a,b,-1*h);
[a,b]=—1h (10.3.51)

We test two expressions with a and b.
> ja = a&b&a&*b&*a;
ja = &*(a,b,a,b,a) (10.3.52)

>jb = (a + b)&4;
jb = &*(a,a,a,a) + &*(a,a,a,b) + &*(a,a, b,a) + &*(a,a,b,b) + &*(a, b, a, a) (10.3.53)

+ &*(a, b,a,b) + &*(a, b, b,a) + &*(a,b,b,b) + &*(b,a,a,a) + &*(b,a,a,b)

+ &*(b,a,b,a) + &*(b,a,b,b) + &*(b,b,a,a) + &*(b,b,a, b) + &*(b, b, b, a)

+ &*(b, b, b, b)
We specify the order to have all b before a.

> deforder(b, a);
2 (10.3.54)

> ordering(ja);
&*(b,b,a,a,a) +31h (&*(b,a,a)) — W a (10.3.55)

> ordering(jb);
61h (a&*a)+ 121h (b&*a)+61h (b &*b) + 6 (&*(b,b,a,a)) +4 (&*(b, b, b,a)) (10.3.56)



+ &*(b,b,b,b) +4 (&*(b,a,a,a)) + &*(a,a,a,a) — 3K

We specify the order to have all a before b.

> deforder(a,b);
2 (10.3.57)

> ordering(ja);
&*(a,a,a,b,b) —31h (&*(a,a,b)) — W a (10.3.58)

> ordering(jb);
-61h (a&*a)—121h (a&*b) —61h (b &*b) + &*(b,b,b,b) +4 (&*(a,b,b,b)) (10.3.59)

+6 (&*(a,a,b,b)) + &*(a,a,a,a) +4 (&*(a, a,a, b)) — 3 h*

Quantum mechanics involves work with operators of which the order of location in an expression is
generally important; to enable a comparison of theory and experiment, we naturally define a convention
regarding the ordering of operators. According to a convention for normal ordering of operators for
creation and destruction, all creation operators must be located to the left of all destruction operators,
corresponding to deforder(b,a) above.

We define a double commutator as [a, [a, b]] = b,
> [a, [a,b]] = def_2c(a, a,b,b);
[a, [a,b]]=b (10.3.60)
define an exponential function involving an operator,
> Exp := proc(a)
| ocal 1i;
1 +a+add( & (a,i)/i!, i=1..0Oder-1);
end proc:
and test ordering to a product of exponential operators b truncated to order 20.
> Order : = 20:
> jc20 := truncate(ordering(Exp(a) & b & Exp(-a)));

. Ih (&*(a,a,a,a,a,a,a,a,a,a,a,a,a,a,a,a))
je20:=5b—3 (&*a,a,b)) 1394852659200

(10.3.61)

Ih (&*(a,a,a,a,a,a,a,a,a,a,a,a,a,a,a,a,a))

19760412672000

Ih (&*(a,a,a,a,a,a,a,a,a,a,a,a,a,a,a,a,a,a))
376610217984000

Ih (&*(a,a,a,a,a,a,a,a,a,a,a,a,a))
444787200

Ih (&*(a,a,a,a,a,a,a,a,a,a,a,a,a,a))
6706022400

Ih (&*(a,a,a,a,a,a,a,a,a,a,a,a,a,a,a)) + Ih (&*(a,a,a,a,a,a,a,a,a))
81729648000 36288




Ih (&*(a,a,a,a,a,a,a,a,a,a)) n Ih (&*(a,a,a,a,a,a,a,a,a,a,a))

403200 3326400
B Ih (&*(a,a,a,a,a,a,a,a,a,a,a,a)) + Ih (&*(a,a,a,a,a,a,a))
43545600 630
B Ih (&*(a,a,a,a,a,a,a,a)) B (&*(a,a,a,a,a,a,b)) B (&*(a,a,a,a, b))
5760 60 3
B Ih (&*(a,a,a,a,a,a)) Ih (&*(a,a,a,a,a))
+31ha 144 + 20
Ih (&*(a,a,a,a)) 21h (&*(a,a,a)) 1h (a &*a)
— + J—
8 3 2
Ih (&*(a,a,a,a,a,a,a,a,a,a,a,a,a,a,a,a,a,a,a))
21
+ 5792623828992000 21
_ (&*(a,a,a,a,a,a,a,a,a,a,a,a,a,4a,a,a,b))
653837184000
B (&*(a,a,a,a,a,a,a,a,a,a,a,a,a,a,a,a,a,a,b))
177843714048000
B (&*(a,a,a,a,a,a,a,a,a,a,a,a,a,a,b)) B (&*(a,a,a,a,a,a,a,a,a,a,b))
3113510400 181440
B (&*(a,a,a,a,a,a,a,a,a,a,a,a,b)) B (&*(a,a,a,a,a,a,a,a,b))
19958400 2520

Are these numerical coefficients related to Euler or Bernoulli numbers?

> seq(euler(2*i), i=1..12);
—1,5, —61, 1385, —50521, 2702765, — 199360981, 19391512145, —2404879675441,

370371188237525, —69348874393137901, 15514534163557086905

> seq(euler(2*i)/(2*i)!, 1i=1..12);
15 6l 277 50521 540553 199360981 3878302429
27247 7207 8064° 3628800 ° 95800320 ° 87178291200 4184557977600
2404879675441 14814847529501  69348874393137901
6402373705728000 * 97316080327065600 °  1124000727777607680000
238685140977801337

9545360026665222144000

> seq(bernoul 1§ (2*i)/(2%i), i=1..12);

1 1 1 1 1 691 1 3617 43867 174611 77683
12° 120° 2527 240° 1327 32760 12° 8160 ° 14364 6600 ° 276
| 236364091

65520

(10.3.62)

. (10.3.63)

. (10.3.64)



> seq(bernoul li(2*1)/(2*i1-2), i=2..12);
11 15 691 7 3617 43867 174611 854513
60° 168° 180° 528 ° 27300 72° 7140’ 12768 ° 5940 ° 2760 °’

236364091
60060

(10.3.65)

x1.21 example, asymptotic solution in wave mechanics

> restart:

We revisit the canonical linear harmonic oscillator according to wave mechanics. For this purpose
we first recall Schroedinger's equation in a simplified form,

> Schr_eq := - diff(f(x),x$2) + x"2*f(x) = E*f(x);
2
Schr_eq = —%f(x) +x2f(x)=Ef(x) (11.1)

in which f(x) represents a reduced displacement coordinate incorporating factors for mass and force

coefficient as well as Planck's constant, and the potential energy is simply expressed as V' (x) =x*. We
consider the solution under conditions of large x, such that the right side E f(x) is negligible with

respect to X f(x)
> asynp_eq := subs(E*f(x)=0, Schr_eq);
2

asymp_eq = - % (x) + xzf(x) =0 (11.2)

Because of the symmetry of the potential energy in its reduced form, such that ' (x) is the same for a
value -x as for +x, we expect to find solutions of even or odd form. For the even solutions the initial
conditions for the solution of the differential equation are

>ijcs :=Df)(0)=0, f(0)=1,

ics ==D(f)(0)=0,/(0)=1 (11.3)
for which we obtain this solution.
> sole := dsolve({asynp_eq,ics});
3 1 X 1 X
| = |/ -x |J2 Bessell| —, — | n+ 2 BesselK| —, —
4 4’ 2 4’ 2
5 x<0
T
sole = f(x) = 1 x=0 (11.4)
3 1 X 1 X
— | Jx | /2 Bessell| —, — | n + 2 BesselK| —, —
4 4° 2 4° 2
0<x
21

> op(6, rhs(sole));

(11.5)



2

2
3 I x I x
(4j\/—(\/_BesselI(4, > )n+2BesselK(4, > )J
T

11.5
5 (11.5)
The asymptotic solution at large x thus becomes
> solea : = asynpt(op(6 rhs(sole)) X);
B [2 3 1 \0 | 2
J_ / 3r ﬁ( ) IOSF(ZJﬁ(¥)
solea = + (11.6)

32n 1024
+O((%JM) e

el.24 exercise

: . : i .
For conjugate coordinate ¢ and momentum p, subject to a commutator [p/\, ¢]= T}l , and their

hamiltonian H(g, p), evaluate these four commutators in application to the canonical linear harmonic
oscillator; test whether the first two are related to each other, and likewise the second two. For these
calculations, define the procedures in section 1.241; then execute commands in section 1.242 down to
definitions of a and b, and copy the assignments to define p and ¢ from the latter section. For the fifth
commutator, generate any required relations from section 1.242.

D fg.p’

i) [p%,ql.

111) [q2, pl, and

iv) [, q’].
el.25 exercise

Evaluate these commutators for the canonical linear harmonic oscillator; generate any required
relations from section 1.242.

1) (Hp],
iy [N,al,
i) [N, d].

Prove the following result.
ln>=50"|0>
el.26 exercise
Applying the definition of the commutator between a and b, evaluate b a | n >.
el.27 exercise

Find representations of a, b, p and g as matrices; show that b and a are not hermitian but are adjoint
of one another, whereas that p and g are hermitian.

el.28 exercise

Derive the indeterminacy relation of Heisenberg for a canonical linear harmonic oscillator,
1) according to wave mechanics, and



i1) according to matrix mechanics using Robertson's relation.

el.29 exercise
2

For a single particle in one dimension in a pure eigenstate of energy, expectation value <k | > =~ |k
m

> = % <k|x(% V(x)j k>

Derive this relation using commutators
(ppt) = i 2o Ly gy - 2
D, = -i — —— V and|[x, = 5 Al
¥ 2n axm &

and the relation
<k|prx|k >= X <k\H|K> <k’|xpx|k> = Ek<k|xpx|k>.

k#+ k'
Maple is unnecessary for this exercise.

1.25 significance of these results

> restart:

What do these results signify? The matrix mechanics of Heisenberg, Born and Jordan and the wave
mechanics of Schroedinger that together constitute pioneer quantum mechanics are both non-relativistic
in that these formulations take no account of the variation of mass with velocity or momentum. That
these approaches to quantum mechanics are equivalent was demonstrated first formally by Eckert, then
in progressively greater sophistication by Pauli, Schroedinger, Dirac and von Neumann. There is
required in matrix mechanics neither amplitude function nor other operand of a matrix because
multiplication of one matrix by another can intrinsically conform to the fundamental postulate of
quantum mechanics, whereas wave mechanics requires an operand for its differential operators; that
operand, called an amplitude function or wave function, or an orbital in a particular case of a solution of
Schroedinger's temporally independent equation for an atom or molecule having only one electron, is
hence an artefact of that particular approach and its particular representation -- either coordinate or
momentum, and is not an observable physical quantity. Such an amplitude function has an algebraic
form depending on variables as coordinates or momenta, depending thus on the representation. For
Dirac's operators for creation and destruction, an operand is equally required, but these operands are
abstract vectors, having directly no internal intrinsic algebraic or geometric form.

As mentioned in the overview, formulations of quantum mechanics include the following [adapted
and extended from D. F. Styer et alii, American Journal of Physicx. 70 (3) 288 - 297, 2002].

» matrix mechanics, of Heisenberg, 1925, with Born and Jordan

* symbolic method developed by Pauli, 1926, developed by Green, 1965

» wave mechanics, of Schroedinger, 1926

* path integral, of Wiener, 1926, developed by Feynman, 1948

* second quantization with Dirac's operators for creation and destruction, 1927

* density matrix, of von Neumann, 1927

« variational formulation, distinct from variational method, of Jordan and Klein, 1927
* pilot wave, of de Broglie, 1927, and Bohm, 1952

* relativistic wave mechanics, of Dirac, 1928



* phase space, of Wigner, 1932
* octonionic quantum mechanics, Jordan, 1933

* quaternionic quantum mechanics, of Birkhoff and von Neumann, 1936, developed by Adler and
others

» Hamilton-Jacobi formulation, developed by Leacock and Padgett, 1983

Of these methods, the most practical for most chemical purposes such as quantum-chemical calculations
involving spatial coordinates of particles is wave mechanics in the coordinate representation, either
directly with amplitude functions or indirectly with density functionals (Kohn and Sham, 1965), but
other methods might be more efficient for particular purposes; for calculations involving intrinsic
angular momenta of electrons or nuclei, matrix mechanics is practical.

According to matrix mechanics, dynamical variables such as coordinates relative to some axes,
components of momentum and energy of a particle appear explicitly in the equations of motion of the
system without their being subject to multiplication or differentiation by an amplitude function, which is
just the structure of the classical equations; for this reason one expects a resemblance between the
classical and quantum formalisms closer than in Schroedinger's theory. The principal formal distinction
1s that the quantum-dynamical variables are not subject to the commutative law of multiplication. To
represent as a matrix such a non-commutative dynamical variable is convenient; such a matrix maintains
the connotation of an operator, as a matrix might operate on a vector to rotate it for instance. Such a
matrix scheme provides an especially flexible representation, as a choice of the rows and columns of a
matrix can be implemented in ways of arbitrarily large number, each of equal validity. This formal
resemblance between quantum matrix mechanics and classical dynamics enabled Heisenberg in 1925 to
discover the first formulation of quantum theory.

For the canonical linear harmonic oscillator, the quantization of energies in matrix mechanics arises
naturally because, even for a matrix of infinite order, its rows and columns are counted or numbered
with integers; the discrete states of the oscillator are numbered with the same integers. The differences
between two elements of the diagonal energy matrix become the differences of energy between two
states that might be observable in a spectral transition, and the square of the corresponding matrix
element of the coordinate matrix between two states determines the intensity of that spectral transition in
absorption or emission according to electric dipole type. In the case of wave mechanics, the requirement
to have quadratically integrable amplitude functions of spatial variables for bound states imposes integer
or half-integer labels on those states, i.e. quantum numbers. For Dirac's operators, the nature of the ket
or bra on which these operators operate is abstract, but, from a point of view of a change of population,
again an integer as a label of such a bra or ket is appropriate; the definition of the creation and
destruction operators involves integer increments or decrements that eventually yield integer values of a
quantum number for the states of discrete energy. Treatments of this canonical linear harmonic
oscillator according to classical and quantum mechanics differ in that classical mechanics yields no

. 1 . . :
residual energy, > h v, that directly appears in each quantum-mechanical treatment.

Apart from other mathematical quantities that naturally fail to commute, such as quaternions or
octonions upon which quantum mechanics in another variant has been constructed as discussed in
section 1.84, one can devise further approaches to quantum mechanics that conform to the commutation
formula but that require neither matrices nor amplitude functions; such an instance, explained in section
1.24, involves Dirac's operators for creation and destruction that has also a non-relativistic context. For
this reason, all three methods presented here yield identical results for the observable properties of a
canonical linear harmonic oscillator, including the frequencies of transitions and their intensities
according to an electric-dipolar transition moment independent of time.

Although a matrix can act as an operator, for instance to operate on a vector to rotate that vector, in



the particular calculation of an harmonic oscillator according to matrix mechanics above, the matrices
appear to operate on no explicit vector. For the canonical linear harmonic oscillator, we deduced a
formulation of the elements of the coordinate matrix that yielded, eventually, an energy matrix that was
diagonal; in other cases in which such a fortuitous deduction is inapplicable, an explicit diagonalization
of the energy matrix is necessary, as practised for the anharmonic oscillator in section 1.47 for instance.

In wave mechanics the operators, such as a or P must operate on an explicit function of

4
coordinates or momentum variables according to the representation, such as y(q) or x(p), respectively,
that might be interpreted as vectors, because Schroedinger's equation independent of time,as H Yy =E ,
resembles an equation containing eigenvalue £ and eigenvector ; the algebraic forms of the latter

functions are derived explicitly. Although Dirac's operators a and a' for destruction and creation,
represented in the calculations above as @ and b, must operate explicitly on a state vector, ket | n > or bra
<n |, the explicit form or nature of those state vectors never arises. Also, whereas with matrix
mechanics and wave mechanics, we must calculate matrix elements for transitions between specific
states, with Dirac's operators we derive directly general formulae, independent of a particular value of n,
but we have no mechanism to incorporate the time factor. In a context of the present calculations,
Dirac's approach thus has a further advantage that it produces general results, i.e. for<n | g |n + 1 >.
independent of a particular numerical value of n, whereas for both matrix mechanics and wave
mechanics we must here evaluate physical quantities for particular numerical values and then deduce a
general relation for those results, because Maple is unable to solve directly those general problems.

Here follow the expressions for, for instance, matrix element 9y | according to the three methods, in
terms of mass [ and frequency v, but it is not obvious how to incorporate the time factor into the Dirac
operators.
>Q3,2] :=1/2*1/Pi*(h/mu/nu[ 0] )" (1/2)*exp(2*1 *Pi *nu[ 0] *t); #

mat ri x mechani cs

h ZInvot
— €
0, = L0 (18.1)
32 27 '
>q0[2,1] :=1/2*1/Pi*(h/mu/nu[0])~(1/2); # matrix mechanics
wi thout time factor
_h
o = MY (18.2)
991" o y
> Int('psi'(2,9)*g*" psi'(1,9),qg = -infinity .. infinity) = 1/2*h"
(2/2)/Pi/ mun(1/2)/ nu[ 0] ~(1/2)
*exp(2*1*Pi*nu[ 0] *t); # wave nechanics
2Inv ¢t
. I e 0 (183)
V(2,q9)qv(l,q)dg=—""—— .
T 211:\/E [V,
>Int("psi'(2,9)*g*" psi'(1,q9),qg = -infinity .. infinity) = 1/2*h"

(1/2)/ Pi [ mur( 1/ 2)/ nu[ 0] ~( 1/ 2) ;



# wave nmechanics w thout tine

factor
* h
v o aving = — (184)
To ZE\/E [V,
>'<n+tl | g| n > :=1/4*27(1/2)/Pi/mu~r(1/2)/ nu[0]~(1/2)*h"(1/2)*
(n+1)~(1/2); # Dirac operators, general
<n+l|q|n> = J2 b fnt] (18.5)
475\/E /Y
> '<2| g 1> :=eval('<n+tl | gq| n >, n=1);
<2|q11>:=—h (18.6)

ZR\/I\/V—O

Explicitly, the energy of each state is
1
E =<n|H|n> = (n-l— 3) hv,

ho

the difference of energy between states of adjacent energies is = hv,, the angular frequency of a

2
transition in absorption or emission according to an electric dipole is @, or the circular frequency is v ;
the matrix element for such a transition, without the time factor, is

qnn+1

n+1 N
>—<n‘q’n+l>—

The latter matrix element from matrix mechanics or wave mechanlcs has a further temporal factor,
2wy t] -2nv t]
e or e , that does not arise with Dirac's operators as derived above. We obtain the same
result in matrix mechanics on forming the square root of an inner product,
1

_ 2
|qn,n+l’ N (<qn,n+1’qn,n+l>) ’
in which<qn’n + 1 | 1s the complex conjugate of | D1 Hence,
|qn,n+1| :<qn,n+1|qn,n+1>
h h
n—+1 A —2nv0t1 n—+1 Uv, ZrchtI
= e e
2 2n v o2 2n
h




or

<nlg|n+1>=

=i

as obtained directly in treatments of wave mechanics, before inclusion of the temporal dependence, and
of Dirac's operators.

’qnn—f—l‘

The technical properties of an acceptable amplitude function y, regarded as a function of
coordinates, that it must be finite and continuous and have a single value at any point, as listed at the
beginning of section 1.23 are more restrictive than necessary; they are sufficient, but not all necessary

amd might exclude an admissible eigenvalue. The necessary and sufficient conditions are that |y|,
regarded as a function of coordinates, be integrable and smgle -valued; the latter, and weak, condltlons

are implicit in matrix mechanics, as a finite length of y y is required.

Having introduced Dirac's bra and ket notation, we proceed to derive de Broglie's relation. As initial
point, we take the transformation function <gq | p > that connects the coordinate and momentum
representations, with | p > as the basis kets for the latter representation. This transformation must be the
solution of a differential equation resulting from the replacement of p by the corresponding differential

2nipq
h h ) nh
operator -i —— —— ;hence<g|p>~e . If we replace ¢ in the exponent by ¢ + — , for
p

2n O’

. . . . 2mi
integer n, the right side remains unchanged, because ¢~ """

h .
=1. Because — has the significance of a
P
wave length, A, the desired result is obtained. With this simple derivation, and that for Heisenberg's
indeterminacy in section 1.24, we prove that the fundamental postulate of quantum mechanics, namely

pqg—qp=- —2 in one spatial dimension, is a sufficient basis of quantum mechanics; a 'derivation' of
T

this postulate appears in http://arxiv.org/pdf/quant-ph/0404009v1, appendix A, but it seems to involve a
circular argument.

Although matrix mechanics and the symbolic method involving Dirac's operators seem elegant, in
general the deduction of matrix elements or the relation between Dirac's operators and physical
observables is difficult; matrix mechanics finds some application in a treatment of intrinsic angular
momenta of electrons or atomic nuclei in systems, for which no explicit formation of an amplitude
function in spatial coordinates is practical. Dirac, who considered that matrix mechanics was more
fundamental than wave mechanics, found that Schroedinger's approach applied in quantum
electrodynamics leads to intractable infinities whereas the approach of Heisenberg, in which the
operators contain dependences, is practicable. Despite that reservation, for practical calculations on
molecules, particularly in relation to molecular electronic structure, Schroedinger's wave mechanics
seems to provide the only practical algorithm within a non-relativistic frame, whether involving orbitals
or analogous functions in basis sets or density functionals. For that reason, in either further calculations

or consideration of prospective calculations we here adopt generally a wave-mechanical approach.

Although one might expect that a relativistic calculation on the canonical linear harmonic oscillator,
for instance according to relativistic wave mechanics that still invokes amplitude or wave functions,
might yield an unequal interval of energy between adjacent states because the relativistic mass increases
with velocity and hence with momentum or kinetic energy, that interval remains constant although the
amplitude functions become strongly modified [formerly at http://www.elp.uji.es/juan_home/research/
quantum_harmonic_oscillator.php].



1.26 inter-relations among matrix mechanics, wave mechanics and Dirac operators for a

canonical linear harmonic oscillator

> restart:

We relate the three methods to treat a canonical linear harmonic oscillator as a boson. We begin with
Schroedinger's equation in one dimension independent of time,
H |-\ kg -E
(q)v(q) = 5 + | V(@) =£v(q)
8w W

| h
expressed in the same form as before. We make two substitutions, k= },va andg= | — x,soto
[TRY
convert Schroedinger's equation into this form.
hv (—(iz J -I—xz) Y(x)
x
H(x) y(x) = ; =~ Ey(x)
The content of the parentheses is expressible as
VL o (L V(2 (D o
e )L ) ) (e o) (e ) (e )

We simplify the latter two terms by considering their action on an arbitrary differentiable function f of
formula f(x),
0 0 d d

() (o ))re = revx [ g r@] (g 1@ )=re.
which implies that (% )x—x (i ) = 1. Therefore

x

() () ) () <

and we rearrange Schroedinger's equation to

W CE ) )

V(x) =EWy(x)
JZVT 2
0
fa )
When we identify \/_ with operator ', hereafter expressed as b, as a creation or raising
2

0

— +x

x . . . . .
operator, and ———— with operator a as a destruction or lowering operator, Schroedinger's equation

J2
becomes expressible as

hv (ab—i— %) y(x) =Ewy(x)

0
With the conjugate operator for momentum as p = -i ( o ) , we evaluate the commutator [p , x] = -1,

and



Commutator [a, b] is then evaluated as
_ : R e L) R (R el BY ).
[a,b]—;[x+1px,x—sz]— x2 = - x2 =1

The hamiltonian operator thereby becomes expressible as

H(x)=hv (ab—%) _ hv(ba+i)

2
The commutation relations between the hamiltonian and these other operators become
[H(x),a]l]=-hva and [H(x),b]=hVb.

Accordingly, with y (x) as an eigenfunction of hamiltonian operator H (x) such that
H(x) v, (x) =E, v, (x),
H(x)avy (x)= (En —h V) ay (x)
H(x) by (x) = (En +h V) by (x)
which implies that a y (x) is an eigenfunction of H(x) with eigenvalue £ — 4 v and by, (x) with
eigenvalue £ + hv. The latter properties prove that a is a lowering operator and b is a raising operator

between the eigenstates, and the difference of energy between the energies of adjacent eigenstates is
AE=hv.
For the canonical linear harmonic oscillator in its state | 0 > of least energy with amplitude function
W, (x), or ground state,
al0>=0,
which becomes expressed as this differential equation,

d
Xy (x) + Wy (x) =0
> deq = x*psi[0](x) + diff(psi[0](x),x) = 0;
0

d
deq = x Y (x) + & Y, (x) = (19.1)
The solution of this differential equation is
> sol := dsolve(deq, psi[0](x));
sol =y (x)=_Cle * (19.2)

[ee]

2
The integration constant _C/ is evaluated from a normalising integral such that J Y, (x) dx=1,

> Cl :=1/sqrt(int((rhs(sol)/_Cl1)72, x=-infinity..infinity));
(19.3)



(19.3)

> psi[0](x) :=rhs(sol);

Yo(X) = 73 (19.4)

which yields directly the amplitude function of simple gaussian form, as found in section 1.23.

We express the creation and destruction operations for the quantum-mechanical canonical harmonic
oscillator in matrix form with a submatrix of an infinite matrix as follows,

> interface( rtablesize = 15 ):
>a = Matrix(12, 12):
for j to 11 do
a[j,j+1] = sart(j);

end do:

a .= a,
01 0 0 0 0 0 0 0 0 0 0
00J2 0 0 0 0 0 0 0 0 0
00 0 Y30 0 0 0 0 0 0 0
00 0 0 2 0 0 0 0 0 0 0
00 0 0 0J5 0 0 0 0 0 0
00 0 0 00 J6 0 0 0 0 0

a = (19.5)

00 0 0 0 0 0 J7 0 0 0 0
00 0 0 0 0 0 0 220 0 0
00 0 0 00 O O 0 3 0 0
00 0 0 00 0 O o0 010 o0
00 0 0 00 0 0 0 0 0 JI11
00 0 0 00 O O 0 0 0 0

>b = Mtrix(12,12):
for j to 11 do
blj+1,j] 1= sart(j);
end do:
b := b;



(00 000 0 0 O 0 0 0 O]
1 0 0 00 O O O 0 O 0 0
0oJ2 0 00 0 0 0 O 0 0 0
o0 300 0 0 0 0 0 0 0
o0 020 0 0 0 0 0 0 0
o0 0 0J5 0 0 0 0 0 0 0
=100 000 J6 0 0 0 0 0 0 (19:6)
o0 000 O J7 0 0 0 0 0
0o 0 0 0 0 0 0 2J20 0 0 0
O 0 0 00 O O O 3 0 0 0
00 00 0 0O O 0 0J10 0 0
(000 0 0 0 0 0 0 0 0 Il 0]

which are consistent with the definitions a | n > = \/7 |n—1>and b|n>=\n+1 |n+1>.
These operators are analogously converted to differential form for operation on amplitude functions

Y (g). These matrices can operate on a column vector to represent a ket as follows, for instance for |n>
with n=6.

> “ket| 6> := <seq(0,j=1..5), 1, seq(0,j=1..5),0>;

ket|6> = (19.7)

S O O O O O = O O o o <o

> a. ket]|6>;



(19.8)

ooooooomoooo

which, with |5> defined as
> “ket]| 5> := <seq(0,j=1..4), 1, seq(0,j=1..6), 0>;

ket|5> = (19.9)

S O O O O O o = o o o o

is equivalent to
> sqrt(5)* ket]|5>;



(19.10)

ooooooot‘oooo

Other operations with @ and b as matrices on kets as vectors proceed analogously.
. . . 1
In section 1.23, we form matrices with elements of form <n+1|g|n>and <n+ 1| — |n>;
q

even though that explanation of the relation between quantities pertaining to matrix mechanics and to
wave mechanics might be more appropriate at this point, the practicality of the calculations in that
context resulted in their presence there. We here draw, however, attention to this aspect of the inter-
relations between these three formalisms -- matrix mechanics, wave mechanics, Dirac operators -- that
are formally separate, merely with a common property of conforming to the commutation law; the use of
these inter-relations enables the solution of problems that are otherwise less tractable.

1.27 canonical harmonic oscillator according to wave mechanics in polar coordinates

> restart;

Here we treat the canonical harmonic oscilator, for which the classical restoring force is linearly
proportional to the displacement from equilibrium, in two dimensions hence implying two quantum
numbers to define a state, specifically in a plane with polar coordinates 7 and ¢, for which the potential
energy is proportional to the squared displacement, rz, of mass 1 from the origin; the potential energy is
thus independent of angle ¢. This treatment serves to introduce the concept of degeneracy, whereby an
energy of a stationary state of the system might pertain to states characterized with quantum numbers in
multiple sets.

To begin, we apply this procedure to derive the laplacian operator in polar coordinates.

> change_vari abl es : = proc(
# pdel .. {algebraic, list(algebraic), set(algebraic)},
pdel .. anything,
val .. list(name),
fl . list(function),
vaz2 . list(nane),

f2 . list(function),



i st(equation),
| i st(equation), NULL)
differential operator such as the Laplacian in

diff(f(x,y,z),x$2)+diff(f(x,y,z),y$2)+diff(f(x,y,

of
of
of
of
of

ol d i ndepentdent variables such as [x,Y, z]
old functions such as [f(Xx,Yy,2z)]

new i ndepentdent variables such as [r,t,p]
new functions such as [g(r,t,p)]

equations expressing old variables in terns of

such as [x=r*sin(t)*cos(p),y=r*sin(t)*sin(p),z=r*

eql 2
eqf1 2 ::
# pdel
Cartesian coordi antes
#
z),z%2)
# val I i st
# fl list
# va2 I i st
# va2 I i st
#eql 2 |ist
new vari abl es
#
cos(t)]

# eqfl 2 list of equations expressing the old functions in terns
of the new functions
such as [f(Xx,y,z)=g(r,t,p)]
n,J,i,qg,j,J1, pde,idl, d, a,v,ss,dfl,df2;

subs(eql_2,val[i]);

= diff(g,vaz[j]);

subs(di ff=df 1, pdel);
subs(eqfl 2, pde);

i ndet s( pde, df 1(anyt hi ng, nane) ) ;

»= add(df 2(a,vaz[i])*Jd1[i,j],i=1..n);

: = subs(d=ss, pde);

subs(eql_2, pde):
eval (pde, df 2=di ff);

#

| ocal

n := nops(val);

J = Matrix(n);

for i to n do
g =
for j to n do

i ]

end do;

end do;

J1 .= 1/3;

pde : =

pde : =

idl ;=

for din idl do
a :=op(l,d);
v i=op(2 d);
menber (v, val,'j");
SS

# Use the chain rule

pde

end do;

pde : =

pde : =

pde : = sinplify(pde);

pde : = expand(pde);



pde;
end proc:

Here is a list of cartesian or rectangular coordinates in two spatial dimensions and a name of an arbitrary
function of those coordinates.

> val (= [Xx,vY];

val = [x, ] (20.1)
>fl = [f(x,y)];

S1=1f(xy)] (20.2)
Here is a laplacian in cartesian coordinates in two dimensions,
> val (= [x,VY]:
> f1 :=[f(x,y)]:
> pdel := add(diff(f1[1],val[i]$2),i=1..2);

pdel = %f(x,y) + % S (%) (20.3)

which we transform to cylindrical coordinates.
>va2 :=[r,phi];

va2 = [r, 0] (204)
>f2 :=[g(r,phi)];
2= 1[g(r0)] (20.5)
> eql_2 := [x=r*cos(phi),y=r*sin(phi)];
eql 2= [x=rcos(¢),y=rsin(0) ] (20.6)

>eqfl 2 := [f1[1]=f2[1]]:
Applying the procedure above to change the variables yields
> pde2 : = change_vari abl es(pdel,val,fl,va2,f2,eql 2,eqfl 2);

0 Rl
62 Eg(’”’q)) aq)z g(?‘,d))
pde2 = — g(r,0) + r + 5 (20.7)
/a r
We replace formal function g by .
> pde3 : = subs(g=psi, pde2);
i) &
. (1 0) " y(r,0)
pde3 == — y(r o) + P + 3 (20.8)
/s r

1
We define the function for potential energy, V' = By k, rz, which depends on only 7, not ¢, and in which

we replace force coefficient k£, by L@ in which o is a characteristic radial frequency of the system,

> V = 1/ 2*nu*onegat2*r " 2;



V= > (20.9)
generate Schroedinger's partial-differential equation in polar coordinates,
> Seq = -hb"2/(2*mu) *pde3 + V*psi(r,phi) = E*psi(r, phi);

i) Gl
o 5 V(o) 20 w(r0)
hb yllf(nd))Jr . + 3 &Pyl 0)
Seq = - i i L HO W g (20.10)
2u 2
=Ey(r.9)

and solve it,
> sol Seq : = pdsol ve(Seq);

£ _FI(r) e,
solSeq == y(r,¢) =_FI(r) _F2(¢) where || — FI(r)=—F—5— (20.11)
dr 7~ hb
FI Lo P—2E FI(r)ur— (% _F](r)) W
hb™ r do
F2(¢) (e

to obtain a product of two functions, one function of each separate variable. We separate these
equations,
> if has(op(l, op(l, op(2, solSeq))), phi) then

Phieq := op(1, op(l, op(2, sol Seq)));

el se
Phieq := op(2, op(l, op(2, solSeq)));
end if:
Phieq := subs(_F2 = Phi, c[1] = - _c[1], Phieq);
2 O] c
Phieq = d—2 () = Lz‘l (20.12)
do hb

> if has(op(1l, op(l, op(2, solSeq))), r) then
Req := op(1, op(1l, op(2, sol Seq)));
el se
Req := op(2, op(1, op(2, sol Seq)));
end if:
Req := subs(_F1 = R Req);



2 2
2 R(r) ¢, ROWo P —2ER(r)ur— (— R(r))hb
Req := — R(r) = + (20.13)
a2 " T hb* r
and solve the ¢ equation
> Phi sol := dsol ve(Phieq, Phi(phi));
[ @ /A ¢
T _ hb hb
Phisol == ®() = Cl e + Cle (20.14)

Although three parameters appear in that solution of the ordinary-differential equation as constants of
integration, only two are independent. To introduce the quantum numbers we impose periodicity on the
functions of the angular variables and a boundary condition on the distance variable such that the
amplitude function must remain finite at an infinite separation. For a suitably periodic formula, this

solution must hence be equivalent to ®(¢) =c ¢'™® with m taking values of positive and negative
integer values, which we proceed to form by eliminating the second term.

> Phisol := subs(_C2 = 0, Phisol);
[ o
1

Phisol == ®(p) = _Cle " (20.15)

For a function of period 2 m, the coefficient of ¢ must be an integer, as a boundary condition; we extract
that coefficient,
> exparg := op([1,1], indets(Phisol, exp(anything)))/phi;

_Cl

hb

(20.16)

exparg =

and equate it to integer m known as the magnetic quantum number because its value distinguishes the
various energies, slightly separated, upon the application of a magnetic field to the atom according to a

nrmal Zeeman effect; this splitting is independent of other quantum numbers and equal to m B_[1, in

which B_is the density of magnetic flux parallel to axis z and [, denotes the fundamental unit of

magnetic dipolar moment, known as the Bohr magneton and equal to

41 m,
> cl .= solve(exparg = I*m _c[1]);
cl i=-n’ hb* (20.17)
We implement that result by substitution in the ®(¢) equation,
> Phisol := sinplify(subs(_c[1] = cl1, Phisol), synbolic)
assum ng m:integer;
Phisol := ®(¢) =_CI¢™® (20.18)

Because Schroedinger's temporally dependent equation has the form of an eigenvalue equation, or
because the corresponding differential equation is homogeneous, any solution y multiplied by scalar
quantity ¢ to form c y is equally a solution, and the units of y are indeterminate. To impose
uniqueness, we apply an interpretation of Born that product y* y dt in any volume element dt



corresponds to the probability of finding the electron in that volume element, such that the total
probability of finding the electron somewhere is unity; hence

A

[w(r0) " wro) dr=1,
in which the integration is taken over all space. In this case the physical unit of ¢ becomes the unit of

1
area to power - o s or equivalently the unit of length to power - 1. Not only amplitude function

(7, ¢) but also each spatial component factor R(r) and ®(¢) is separately subject to that

normalisation. Coefficient C1 is accordingly evaluated according to the condition that
2n

| @le) @(o) do=1.

which makes the unit of @ become the dimensionless unit of the square root of angle, specifically
rad .

> sol ve(int(subs(l=-1, rhs(Phisol))*rhs(Phisol), phi=0..2*Pi) =1,
op(1, rhs(Phisol))) assum ng m:real

Iz

, (20.19)
2 Jn 2Jn
> Cl:= op(map(abs, {%));
Cl = J2 (20.20)
2/
The complete solution of the equation governing ®(¢) is thus
> Phi sol := Phisol;
> Imd
Phisol == ® () = Jrem (20.21)
2/
We replace _c, in the ordinary-differential equation for R(r),
> Req2 := subs(_c[1l]=-cl, Req);
2 23 (4 2
L2 R() P Rryp o v —2ER(r)ur ( p R(r)) hb
Req2 :== — R(r) = 5 + 5 (20.22)
dr r hb™ r
and solve it.
> Rsol := dsolve(Req2, R(r));
2
C2 WhittakerM R
- 2whb 2 hb
Rsol := R(r) = . (20.23)

2
. E m Uo7
C3 WhittakerW ,
- [ 20hb 2 hb ]

r

+



We plot both terms containing Whittaker functions separately, using unit values of parameters.
> plot(eval (op(1l, rhs(Rsol)), [E=1l, hb=1, onega=1, m=0, C2=1, nu=1]), r=
0..5,
title="WhittakerM functions”, titlefont=[TlIMES, BOLD, 14],
col our=red);

; WhittakerM functions
0.8+
0.6
0.4+
0.2
0 1 2 3 4 5

> plot(eval (op(2, rhs(Rsol)), [E=1l, hb=1, onega=1, m=0, C3=1, nmu=1]),
r=0..5,
title="WhittakerWfunctions", titlefont=[TlIMES, BOLD, 14],

col our =red);
WhittakerW functions

0.8+

0.6

0.4+

0.2+

o
——
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[



As both Whittaker functions appear to be well behaved, we retain both, but convert them both to
Kummer M functions, which pertain to generalized hypergeometric series, as a product with an

exponential gaussian function of form e_rz.

> Rsol 3 := convert(Rsol, KumrerM;
m 1
o 2 2 | g 2
C2 HOT KummerM —+ﬂ— ,m—+1, Hor
- hb 2 2 2 hb
Rsol3 = R(r) = (20.24)
uwrz
2 hb
re
1 1
+——1| C3 I(
Lo r -(m—1)owhb—F
b 2 hb
m, 1
2 2

2 2
) (m+1)ohb—E Lor Lor
m) KummerM[ 2 Bh ® ,m+ 1, b b

o _ 2
I'(m) KummerM (m—1) ohb E,l—m, ALLs
2 hb @ hb

+

m_ 1

2 2

p[m+1)ohb—E (umer
2hb ® hb

As the second term contains both I'(-m) and I'(m) of which one must diverge for a positive or
negative integer value of m, we eliminate it, which originated from Whittaker W functions, and retain the
first term, which originated from Whittaker M functions.

> Rsol 4 : = subs(_C3=0, Rsol 3);

m 1
7y 2 2 | £ )
C2 Hor KummerM —+ﬁ— ,m+ 1, HOr
- hb 2 2 2 whb hb
Rsol4 :== R(r) = (20.25)
pmrz
2hb

re

For this Kummer M function to terminate such that the amplitude function is square-integrable, the first
argument of this function must be zero or a negative integer, which we call quantum number -n. We
apply this condition to evaluate the energies of the discrete states.
> En : = coll ect(expand(sol ve(1l/2+1/2*m 1/ 2/ omegal/ hb*E=-n, E)), [ hb,
omegal ) ;
20.26)



En= (2n+1+m)whb (20.26)

We incorporate that expression for the discrete energies in radial function R(7) and convert m to its
absolute value.

> Rsol 5 : = subs(E=En, mFabs(n), Rsol 4);

1
2\ 2 2 2
2 [ u}(;)r ) KummerM(—n, |m| + 1, uz;: ]
Rsol5 := R(r) = 2 (20.27)
U
2hb

re

In this expression for R(7), _C2 has the significance of a normalising factor; as that factor depends on
both quantum numbers # and m, we find specific values for it for » and m over a range, rather than trying

to find a general expression; in these integrals the integation factor is » dr d¢.
>for nfromO to 6 do
for mfrom-4 to 4 do
N[n,m := 1/sqrt(sinmplify(int(sinplify(subs(hb=h/(2*Pi),

subs(l=-1,rhs(Rsol 5))*rhs(Rsol 5))*r), r=0..infinity)*
2)/ _C272) assum ng positive;
end do;
end do;

For further use of the complete amplitude functions we formy, =N R(r) D(0),

>npm:='n",'m;
psSi (nl,m) -> sinmplify(eval (N[ n,n]*rhs(Rsol5)/_C2*rhs(Phisol),
[ n=n1, men, hb=h/(2*Pi)])) assum ng positive;

n,m:=nm

N -rhs(Rsol5) -rhs(Phisol)
n,m

Y = (nl, ml) » simplify K& (20.28)
n=nl,m=ml, hb=——
2
> psi(nl,m) := psi(nl,nl);
|m1)| 1
|| Imi 2 2 T2 —pen?+imien
I oml) = 1|, 2 2 [ Lor h J
y(nl,ml) = ~ 2 Nn]’ - T e KummerM| -nl, (20.29)
) 2
|m1|+1,—”(2” )

and display a few in explicit form.
> 'psi'(0,0) = sinplify(psi(0,0)) assum ng r>0;



Hor h
A €
y(0,0) = " (20.30)
> "psi'(1,0) = sinmplify(psi(1,0)) assum ng r>0;
5 _u(onrz
(-2non?+h) % e
y(1,0)= o (20.31)
> '"psi'(0,1) = sinplify(psi(0,1)) assum ng r>0;
—uwnr2+1¢h
h
\p(o,l)=””’°J;e p J2 (20.32)
> 'psi'(0,-1) = sinmplify(psi(0,-1)) assum ng r>0;
—uwnrz—lq)h
h
\II(O,—I)=”“DJ;e P y2 (20.33)
> "psi'(1,1) = sinmplify(psi(1,1)) assum ng r>0;
—um1t12+l¢h
~ 2 h
Wil 1) 2rpoyr ( u(o1t22+ h)e 20.34)
> '"psi'(1,-1) = sinmplify(psi(1l,-1)) assum ng r>0;
—u(nmz—lq)h
_ 2 h
w(l, —1) = 2ru(o\/;( Lwons +h)e (20.35)

2
We replace m in the formula for energy with its absolute value, because the energy can not be less than
the zero of the energy scale set by the function for potential energy.

> En : = subs(meabs(m, hb=h/(2*Pi), (2*n+1+m *omega*hb);
2n+1+|m)owh

En = (20.36)
27
This expression implies that, for n =m = 0, only one state exists and has energy
> En[0,0] := eval (En, [n=0, m=0]);
wh
En = —— 20.37
0.0 5o (20.37)

which corresponds to a residual energy. For m # 0, states with +m and -m have the same energy, and
the total number of states with the same energy En,  equals 2 n + |m| + 1 because n and m can vary

independently; the latter formula hence specifies the degeneracy. As for the canonical linear harmonic
oscillator in one dimension, the difference of energy between states of adjacent energies is constant,



ho : . . . .
equal to 2— for radial frequencies or 4 v for circular frequencies; the number of states is uncountable.
T

. . h ®
For instance, as the number of states with the same energy equals 2 n + |m| + 1, when En=5 — ,

27
the possible states have (n,m) = (2,0) or (1£1) or (0£2), so five in total.
The average value of a quantity for a particular state is known as its expectation value, calculated as
an integral over the amplitude function for that state. We calculate expectation values of » for the ground
state,

> psi (0,0) := psi(0,0);
5 _pmnrz
L7 e N

v(0,0) == U (20.38)

> assune( mu>0, h>0, onega>0) ;
> "<r>10,0] :=sinplify(int(int(subs(l=-1,psi(0,0))*r*psi(0,0)*r,
phi =0..2*Pi), r=0..infinity)) assum ng positive;

N=iex

< >, = (20.39)
’ 8 o~
and for a few excited states.
>for nfroml to 3 do

"<r>"[n,0] :=int(int(subs(l=-1,psi(n,0))*r*psi(n,0)*r, phi=0.
L2*Pi), r=0..infinity);
end do;

<I’>101= 7\/h_~\/7
ConJe Ve

_ 145~ 2
20 510 Jom Jie
_ 687 h~ 2
B0 s S S

(20.40)

>nm:="n","'m:
for mfrom-2 to 2 do
<r>[0,m = int(int(subs(l=1,psi(0,mM)*r*psi (0, mM*r, phi=0.
L2*Pi), r=0..infinity);
end do;

s _ 152
" o Ji-




375512,u~2a)~2\/7

<IZo 1= e 5]2
2 =R

o 1een)

<> = - VF_

0,0

8h~( )

370! ﬁ

<r>01 5]
( )T

<r> = 15 =2 (20.41)
’ 64\ w~ 1~

The expectation value of 7 is independent of the sign of quantum number m but increases gradually with
both m and n. We calculate likewise the expectation values of <>,

>npm:="'n",'m:
for n fromO to 3 do
"<rnh2>"[n,0] = int(int(subs(l=-1,psi(n,0))*r*2*psi(n,0)*r, phi=
0..2*Pi), r=0..infinity);
end do;
h~
<r2> =
.0 4pu-aw~mn
<r/\2> — 3—hN
L0 4 o~m
<l,./\2> — S—hN
20 4pw~m
2> = M (20.42)
30 du-o-m
>nm:="'n","'"m:
for mfrom-2 to 2 do
T<rn2>[0,m = int(int(subs(l=-1,psi(0,M)*r*2*psi (0, mM*r, phi=
0..2*Pi), r=0..infinity);
end do;
<},./\2> = 3—h~
.=2  d4p-o-n
<;,./\2> = h—N
=1 2uwn



h~

<M2> = ——————
0.0 4w~
<l/'/\2> — h—N
0.1 2uw~m
B SN L (20.43)
0.2 du-o-n
. +1)h ) 2n+1)h
These results show that <r2>0 increases as Am 1) R , Whereas <r2> increases as Gntl)h .
- 4TUL® 0 4TU®
We calculate the variance of 7 for a few states as <<r2> — (r)2>.
>n,m:="n","'m:
for n fromO to 3 do
n, “variance is , collect( <r”2>1[n,0] - ('<r>[n,0])"2, [h, m,
omegal ) ;
n, “variance is , evalf(collect( <r*2>[n,0] - ("<r>[n,0])"2,
[ h, nu, onega] ) ) ;
end do;
1 1
o — | h~
2 " an )
0, variance is ,
-~ [~
) . 0.04832747152 h~
0, variance is ,
U~ @~
49 3
-7 | h~
512 41 )
1, variance is ,
-~ [~
) . 0.1430292896 h~
1, variance is ,
U~ @~
21025 5
- + S~
131072 41
2, variance is ,
-~ [~
) . 0.2374793376 h~
2, variance is ,
U~ @~
471969 7 I
2097152 41
3, variance is ,
-~ [~
0.3319899440 h~
3, variance is , (20.44)
U~ @~

These values indicate that the variances of 7 increase linearly with quantum number 7, with a minimum



variance > 0 for the ground state.
We plot some amplitude functions.
>npm:='n",'m:
assune(r>0);
p00 := sinplify(psi(0,0)):
p00 : = eval (p00, [nu=1, onmega=1, h=1]):
pl ot 3d(eval (p00, [r=sqgrt(x”2+y*2), phi=arctan(y/x)]), x=-3..3, y=
-3..3,
axes=boxed, title="psi (0,0)", titlefont=[TIMES, BOLD, 14],
styl e=pat chcont our,

cont ours=100, grid=[100,100], |abels=["","",""]);
psi(0,0)

> plO := sinmplify(psi(1,0)):
pl0 : = eval (pl0, [nu=l1, omega=1, h=1]):
pl ot 3d(eval (pl0, [r=sqrt(x"2+y”2), phi=arctan(y/x)]), x=-3..3, y=
-3..3,
axes=boxed, title="psi(1,0)", titlefont=[TIMES, BOLD, 14],
orientation=[45, 70],
styl e=pat chcont our, contours=100, grid=[100,100], | abels=["",

RN D



psi(1,0)

> pl0 := sinmplify(subs(l=-1, psi(1,0))*psi(1,0)):

pl0 : = eval (pl0, [nu=l1, omega=1, h=1]):
pl ot 3d(eval (pl0, [r=sqrt(x"2+y”2), phi=arctan(y/x)]), x=-3..3, y=
-3..3,

axes=boxed, title="squared psi(1,0)", titlefont=[TIMES, BOLD
14], | abel s=["","",""],

orientation=[45, 70], style=patchcontour, contours=100, grid=
[ 100, 100]);



squared psi(1,0)

> p20 = sinmplify(psi(2,0)):
p20 : = eval (p20, [nu=l1, omega=1, h=1]):
pl ot 3d(eval (p20, [r=sqrt(x"2+y”2), phi=arctan(y/x)]), x=-3..3, y=
-3..3,
axes=boxed, title="psi(2,0)", titlefont=[TIMES, BOLD, 14],
| abel s=["","",""],
orientation=[45, 70], style=patchcontour, contours=100, grid=
[ 100, 100]);



psi(2,0)

> pO1r sinmplify(Re(psi(0,1))):

pO1r eval (pOlr, [nu=1, omega=1, h=1]):
pl ot 3d(eval (pOlr, [r=sqgrt(x"2+y”~2), phi=arctan(y/x)]), x=-3..3, y=
-3..3,

axes=boxed, title="real part of psi(0,1)", grid=[80,80],
| abel s=["","",""],

titlefont=[TIMES, BOLD, 14], orientation=[80,70], style=
pat chcont our,

cont our s=100, grid=[ 100, 100]);



real part of psi(0,1)

> p01i sinmplify(lm(psi(0,1))):
pOli eval (pOli, [nu=1, omega=1, h=1]):
pl ot 3d(eval (pOli, [r=sqrt(x"2+y~2), phi=arctan(y/x)]), x=-3..3, y=
-3..3,
axes=boxed, title="imaginary part of psi(0,1)", grid=[80,80],

titlefont=[TlIMS, BOLD, 14], orientation=[95,70], |abels=[""

"1""]1
styl e=pat chcont our, contours=100, grid=[100,100]);



imaginary part of psi(0,1)

Other amplitude functions and their squares may be analogously plotted.
We calculate a matrix element of a component of 7 in the plane, either 7 cos(¢) =x or rsin(0) =y.

> seq(int(int(subs(l=-1,psi(0,k))*r*cos(phi)*psi(0,0)*r, phi=0..2*
Pi), r=0..infinity), k=0..3);
0, i 2 ,0,0 (20.45)
8\/w~\/u~vc;
> seq(int(int(subs(l=-1,psi(0,k))*r*cos(phi)*psi(0,1)*r, phi=0..2*

Pi), r=0..infinity), k=0..3);

NN e =R

> U, ; (20.46)
8w/a)~w/u~\/; 4w/u~w/a)~ﬁ
These two results imply that non-zero matrix elements occur for only Am =+1.
> seq(int(int(subs(l=-1,psi(k+1,1))*r*cos(phi)*psi(1,0)*r, phi=0..2*
Pi), r=0..infinity), k=0..3);
J I~ 0,0,0 (20.47)

NN

> seq(int(int(subs(l=-1,psi(k,1))*r*cos(phi)*psi(1,0)*r, phi=0..2*



Pi), r=0..infinity), k=0..3);

2 , Jh~ 10,0 (20.48)
8o~ Ju-Jn 4 Jo- Jn
> seq(int(int(subs(l=-1,psi(k-1,1))*r*cos(phi)*psi(1,0)*r, phi=0..2*
Pi), r=0..infinity), k=1..4);
S 2 i 0,0 (20.49)

RN =N ey e

These three results imply that non-zero matrix elements occur for An = 0 or +1 when Am = +1.

> seq(int(int(subs(l=-1,psi(k-1,2))*r*cos(phi)*psi(k,1)*r, phi=0..2*
Pi), r=0..infinity), k=1..4);
BN S N = 3 £ M = AN
s8Jo- Ju-yn 4 fp-Jo-Jn 8Su-Jo-Jn 4o Ju-n
> seq(int(int(subs(l=-1,psi(k,2))*r*cos(phi)*psi(k,1)*r, phi=0..2*
Pi), r=0..infinity), k=1..4);
=N -7 =57 (i3 2051,
sVn o V= 4o Ve dn sin o i 4n o S
> seq(int(int(subs(l=-1,psi(k+1,2))*r*cos(phi)*psi(k,1)*r, phi=0..2*
Pi), r=0..infinity), k=1..4);
0,0,0,0 (20.52)
> seq(int(int(subs(l=-1,psi(k-1,0))*r*cos(phi)*psi(k,1)*r, phi=0..2*
Pi), r=0..infinity), k=1..4);
0,0,0,0 (20.53)
> seq(int(int(subs(l=-1,psi(k,0))*r*cos(phi)*psi(k,1)*r, phi=0..2*
Pi), r=0..infinity), k=1..4);
i~ =N N=NE [~ 10 2054
o J7 synvo Vi afo i n symdo e
> seq(int(int(subs(l=-1,psi(k+1,0))*r*cos(phi)*psi(k,1)*r, phi=0..2*
Pi), r=0..infinity), k=1..4);
NN = [ = M 1= S LN

NN e N el =l e N el el = W el g

These results indicate that, independent of the values of |, 4, ®, the only non-zero values of these matrix

elements occur for An =0 or+l and Am=+ 1, for An =0 or+l and Am= -1; these selection rules
govern the possible optical transitions of this hypothetical system in absorption or emission.

1.28 canonical harmonic oscillator according to wave mechanics in cartesian coordinates in two



dimensions

> restart:

Schroedinger's temporally independent equation has this form for an isotropic canonical harmonic
oscillator in two spatial dimensions, with labels x and y.

> Seq = -h”2/(8*Pi *2*nu) *(di ff(psi(x,y),x$2) + diff(psi(x,Yy),y$2))
+ K*(x"2+y"2) *psi (x,y) /2 = (BEx(x)+Ey(y))*psi(x,y);

s P
W =5 wxy) + = wix
(wzwuy) @?W”yq k(2 +0) winy)

Seq = - 5 + > = (Ex(x) + Ey(y)) w(x, (21.1)
8T W
)
Containing two independent variables, this partial-differential equation is solved,
> sol := pdsolve(Seq, psi(x,Y));
42 _FI(x) ¢
sol ==y (x,y)=_FI(x) F2(y) where @ Fl(x)= 2 (21.2)
C4nu FIK) (kP 4+ 2Ex(x) & Faly) = - _F2(y) _¢,
> B h*
2
4 P2 (kY 2Ey(y)) wp ]
2

on forming a product of two functions, each of a single variable, and each of which is a solution to an
ordinary-differential equation.

> op((sol));

2 Fl 2 2
i) = FIx) F20). [d_z Pl = - (xz) 1 4mp Fl(x) ( 2kx + 2 Ex(x)) L)
dx h h
& F2(0) ¢y 4 P2p) (kP +2 ’
& =24 P20 %+QMMHH
dy h h

By a partition of the total energy into contributions from the oscillation in each variable, we make the

two ordinary-differential equations entirely parallel and equivalent. At the same time that we separate
the two ordinary-differential equations, we eliminate the nominal dependence of the contributions to a
particular coordinate,

> dex := subs(Ex(x)=Ex, op(1, op(1, op2(2,sol))));
2 2
e % i) - _F](;) 4 4nm u_F](x)h(z—kx + 2 Ex) 21.4)
> dey : = subs(Ey(y)=Ey, op(2, op(l, op(2,s0l))));
dor d—zz - F20) ey 4 F2() ((kPH2Ey) Tu 019

dy i i



and solve the ordinary-differential equations..

> sol x := dsol ve(dex, _F1(x));
2
8Exm W— ¢ 5
_CI WhittakerM 1,%, 2TCJ7h Jux ]
solx = Fl(x)= 8/’17[\/6—\/; e
X
2
8Exm u— ¢ 5
_C2 WhittakerW L % , 2nJ7h Jux
- 8hmk
Jx
> soly := dsolve(dey, F2(y));
2
_CI WhittakerM N %’ 2 nJ?h Sy ]
soly = F2(y)= Shnﬁﬁ o
_ v
2
_C2 WhittakerW L % 2 wrh Juy
- RN

Jy

According to the experience with the canonical linear harmonic oscillator in one spatial dimension, in
section 1.23, we eliminate the physically unacceptable Whittaker M functions.

> Cl :=0;
=0 (21.8)
> sol x;
2
SExT w— ¢ 2
2 WhittakerW[ 1,%’ “J?h Jux ]
8hmk
_Fl(x)= W;_JE (21.9)
X
> soly;
2
8Ey7'5 u+_C 2
2 WhittakerW[ 1,%, 275J7h Juy ]
8hmk
F2(y) = n Kk u -

- vy
We convert the Whittaker W functions to Hermite H functions, according to traditional practice with the
linear oscillator.
> sol x := convert(sol x, HermteH);

8Exn2u—6hnﬁﬁ—_cl

solx := FI(x)=|_C2HermiteH + 1, (21.11)

4hn\/?\/E




SExT U — 4hnyT 1 — e,

—% k1 2
2 /%2 4nmE 0 e "
> soly := convert(soly, HermteH);
8Eyn2u—6hnﬁﬁ+_cl
soly := F2(y)=|_C2 HermiteH + 1, (21.12)

4h7t\/7\/ﬂ

8Ey752u—4h1t\/7\/j+7c1
2\/72 4h75\/7\/j

Alw

/T i)
h
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To introduce a quantum number as a first argument of the Hermite H functions, we separate the parts of
each solution,

> op(rhs(sol x));

2
8Exm u—6hnﬁﬁ—_c 2
%,_cz,L,HermiteH Ly, 2 @ . (21.13)
Jx 4hn\/7\/ﬂ
1]4
[nﬁﬁxz) 1 1
h ’ 8Exn2u—4hn\/7\/j—7cl 3’ NI
- = h
2 ahnJk 4 ¢

and extract that first argument,
> Hargx := op(1l, op(4,rhs(solx)));
2
§Exm u—6hnyk 1 — e,
Hargx = +1 (21.14)

4hn\/7\/E

which we set equal to a quantum number that takes non-negative integer values, and then solve for the
contribution to the total energy from that degree of freedom, first for dimension x with quantum number

I’lx,

> Ex := sol ve(Hargx=nx, Ex);

(21.15)



4nxhnﬁﬁ+2hnﬁﬁ+_cl

Ex = 5 (21.15)
8T U

> Hargy := op(1, op(4,rhs(soly)));

8EyT u—6hnykJu + e
Hargy == +1 (21.16)

4h7t\/7\/E

and then for dimension y with quantum number n,

> Ey := solve(Hargy=ny, Ey);
4nyhnﬁﬁ+2hnﬁ\/——_cl
Ey . 21.17)
8w u

The total energy is a sum of the two contributions.
> E := factor(Ex + Ey);

e hﬁ(nx-i—l-l—ny) (21.18)

2n\/E

The energy is hence a linear function of quantum numbers n_and n, increasing without termination; the

. . . . h | k . .
difference of energy between states of adjacent energies is 2— — , which we express alternatively
T [
in terms of circular frequency v as 2 v. In the state of least energy, for which n_= n,= 0, there remains

. . : . : 1 :
one unit of energy as 4 v; there is hence associated with each coordinate > hv of residual energy. We

recall the normalising factor for each dimension from the case of the linear oscillator in section 1.23,
with which we multiply each separate unnormalised amplitude function for a particular coordinate to
replace C2,

> solxn = sqgrt(2"nx/ (nx!*sqrt(Pi)))*sinmplify(rhs(solx))/_C2
assum ng positive;
solxn = (21.19)

1 ™ T

T4 24 HermiteH
h nx! ﬁ

ﬁxﬁk114ull4 n1[4k1]8u1/8
Jh

and test the correctness of the normalisation of the separate functions.

> seq(simplify(int(sinplify(eval (sol xn, nx=j)"2), x=-infinity..

infinity)), j=0..5) assum ng positive;
LL1L,1,1,1 (21.20)

nx,

_nﬁﬁxz
h

€




> solyn := sqrt(2*ny/(ny!*sqrt(Pi)))*sinplify(rhs(soly))/ _C2
assum ng positive;
solyn = (21.21)

1
— —ny

1 2"
24 HermiteH

h1]4 ny!ﬁ

ﬁyﬁk”“u”“]nmkl/sul/se—WZW
Jh
> seq(sinmplify(int(sinplify(eval (solyn, ny=j)”2), y=-infinity..

infinity)), j=0..8) assum ng positive;
L1,1,1,1,1,1, 1,1 (21.22)

ny,

According to the solution of Schroedinger's equation as a partial-differential equation, the amplitude
function for the system in two dimensions with cartesian coordinates must be a product of the amplitude
functions for the separate dimensions.

> psi = sinplify(sol xn*sol yn);

1 5 oMoy Dnx
Y= —— |2 HermiteH| nx, (21.23)

nx!

fjxf;k”4uu4 ku4wl4;J?fET;+}) 2"
\/7 ny!
\/7 \/—kll4ll4
YT [
Ji

We plot these amplitude functions for a few values of quantum numbers »_and n,

HermiteH| ny,

> plot3d(sinmplify(eval (psi, [nx=0, ny=0, h=1, k=1, nu=1])), x=-2..2,
y=-2..2,
styl e=pat chcont our, contours=50, title="psi(0,0)", grid=[80,
80] .
titlefont=[TIMES, BOLD, 14], orientation=[-70,70], |abels=["x"
"psi”],
styl e=pat chcont our, axes=boxed);

y



psi(0,0)

> plot3d(sinplify(eval (psi, [nx=1, ny=0, h=1, k=1, nu=1])), x=-2..2, y=
-2..2,
styl e=pat chcont our, contours=50, title="psi(1,0)", grid=[80,
80] .
titlefont=[TIMES, BOLD, 14], orientation=[-115,70], | abels=
["X"1"y"1"pSi "]1
styl e=pat chcont our, axes=boxed);



psi(1,0)

[a—

|iffl|']ff[:]lln.llil

o
Ln

=
Z.
=

I
<
n

pl ot 3d(si mplify(eval (psi, [nx=0,ny=1, h=1,k=1,nu=1])), x=-2..2, y=
-2..2,

styl e=pat chcont our, contours=50, title="psi(0,1)", grid=[80,
80] .

titlefont=[TIMES, BOLD, 14], orientation=[-130,70], |abels=
["X"1"y"1"pSi "]1

styl e=pat chcont our, axes=boxed);



psi(0,1)

[a—

o
n

(=]

IFIIIIIIJIIIII!JIIII

psi

I
<
n

pl ot 3d(simplify(eval (psi, [nx=1,ny=1, h=1,k=1,nu=1])), x=-2..2, y=
-2..2,

styl e=pat chcont our, contours=50, title="psi(1,1)", grid=[80,
80] .

titlefont=[TIMES, BOLD, 14], orientation=[-150,70], |abels=
["X"1"y"1"pSi "]1

styl e=pat chcont our, grid=[100,100], axes=boxed);



psi(1,1)

pl ot 3d(si mplify(eval (psi, [nx=2,ny=0, h=1, k=1,nu=1])), x=-2..2, y=
-2..2,

styl e=pat chcont our, contours=50, title="psi(2,0)", grid=[80,
80] .

titlefont=[TIMES, BOLD, 14], orientation=[-105,70], | abels=
["X"1"y"1"pSi "]1

styl e=pat chcont our, grid=[100,100], axes=boxed);



psi(2,0)

> plot3d(sinplify(eval (psi, [nx=0,ny=2, h=1,k=1,nu=1])), x=-2..2, y=
-2..2,
styl e=pat chcont our, contours=50, title="psi(0,2)", grid=
[-150, 80],
titlefont=[TIMES, BOLD, 14], orientation=[-20,70], |abels=["x",
"y" 1 ! pSI "] 7
styl e=pat chcont our, grid=[100,100], axes=boxed);



psi(0,2)

> plot3d(sinplify(eval (psi, [nx=2,ny=2, h=1,k=1,nu=1])), x=-2..2, y=
-2..2,
styl e=pat chcont our, contours=50, title="psi(2,2)", grid=[80,
80] .
titlefont=[TIMES, BOLD, 14], orientation=[-150,70], |abels=
["X"1"y"1"pSi "]1
styl e=pat chcont our, axes=boxed);



psi(2,2)

These plots may be compared with the corresponding plots for the harmonic oscillator in polar
coordinates, in section 1.27.

Like the states of that oscillator in polar coordinates, there is a degeneracy for this oscillator in
1

2
hk (nx—l-ny—l- 1)
1 b

cartesian coordinates in that, for each value of total energy, according to £ =

2 ?
except for the state of least energy for which n = n,= 0, multiple sets of quantum numbgrs pertain to the
same energy; for instance, for n_+ n, + 1 =2, thesets are {n_=1, n,= 0} and {n =0, n,= 1}, or for
n_+ n, + 1 =5, the sets are {4,0}, {3,1}, {2,2}, {1,3}, {0,4}, so that the value ofnx + n, + 1 is also the
number of states having the respective energy.

As we can express x° + 17 =77 and > =tan(¢), orx=rcos(¢) and y=rsin(0), we can express
X

amplitude functions v, m( 7, ) in polar coordinates in section 1.27, which are generally complex, in

terms of complex linear combinations of y  (x, y) in cartesian coordinates, which are entirely real.

Xy
Here are a few examples that follow an obvious pattern.
> psi2[0,0] :=sinmplify(eval (psi, [nx=0, ny=0, x=r*cos(theta), y=r*

sin(theta)]));



_nﬁ\/rrz

1]4 1]4 h
Y2, = J2 T e (21.24)
> psi2[0,1] :=sinmplify((sinplify(eval (psi, [nx=1l, ny=0, Xx=r*cos
(theta), y=r*sin(theta)]))
+ I *sinmplify(eval (psi, [nx=0, ny=1, x=r*cos(theta),

y=r*sin(theta)])))/sqrt(2));
_nﬁﬁrz

2JkJu e " r (Isin(0) + cos(0))

Y20 4= 7

(21.25)

> psi2[0,-1] := sinmplify((sinplify(eval (psi, [nx=1, ny=0, x=r*cos
(theta), y=r*sin(theta)]))
- I*sinmplify(eval (psi, [nx=0, ny=1, x=r*cos(theta),
y=r*sin(theta)])))/sqrt(2));
_n\/T\/Frz
h .
‘//205_1:‘2\/?\/?\/?6 . 7 (Isin(0) — cos(0)) (21.26)
> psi2[1,0] := -sinplify((sinmplify(eval (psi, [nx=2, ny=0, X=r*cos
(theta), y=r*sin(theta)]))
+ sinplify(eval (psi, [nhx=0, ny=2, x=r*cos(theta), y=
r*sin(theta)])))/sqrt(2));
|4 1]4 SN
14 h _ 2
V2, J2 i e hm( 2k Jp A+ h) 2127

= sinmplify((sinplify(eval (psi, [nx=2, ny=0, X=r*cos

> psi2[0,2] :=
(theta), y=r*sin(theta)]))
[ nx=0, ny=2,

- sinplify(eval (psi

r*sin(theta)]))
+ I *sqgrt(2)*sinplify(eval (psi

y=r*sin(theta)])))/2);

x=r*cos(theta), y=
[ nx=1, ny=1, Xx=r*cos

(theta),

NI
4e " Tck3l4(lsin(6) cos(0) -I—cos(G)z—%JpﬁHrz
l//20, = . B (21.28)
> psi2[0,-2] :=sinmplify((sinplify(eval (psi, [nx=2, ny=0, x=r*cos
(theta), y=r*sin(theta)]))
- sinmplify(eval (psi, [nx=0, ny=2, x=r*cos(theta), y=
r*sin(theta)]))
[ nx=1, ny=1, x=r*cos

[ *sqgrt(2)*sinmplify(eval (psi



(theta), y=r*sin(theta)])))/2);
RN 1
4e g (Isin(G) cos(0) —cos(e)2+ 2) nk3l4u3l4r2

Y2, == eIk (21.29)

The latter relations between the amplitude functions derived in this section and those derived in section
1.27 demonstrate that we can transform amplitude functions of coordinates in one system to amplitude
functions of coordinates in another system for the equivalent function of potential energy.

Some physical models are solvable in multiple systems of coordinates: these models are called
superintegraple. The best known such models in a euclidean space of three dimensions are the canonical
linear harmonic oscillator, as treated in this and preceding sections, and the Kepler-Coulomb problem,
such as the hydrogen atom, that have special properties distinct from other spherically symmetric
potential energies. In these cases the partial-differential equation governing the physical system is

separable into ordinary-differential equations in each spatial variable. The potential
2

V(x32) =5 407 +2)

1s separable in cartesian, spherical polar, cylindrical polar, cylindrical elliptic, spheroconical, oblate-
spheroidal, prolate-spheroidal and ellipsoidal coordinates, even with further terms as in
1 1 1
2 K== kK- k-
(O] 2 2 2 1 4 2 4 3 4
Vix,y,2)=—/— (x"+)y +2)+ + +
B 2 2 2
X y V4
that is reminiscent of the Davidson function in one dimension, treated in section 1.32. A similar
function,

1
2 R e

) 1 4
V(x,y,z)ZT(x2+y2+4zz)+? +

2 2
X y

is separable in cartesian, cylindrical polar, cylindrical parabolic, cylindrical elliptic and parabolic
coordinates. For the Kepler-Coulomb problem, with potential energy,
2 b 1
o 1 K 4 k 4
V(r)=- + = +
7. 2. 2 2 ¥ 2
VX +y +Z y
the function is separable in spherical polar, paraboloidal, prolate spheroidal or ellipsoidal and
spheroconical coordinates, as we present in section group 1.5.

el.210 exercise

Express amplitude functions y_ (7, &) in polar coordinates, as derived in section 1.27, as linear
n, m
combinations of y  (x, y) in cartesian coordinates in section 1.28, for the cases of total energy = 3 in
Xy
. k
unit —— — .
2n n

1.29 temporally dependent perturbation theory applied to a canonical harmonic oscillator
> restart:



We consider a monochromatic perturbation of finite duration that connects an initially populated
ground state to states of greater energy. When evaluated over a finite interval, a sinusoidal signal at a
single frequency is no longer monochromatic, but experiences broadening and other effects due to the
shape of the pulse. For simplicity we consider eigenstates of a canonical harmonic oscillator. This
example was produced by Professor M. Horbatsch and appears here with his kind permission.

> Digits := 14:

with(plots):
We define the frequency w and mass m of the oscillator as unit quantities,
> w =1,
w=1 (23.1)
> m:=1;
m =1 (23.2)
and also define 4 =2 7.
> hbar := 1;
hi=1 (23.3)

The energies are taken to be those of the canonical linear harmonic oscillator, with angular frequency w.
> En :=n -> (n+l/2)*hbar*w,

1
En:=nwe (n + 5 ) hew (23.4)

We invoke the deprecated package of orthogonal functions.

> with(orthopoly);
[G,I_[,L,P,T, U] (23'5)

The normalising factor of the amplitude functions is
> An :=n -> 1/sqrt(2*n*n! *sqrt (Pi));

Ani=no ——————— (23.6)

and the coefficient of displacement x is
> beta := sqrt(ntw hbar);

B:=1 (23.7)
yielding this amplitude function,
> phi :=n -> An(n)*exp(-betar2*x"2/2)*H(n, beta*x);
B2
2

& :=nrAn(n)-e -H(n, B-x) (23.8)

of which we plot four cases.
> plot([seq(phi(n), n=0..3)],x=-5..5, col our=[red, bl ue, green,
magent aj ,
nunpoi nt s=500, title="anplitude functions of |inear harnonic
oscillator",



titlefont=[TlIMES, BOLD, 14], |egend=["n=0","n=1","n=2","n=3"]);

amplitude functions of linear harmonic oscillator

n=0 n=1 =2 m— =3

We test the normalisation.
> Int(phi(j)”*2, x=-infinity..infinity) = seq(int(phi(j)*2, x=-
infinity..infinity), j=0..3);
)
2 N
€ HOX) G 1,1,1,1) (23.9)

jfn

Without perturbation, the system is defined with H |/ > = € |j>, j =0,1,2..., which might be discrete

oo

2mie t
J
h

or continuous. The temporal evolution of eigenstate |j > of energy conforms to |j(f) > = e

[0, >
J
The perturbation is assumed to act during a finite interval, 0 <¢ <T; a smallness parameter A is defined

with V(¢) = A W(t) such that W(0) =0 forz < 0 and ¢#>T7. The hamiltonian becomes
H(t)=H,+ A W(t). As an initial condition we prepare the system at =0 in an eigenstate of H; after

time 7= when the action of the perturbation is completed, the system is again governed with /. The
objective is to find how the quantum ensemble |\ (¢ > 7) > is distributed over eigenstates |\|Ij > = |j>,
which involves calculating the fractions that have undergone transitions from | Y, > to W, > v, >, |
v, >, |y >, ; from | Y, > to | v, > corresponds to an elastic channel, whereas for € >e corresponds
to excitation and € < €, corresponds to relaxation or de-excitation. As an initial point we form a matrix
represenation of the full temporally dependent Schroedinger equation, with /#=H + A W(t), in terms of
the eigenstates of /), which yields exact coupled-channel equations. We suppose that the interaction

represents a sinusoidally varying homogeneous electric field; the strength parameter A is unspecified;



the circular frequency of the field is denoted .
> W: = x*sin(al pha*t);

W= xsin(ot) (23.10)
> Wmat := (mn) ->int(phi(m*Wphi(n),x=-infinity..infinity);

Wmat := (m, n) Hj od(m)-W-¢(n) dx (23.11)

> Wrat (0, 1) ;
M 23.12)

> Wt (0, 2);
0 (23.13)

> Wmt (0, 3);
0 (23.14)

The interaction connects states only of opposite parity, as is obvious from the symmetry properties of
the integrand. From the calculation it becomes clear also that the interaction connects only neighboring
states, which is a special feature of eigenfunctions of the canonical harmonic oscillator. We have two

frequencies in our problem -- angular frequency ® = 1 of the harmonic oscillator and circular frequency
o of the field applied to excite the system. We choose a frequency of the perturbation.

> al pha := w0.999;

o == 0.999 (23.15)
> T field := 2*Pi/ al pha;
T field == 6.2894747819616 (23.16)
> N cyc := 3;
N cyc:=13 (23.17)
> T := Ncyc*T field,
T := 18.868424345885 (23.18)
> | anbda : = 0.1,
A:=0.1 (23.19)

Having set the element of the interaction matrix in terms of time ¢, we integrate over time ¢ from 0 to s,
which becomes our symbol for time after integration.

> P_0Ok := k -> 1/ hbar”2*abs(| anbda*i nt (exp(!*(En(k)-En(0))*t)*Wnmt

(0,K),t=0..5))"2;
2

‘7\’ [J,sel.(En(k) — En(0))-¢ Wmat((), k) dl‘)
P Ok = ko 0

- (23.20)

> eval f (seq(P_Ok(j),j=0..3));
M2



-35.337652546541 4 35.337652546541 ¢ c0s(0.99900000000000 ) (23.21)

2
, 0., 0.

0.,

— 35.373025572114 1" sin(0.99900000000000 s)

We store the graph for future reference, using s as the time parameter.
> PL1 := plot(P_Ok(1), s=0..T, nunpoints=500, colour=red):
pl ot s[ di spl ay] (PL1);
0.4
0.3

0.2+

0.1+

How should we interpret this result? We can excite only the neighboring state with k=1 in perturbation
theory of first order, but we expect the population of other states to vary as a result of second-order
effects. The state, moreover, appears to become not only excited but also de-excited with the same
matrix element. At the end of a complete cycle we find a complete return of the population back to the
ground state.

Attempt exercise e/.211 at this point.

The strong excitation results (on resonance) should make us suspicious about the utility of
perturbation theory at first order in this problem. After all, the zero-order result for cO(t) was used,
namely a probability 1 in the original state throughout the interaction. We proceed to some second-order
calculations for the population of the levels /=0,1,2. For this purpose to record the transition
probabilities is insufficient -- we must also keep track of the complex amplitudes. To order O1 we have
for the only non-vanishing excited-state probability amplitude,

> cl Ol := unapply(-1/hbar*int(exp(l*(En(1)-En(0))*t)*Wmat (0, 1), t=
0..s),s);
cl Ol =50 —1 ( -353.37652546541 + 353.37652546541 ~eI'S-cos(0.99900000000000~s) (23.22)

— 353.73025572114-1-¢"*-5in (0.99900000000000-5) )

>c0 0 = 1; # This setting is not logical, as it
is the result up to first order.
c0 Ol =1 (23.23)



> c2_ 2 := unapply(-I/hbar*int(exp(l*(En(2)-En(1))*t)*Wmat(1,2)*
cl O1(t),t=0..5s),s);
c2 02 = s —I-(-88299.937203587 1 + 176599.87440718-I-eI'S‘cos(0.99900000000000-s) (23.24)

+—17677665105823-é“~$n(099900000000000-s)+—88432563930285-Lezq*

2.-1s 2.-1s

— 88388.369767519-1-¢™ " "-cos(1.9980000000000-s) — 88388.325529118 ¢

-sin (1.9980000000000-5) )

> PL2 : = plot(abs(lanmbda”2*c2_Q2(t))"2, t=0..T, nunpoi nts=500,
col our =bl ue):
di spl ay(PL2);

0.08 ~
0.07 4

0.06

> c0 @2 := unapply(-1/hbar*int(exp(l*(En(0)-En(1))*t)*Wmt(1,0)*
cl OI(t), t=0..s), s);

CQJ?ZiZHSH'—I'(—12493750001564'I+-12487496875001'L6_L

*.08(0.99900000000000  (23.25)
-s)—-12499996871873-e_Lssh1“l99900000000000-s)—-12506253126564-S
+ 62.531265632816-1-cos(1.9980000000000-s) + 62.593859492310
-sin(1.9980000000000-s) )
> PL3 : = plot(abs(1+l anbda”2*cO0_2(t))"2,t=0..T, nunpoints=500,
col our =green, thickness=2):
di spl ay(PL3);



0.9+

0.8+

0.74

The norm is poorly conserved in the sense that, if we add the second-order probability for /=2 to the
first-order probability for /=1, we have a greater probability than what was removed from unity in the
elastic channel; for this reason we refrain from use of the actual probability calculation for the elastic
channel, but instead assume that it is unity minus a sum of excitation probabilities. We test the Fourier-
transform interpretation of the first-order result.

> FT : = unappl y(abs(int (exp(l*onega*t)*Wmt (0, 1),t=0..N2*Pi/onega))
N2, omega, N);

FT := (w, N) » 500000.00000000 (23.26)
1 T
_ — (1000'.1_66.2831853071796 N
1.000000 x 10™-@ — 998001.

W

. 6.2769021218724-N 6.2831853071796-1-N 6.2769021218724-N
sin — 999.-¢ -COS
0

+ 999.)’

We show the frequency spectrum of the pulse for 10, 20 and 30 cycle-length pulses. The pulse shape
profile is rectangular, i.e. wave modulation of rectangular profile with sharp onset and termination.
> plot([seq(FT(onmega,j),j=10..30,10)], onega=0.7*al pha.. 1. 3*al pha,
col our=[red, bl ue, green], | egend=["10 pul ses","20 pul ses","30
pul ses"]);



40004 ﬂ

30001

2000+

1000+

10 pulses 20 pulses 30 pulses|

The abrupt onset and termination of the monochromatic pulse, at times 0 and N* o respectively, cause a
'ringing' effect, namely the presence of sidebands around the centre frequency. Note the breadth of the
signal for the number of cycles shown. The perturbation is effective within this window, i.e., transitions
occur if the transition frequency between initial and final state be within the peak. The consequences are
that for a long pulse -- thousands of cycles (or more) -- an effective excitation becomes possible only for
small (or negligible) detuning from the resonance frequency.

Attempt exercise e/.212 at this point.

We proceed to solve the coupled-channel equations. We connect only the levels /=0,1,2.

> Wrmat (0, 1) ;
0.70710678118655 sin (0.99900000000000 ¢) (23.27)
> Wt (1, 2);
sin(0.99900000000000 ¢) (23.28)
> DEO := I*diff(cO(t),t)=lanbda*add(c||j(t)*Wmt (O0,])*exp(!/hbar*(En
(i)-En(0))*t),j=0..2);
DEO =1 (% cO(t)) =0.070710678118655 c1(¢) sin(0.99900000000000 7) ¢’ (23.29)
> DEL ;= I*diff(cl(t),t)=lanbda*add(c||j(t)*Wmt(1,])*exp(!/hbar*(En
(1)-En(1))*t),)=0..2);
DEI =1 (% c](t)) =0.070710678118655 c0(¢) sin(0.99900000000000 7) ¢~ '’ (23.30)
+ 0.1 ¢2(1) sin(0.99900000000000 ¢) e'!
> DE2 ;= I*diff(c2(t),t)=lanbda*add(c|]|j(t)*Wmat(2,])*exp(I/hbar*(En

(j)-En(2))*t),j=0..2);
(23.31)



DE2 =1 (% cZ(t)) =0.1 c¢I(t) sin(0.99900000000000 ¢) e ! (23.31)
> |C:=c0(0)=1,c1(0)=0, c2(0)=0;
IC :==c0(0)=1,¢1(0)=0,c2(0)=0 (23.32)

> sol := dsol ve({DEO, DE1, DE2, | C}, nun®eri c, out put =l i st procedure);
sol := [t=proc(t) ... end proc, cO(t) =proc(¢) ... end proc, c/(t) =proc(t) ... end proc, (23.33)

c2(t) =proc(t) ... end proc]

> C0 := eval (cO(t), sol):
Cl .= eval (cl(t), sol):
C2 := eval (c2(t), sol):

> PL4 .= plot([abs(Cl(t))"2,abs(C2(t))"2],t=0..T, col our=[ nmagent a,
bl ack]):
di splay(PL2, PL1, PL4, titlefont=[TIMES, BOLD, 14],
title="conparison of state popul ations P1(t)][nagenta=coupl ed
channel s; red=TDPT] and P2(t)");

comparison of state populations P1(t)[magenta=coupled channels

0.4+

0.3

0.2+

0.1+

The three-channel close-coupling result is not exact as it neglects couplings to state /=3. Given that the
couplings proceed progressively, i.e., k=1 is populated from £=0; /=2 is populated from /=1, etc. we
expect this condition to affect the results at the latest times shown. This feature of step-wise excitation
also explains that the discrepancy between the first-order result for P1(t) overestimates the coupled-
channel result by about the level of P2(7) calculated in temporally dependent perturbation theory at
second order. The result at second order for P2(7) agrees with the coupled-channel calculation at times
when the first-order answer for P1(7) overestimates significantly the corresponding result from the
temporally dependent Schroedinger equation.

Attempt exercise e/.213 at this point.

The philosophy in temporally dependent perturbation theory of order 7 is to use the probability



amplitudes in the preceding order for the other levels to obtain the correction at level & at the order to be
computed.
We make a few numerical comparisons.

> abs(CO(T))"2+abs(CL(T))"2+abs(C2(T))"2;
1.0000001946863 (23.34)

> eval f (eval (P_0Ok(1),s=T)),abs(C1(T))"2;
0.44456347397667, 0.27943914125827 (23.35)

> eval f (eval (P_0k(1),s=T/2)),abs(C1(T/2))"2;
0.11114334153394, 0.099363853239298 (23.36)

> eval f(eval (P_Ok(1),s=T/4)),abs(C1(T/4))"2;
0.029065054692876, 0.028230614447349 (23.37)

To what order must we proceed to obtain agreement between the approach from temporally dependent
perturbation theory and the integration of the coupled-channel equations not just at the beginning? We
try the higher-order result for the excitation of the /=1 state. The scheme is to connect neighboring
states: 0-> 1 occurs at O1, 1->2 and 1->0 at O2. There is no contribution 0->1 at this level because the
first-order contribution to coefficient c1(f) vanishes. We calculate the contribution to c1(z) at third
order.

> cl @3 := unapply(-1/hbar*(int(exp(l*(En(1l)-En(0))*t)*Wmt (0, 1)*
cO0_Q@2(t),t=0..59)
+ int(exp(I*(En(l)-En(2))*t)*Wmt (2,1)*c2 2(t),t=0..5)),5S)

cI_’O3 = s> —1-(8.8322056393108 x 107 + 4.4194173829694 x 10" -I-¢"* (23.38)
-$in(0.99900000000000-5) — 4.4150001786136 x 10”-€"*-cos(0.99900000000000 -5)
— 4.4172054629108 x 10”-I-¢~"*-5in (0.99900000000000-5) + 22119.211653533-¢"*
-c0$(2.9970000000000-5) + 22119.200582860-I-sin ( 1.9980000000000-5)
— 22119.200582863 -1-¢"*-5in (2.9970000000000-5) + 44238.401165727-¢"*
-5in(0.99900000000000-5) -5 + 44194.162764562-1-¢"*-c0s(0.99900000000000-5) -
— 66291.244146840-cos(1.9980000000000-5) — 44194.162764555-1-s
— 4.4127882574479 x 10" -~ "*-c0s(0.99900000000000-5) )

> cl G3(1);
—0.006170 + 0.015110 1 (23.39)

> plot([abs(CLl(t))"2, abs(lanbda*cl O1(t))"2, abs(lanbda*cl_OL(t) +
| ambda”3*cl1 O3(t))"2],t=0..T,
nunpoi nt s=500, col our =[ nagent a, red, brown], titlefont=
[ TI MES, BOLD, 14],
title="P1l(t): CC nagenta], TDPT-Ol[red], TDPT-C3[brown]");



P1(t): CC[magenta], TDPT-O1[red], TDPT-O3[brown]

0.4

0.3

0.2+

0.14

The result of temporally dependent perturbation theory up to third order follows well the coupled-
channel result. At late times the third-order correction overcompensates the large deviation in the first-
order result. One can view the scheme of temporally dependent perturbation theory as a scheme of
successive approximation that integrates the system of ordinary differential equations (the coupled-
channel equations form of the temporally dependent Schroedinger equation) in a scheme of successive
approximation.

Attempt exercise e/ 2a214 at this point.
We proceed with an improved calculation of the probability to remain in the ground state (k=0); in
this case there is only one contribution, as the connexion is to only state ~=1. We have contributions at

order lambda”2 and lambda”4 that can be calculated from the known results for ¢/ at orders O and O3.
The O2 result is known already:

> c0_2(1);
—0.049840663966 + 0.013721084528 T (23.40)

> c0_O4 = unapply(-I/hbar*int(exp(l*(En(0)-En(1))*t)*Wmt(1,0)*
cl @B(t),t=0..s8),s);
c0 04 := s —I-(7.8046894531232 x 10°-1+ 1.5625000001957 x 10”-s — 1.5593749999999 (23.41)

x 10'°-T-¢ 7. c0s(0.99900000000000-5) + 1957.0376069462 -1-cos(3.9960000000000-5)
— 7820.3183632840-T-¢ "*-0s(2.9970000000000-5) — 7.8125000009785 x 10°-1
-c0s(1.9980000000000-s) + 1957.0366274484-sin (3.9960000000000-5)

— 7.8203203212997 x 10°-sin (1.9980000000000-5) — 1.5617179683591 x 10”-¢
-c0s(0.99900000000000 -s) -5 — 7.8085898417963 x 10°-T-e > — 1.5632812496088

x 107-I-e~"*-5in (0.99900000000000-5) -5 + 7.8046874999994 x 10°-1-¢ >
-cos(1.9980000000000-s) — 7820.3183632841 -I-5° 4 7828.1465097939 15



-sin(1.9980000000000-s) — 7820.3183632843 -s-cos(1.9980000000000-s)

4+ 1.5625000000001 x lolo-e_”-sin(0.999000OOOOOOOO-s) + 3.8004067538514 x 10~ 19
-81n(2.9970000000000-s) -e_l's — 7.8046835937513 x 109-6_2”1'S-sin(1.9980000000000
s))

> c0_O4(1);
0.0012 — 0.0005 1 (23.42)

> plot([abs(CO(t))"2, abs( 1+l anbda”2*c0_Q2(t)) "2, abs( 1+l anbda”2*c0_Q2
(t)+l anbda™4*cO0_A4(t))"2],t=0..T,
nunpoi nt s=500, col our=[yel |l ow, bl ue,red], titlefont=[TIMES,

BOLD, 14], linestyle=[dot, solid,solid],
thi ckness=[6,1,1], title="PO(t)", l|egend=["CC [yellow]",
"TDPT-2 [blue]", "TDPT-O4 [red]"]);
PO(t)

0.9+

0.8+

0.74

CC [yellow] TDPT-O2 [blue] TDPT-04 [red]

We observe an impressive agreement between the coupled-channel result and the result from temporally
dependent perturbation theory at fourth order for the elastic channel. If the system were to evolve for a
greater duration, or for a stronger coupling as A, we should observe that temporally dependent
perturbation theory at high order converges against the close-coupling result with more equations
coupled than in the present case. One should bear in mind that the coupling scheme is particularly
simple for the harmonic oscillator; for anharmonic potentials direct coupling to more excited states is
possible by the time-dependent linear potential.

Attempt exercise e/2.215 at this point.

el.211 exercise, temporally dependent perturbation theory
Modify the frequency of the perturbation in section 1.29 by choosing o to be less near the resonance



(hbar*w is the energy difference between neighboring levels, i.e., also between £ = 0 and & = 1). Begin
with small deviations from resonance before you choose disparate circular frequencies for the laser pulse
to understand better what occurs away from resonance in some work below within section 1.29.

el.212 exercise, temporally dependent perturbation theory

Construct the Fourier transform of pulses containing more cycles. Read on windowing functions in a
reference text on discrete (fast) Fourier transforms to learn how they can suppress the ringing effect (e.g.
, Hamming window function, cf. digital oscilloscopes with FFT function). Realistic laser pulses have
pulse shapes with gradual onset and termination.

el.213 exercise, temporally dependent perturbation theory

Extend the close-coupling calculation to include couplings to level £ = 3. At what time do these
populations become appreciable? What is the implication for the accuracy of the 3-channel (k= 0,1,2)
close-coupling calculations shown above?

el.214 exercise, temporally dependent perturbation theory

The calculation of c1 O3(t) represents the complete pattern of the TDPT scheme for the present
problem. Nearest neighbours are connected by the perturbation. One uses the coefficients from the
previous approximation (not the complete coefficient, just the contribution from that order), multiplies it
with the appropriate coupling matrix and computes the Fourier transform for a fixed transition
frequency. The two amplitudes from the lower-lying and higher-lying neighbooring energy levels are
added coherently to form the overall probability amplitude. Use this pattern to compute the population
P1(t) at the next order for which there is a non-trivial contribution.

el.215 exercise, temporally dependent perturbation theory

Explore what happens to the above results in section 1.29 when the strength parameter A is increased
(e.g., doubled, etc.). Be careful in your interpretation of results. Note when the calculated probability
expression exceeds unity and understand what this means. Extend the coupled-channel equations to
sufficient matrix dimension to ensure convergence of results against which the TDPT calculations are
compared.

1.3 two harmonic oscillators in spectrometric context

1.31 canonical linear harmonic oscillator according to wave mechanics, with spectral
parameters

> restart:

In these two sections, we repeat in this section the calculation of the canonical quantum-mechanical
linear harmonic oscillator with emphasis on properties in relation to prospective experimental
measurement of spectral transitions, and in the next section we perform on an analogous basis a
calculation.of another quantum-mechanical harmonic oscillator for comparison. In either case, the
treatment might serve roughly as a model for that of a diatomic molecule as comprising two atomic
centres that are free to oscillate about their equilibrium internuclear distance and to rotate about their
centre of mass; with some distribution of populations over accessible vibration-rotational states at a
particular temperature, such an hypothetical system would have an associated spectrum in absorption
that depends on the properties of the oscillators according to the particular nature of the function for
vibrational potential energy.

Here is Schroedinger's radial equation in one dimension and in standard form,
Hy=(T+V)y = E¥
Anticipating that we find discrete energies that might bear a numbering according to a vibrational

o e . -2 :
quantum number v, we specify kinetic energy in a standard form P2 and then replace p with the

21



9

ifferential tor -i
differential operator -i & ( R

) to obtain our working equation,

dR
: + V(R) W(R) =EW(R)

87t2u

d2
0 (—2 V(R)

in which R is the instantaneous distance between two point masses in a system of which the reduced

M M,
b I . . . :
mass of 1= ———— ; the oscillation of two masses along a line through their centre at R is equivalent

M + M,
to the oscillation of a reduced mass, according to that formula, along a coordinate corresponding to a
R — Re . th a B 1
R TR TTR

e

positive axis. We make a substitution of variable from R to x =

Schroedinger's equation becomes transformed to
2
2 d
h[zgwwq
8 n2 uRﬁ

TV (x) W(x) =EW(x) .

2
The coefficient of the second derivative is simply ———— that is just a definition of equilibrium
8m UR
e
rotational parameter B, in wavenumber unit multiplied by h c. We hence rewrite Schroedinger's

equation as

¢’ (E=V(x) w(x)
— =0
dxz \V(X) + h CBe
For the canonical linear harmonic oscillator, we express V(x) in Dunham's form as V' (x) =a, x* but we
ooZ B, 2B,
replace a,= —— by — with g=——, so obtaining
0 4B gz o,
¢ E X
— —_— = — =0.
7V ( hen, g ] V()

The two primary spectral parameters are the vibrational parameter ®, related to the interval of energy
between adjacent vibrational states and rotational parameter B related to the interval of energy between
adjacent rotational states.
On this basis we proceed to solve this differential equation.
> w t h( DEt ool s) :

w th(plots):

wi t h( PDEt ool s, decl are):

decl are(psi (x), prinme=x);

assunme(g > 0);

Digits := 16:

Y (x) will now be displayed as \y



derivatives with respect to x of functions of one variable will now be displayed with ' (29.1)

Having set assumptions on the sign of pertinent quantities, we state the resulting differential equation.
> V := h*c*B[ e] *x"2/ g"2;
hecB, X
V= ——F— (29.2)
gN

The second derivative of V(x),
> Diff('"V ,x$2) =sinplify(diff(Vv, x$2));

6)2 2hc Be

V= (29.3)

"2 2
X g~

is independent of x, consistent with the parabolic curve of V(x). We form Schroedinger's temporally
independent equation with this function for potential energy.

> odel := diff(psi(x), x$2) + (E - V)/(h*c*B[e])*psi(x)= 0;

hecB, e
e
g/\/
odel == y" + =0 (29.4)
hcB,
What kind is this differential equation?
> odeadvi sor (odel);
[[_2nd order, with linear symmetries]|] (29.5)

This differential equation is of second order, and linear because there is no constant term that is not a
factor of y(g). We proceed to solve this equation.

> sol 1 := dsol ve(odel, psi(x));
C1 Whitakerd| &£ L X C2 Whittakerw[ ~&E 1 X
- 4the’4’g~ - 4the’4’g~
soll ==y = + (29.6)
Jx Jx
Is this expression a true solution? We test it.
> test := odetest(soll, odel);
test == 0 29.7)

A zero result of this test proves the correctness of the solution. We try to convert from Whittaker
functions to Hermite functions; the latter are more commonly used in quantum mechanics than the

former.
> psi := convert(rhs(soll), HermteH)
2
- g~E 1 x|
_Cl WhlttakerM( oy cBe $ 4 e ]

v = (29.8)

/=



-heB +g~E 2 2 14
_C2 HermiteH < al ](x J

2hcB g~ g~
+ e
-hcB + g~E
e
2hcB i

Jx 2 ¢ el
Only a partial conversion occurred. We inquire about WhittakerM functions.
> Functi onAdvi sor (Wi ttakerM;

WhittakerM

describe
WhittakerM = Whittaker M function

definition

WhittakerM (a, b, z)
1
1 b+ 5 1
=—|z KummerM > —a -+ b,

2
e

1+2b,2)]

classify function

with no restrictions on (a, b, z)

Whittaker IF1
periodicity
WhittakerM (a, b, z) No periodicity

plot



Whittaker M function
0.4 =

0.2 =

0.2 =

0.4 —

0.6 —

0.8 =

N =

WhittakerM ( 2,

)

special values



WhittakerM(0, b, z) =/z Bessell(b, ) r(b+1)4°

WhittakerM(a, a— %

a
WhittakerM(a, a— %’ z) _ =z

1 ) z
WhittakerM(a,a—l— 3,2) =z %? (-2T(2a+ 1,2) a+T(2a+2) —T(2a+1,2))

identities

WhittakerM (a, b, z)
(-2a+2b+ 3) WhittakerM( -2 + a,b,z) + (-4 + 4 a — 2 z) WhittakerM( -1+ a, b, z)

-1+2a+25b

1
b+ =

z % WhittakerM( -a, b, -z)
1

b+ —
+2

WhittakerM (a, b, z) =
(-2)

WhittakerM (a, b, z)
(4a—2z+4) WhittakerM(1 + @, b,z) + (-3 — 2 b — 2 a) WhittakerM(2 + a, b, z)
l1+2a—2b

sum form

WhittakerM (a, b, z)

(o]

1
= Z [pochhammer( — —a+b,
k=0 2

bt % s % with no restrictions on (a, b, z)
_k]) z e” kl!

pochhammer(2 5 + 1, k) )

integral form



WhittakerM (a, b, z) 1
b_|_l z tl 1 ]b__+a 1
- 2r(142p) || 1 _l—t) d t] ~ZO0T) A -
E+a_b
t1 < R(b) —R(a) A
- 0 -R(a) — R(b)
(2 —atn|r(b+2+ale? <
B a B a|e 2

differentiation rule

0
 WhittakerM (a, b, z) = (i - ﬁj WhittakerM (a, b, z)

Oz 2 z

1
(3 + b+ a) WhittakerM(a + 1, b, z)
+
zZ
DE
2 2 2
_4 4 —
£(2) = WhittakerM(a, b, z) d—2 flz) = (4azt4b ng 1) /()
dz 47

To learn further about WhittakerM functions, we plot them on a logarithmic scale with simple values of
constant quantities.

> op(1,psi);

4hcB, g~

Jx

> plots[logplot](eval (op(1,psi)/ _Ci,[g=1/100, E=200*B[e]*h*c]), x=-1.
.1, 0.01..10"8,
colour=red, titlefont=[TIMES, BOLD, 14], title="Wittaker M
function");

. g~F 1 ¥
_C1I WhittakerM p A on

(29.9)



Whittaker M function
108

102 4

10° 4

-1 -0.5 L 0.5 i

X

Because this WhittakerM function in the solution for y(x) clearly diverges as x— , this contribution is
unacceptable; we set its coefficient to zero.

> psi = subs(_C1=0, psi);
“heB +g~E [ 2 2
C2 HermiteH — —
o] EE [T
v = (29.10)
e
2hcB i
Jx 2 LS
We inquire about HermiteH functions.
> Functi onAdvi sor (Herm teH);
HermiteH
describe
HermiteH = Hermite function
definition
hypergeom S [
ypergeo 5 P2 »Z

HermiteH(a, z) =2° /1t

1 _a
2 2

o(-3)

2z hypergeom(

|




classify function
orthogonal polynomials
periodicity
HermiteH(a, z)

plot

I1F1

No periodicity



Hermite function

[
40 =
20—-
| /
r T T T ! ! I '
2 1 . ]
o
20 =
40—-
/ _

HermiteH(1, z) HermiteH(2, z) HermiteH(3, z) HermiteH(4, z) HermiteH(5, z)

singularities
HermiteH(q, z) a=0 + oIV (a:(—-Z0%T)) Az=0o + =)
branch points

HermiteH(a, z) |No branch points



branch cuts

HermiteH(a, z) No branch cuts

special values

HermiteH (0, z) =1

HermiteH(1,z) =2z

HermiteH(2, z) =4 22 — 2

HermiteH(a,0) = ———————

F(z—z)

HermiteH(a, z) =2 z HermiteH(a — 1,z) + (2 — 2 a) HermiteH(a — 2, z)

2 [n
1 a

identities

2 zHermiteH(a + 1, z) — HermiteH(a + 2, z)
2a+2

HermiteH(a, z) =

sum form



]

HermiteH(a, z) = z
k=0

1 —
220 T2 \/F pochhammer( S5~ % , kI ) (

pochhammer( %, _k]) F( £ ) kI

\/F 27 pochhammer( - %, k ) M

* 1 a 1
- _ = | il
1"( 7 > j k! pochhammer( > _k])

HermiteH(aq, z)

1 1 a
= ;0 " (pochhammer(; — (_%) 700.=) A |z|2
- _kl1! pochhammer| —, kI
2 <1
L o pochhammer| - i, k1| 2K
2 27—
HermiteH(aq, z)
S 1
- z 3 (pochhammer( - %, % (l _ ﬁj::Z(o,— )
KI=0pqn pochhammer( —, kil 2 2
| 12 Al? < 1
-5 j 2azpochhammer( S5~ %, _klj szl)
series
Za a 2a
series(HermiteH(a, z), z, 4) = n -2 \/; z— \/; Z

integral form



HermiteH(aq, z)

L], 2

=——|2¢

/=

1 cos(Z tlz— % )

—1 < R(a)

[ee]

d | 2°

t12
o

(]

HermiteH(aq, z)

31
—~ Ta

HermiteH(aq, z)
&Jn [‘ erfe( -2 — a, ki) d ki 4700

2

differentiation rule

0
- HermiteH(a, z) =2 a HermiteH(a — 1, z)
0z

2" a! HermiteH(a — n, z)
(a—n)!

0" .
= HermiteH(a, z) =
o

DE
’ d
f(z) =HermiteH(a, z) — f(z) =2 (E f(z))z—2af(z)

We try to simplify the form of y(x) by assuming that x > 0, although such an assumption has no effect
on the ultimate validity of the solution.

> psi = sinplify(psi) assumng x > O;



-hcB + g~E
S 2
~hcB,+g~E ¥ 2hcB 5
C2 HermiteH , 2 ¢ e °F
- 2 h CBe \/g_N
Y= T2 (29.11)
gN

We find that the remaining part of y(x) contains an exponential function of 2, resembling a gaussian
1

4
41t2ku
h2

function, with HermiteH functions in ¢ multiplied by

] . Furthermore, according to the

information about special cases of HermiteH functions above for which these functions terminate after
terms of finite number, the other argument of HermiteH must be a non-negative integer; we extract this
first argument, set it equal to an integer, v, and solve for /¥ that yields discrete integers.

> coe := op(l, indets(psi, 'specfunc(anything, HermteH'')[1]);

~hcB,+g~E
coe = Y ¢B, (29.12)
> E[v] := solve(coe=v, E);
(2v+1)heB,
E = (29.13)
v gN
We insert this result into our expression for amplitude function y(x).
> psi = sinplify(subs(E=E[Vv], psi));
2
2 HermiteH(v, a j 27 2E
v = 1\// f’“ (29.14)

gN
We convert this expression for Y to a function that we write as W (¢ ) but express in Maple as a function

with arguments integer quantum number » and displacement variable ¢.
> psi = unapply(% (v, Xx));

2 -HermiteH( v,
Y= (v,x) P 4 (29.15)

We integrate, over all space in one dimension, the first six amplitude functions y, (¢), which appear

purely real with no imaginary part and which are expressed as (v, ¢) for which v=0.5; we divide by
a common factor _C22 to clarify the remaining expressions.
>'seq (Int('psi'(v,x)"2/_C"2, x=-infinity..infinity), v=0..5) =
seq(sinmplify(int(psi(v,x)"2/_C7"2, x=-infinity..infinity)), v=0.
. 9);

(29.16)



seq

@ 2
VX o005 =[ﬁ,g,g,3f,3f,lsfj (29.16)

c? -

v!\/;
2"
> 'seq' (v!*sqrt(Pi)/ 2", v=0..5) = seq(v!*sqgrt(Pi)/2"v, v=0..5);

seq[V!\/v;,v=0..5]=(\/;,\/2;,\/§, 3%,35;, lsf] (29.17)

2

By inspection we deduce that these quantities have following form

For normalisation of these amplitude functions constant _C2 of integration must be set equal to the
inverse square root of these quantities.

> C2 :=sqrt(2nv/(v!i*sgrt(Pi)));

2V
2= (29.18)
v! ﬁ
To incorporate this result we evaluate y (x).
> 'psi[v]'* (x) = eval (psi(v,x));
; 2
2 Hermi [ j v 2g~
ermiteH| v, 2 e
ARV’ &~
v, (x) = T2 (29.19)
gN

We test the validity of our normalisation over a range greater than that within which we deduced the

form of the normalising factor.

> seq(sinmplify(int(psi(v,x)"2, x=-infinity..infinity)), v=0..10);
LLL1L,1,1,1,1,1,1,1 (29.20)

Because these values are all unity we prove that our derivation is correct. We plot y, (x) for small
values of v, displacing the functions vertically for clarity.
> pl :=plot(4*[0,1,2,3,4], -1/2..1/2, linestyle=[2,2,2,2],
col our =[ red, bl ue, green, magent a, coral ]):
p2 := plot([seq(sinplify(eval (psi(v,x)+4*v, [g=1/100]),
"HermteH ),
v=0..4)], x=-1/2..1/2, colour=[red, bl ue, green, magent a,
coral]):
di splay([ pl, p2], axes=BOXED, | abel s=["x","psi"],
view=[-1/2..1/2,-0.2..18],titlefont=[TIMES, BOLD, 14],
title="anplitude functions");



amplitude functions

We plot also the squares of these amplitude functions.
> p3 :=plot(5*[0,1,2,3,4], -1/2..1/2, linestyle=[2,2,2,2],
col our =[ red, bl ue, green, nagent a, coral ]):
p4 := plot([seq(sinplify(eval (psi(v,x)”*2+5*v, [g=1/100]),
"HermteH ),
v=0..4)], x=-1/2..1/2, colour=[red, bl ue, green, magent a, cor al ]
) :
di splay([ p3, p4], axes=BOXED, | abel s=["x","psi”*2"],titlefont=
[ TI MES, BOLD, 14],

title="squares of anplitude functions");
squares of amplitude functions

psin2 A




We test the values of energy according to the fundamental relation

©

J v (x) Hy (x) dv=E

>for v fromO to 4 do

Hpsi := - diff(simplify(psi(v,x)), x$2) + V*psi(v,x)/(h*c*B[e]);
E[v] := h*c*B[e]*int(eval (psi(v, x)*Hpsi, g=1/100),
x=-infinity..infinity);
end do:
for vfromO to 4 do
E[v] := E[v];
end do;
E :==100hcB,
E :==300hcB,
E,:==500hcB,
E,:==700hcB
e
E,:==900hcB, (29.21)
o . Ay, (x)
We equally define the energies directly from the conditiion as an eigenvalue, £ = T
v, (x
>v ="V
for vfromO to 4 do
Hpsi := - diff(sinmplify(psi(v,x)), x$2) + V*psi(v,x)/(h*c*B[e]);
E[v] := sinmplify(h*c*B[e]*Hpsi/psi(v,Xx));
end do:
vV i="'v':
for vfromO to 4 do
E[v] := eval (E[v], g=1/100);
end do;
E :==100hcB
e
E =300hcB,
E,:==500hcB,
E,:==700hcB,
E, :==900hcB, (29.22)
2B, 1
We plot V(R) and energies £ with R =1, g= = Too and ®,=1000.
®

e



Evl := (1+2*v)*h*c*B[e]/Q:
VR : = eval (eval (V/(h*c), [x=(R-Re])/Re], g=1/100]), [R e]-=1,
B[ e] =10]):

plot(VR, R=1/2..3/2, 0..10000, col our=blue):

pl ot ([ seq(eval (Evl/ (h*c), [B[e]=10, g=1/100]), v=0..4)],
R=0.7..1.3, colour=red, titlefont=[TlMES, BOLD, 14],
title="harnonic potential energy and vibrational terns"):
pl ot s[ di spl ay] ([ p5, p6], |abels=["R',"E/ hc /n-1"],

| abel di rections=[ horizontal,vertical]);
harmonic potential energy and vibrational terms

o /

R —
/

pS :
p6 :

6000

40007

1

T T T T
0.6 0.8 1.0 1.2 1.4

E/he /m"-1
/
/
\

We examine the forms of y,(x),

> psi[0] = sinplify(eval (psi(v,x), v=0), "HermteH );
2g-
Y= (29.23)
0 Rll4g~ll4
v (x),
> psi[1l] = simplify(eval (psi(v,x), v=1), "HermteH );
2
J2 xe 2
V=T 57 s (29.24)
T g~
and W, (x)

> psi[2] sinmplify(eval (psi(v,x), v=2), '"HermteH);

Va1 ) Yo F—AN



2

2 (24 4g)e
W= - V2 T g5l)4 (29.25)
2w g~

Are these amplitude functions orthogonal? We integrate their products over all space in one dimension.
> Int("psi(1l,x)*psi(0,x)', x=-infinity..infinity)
= int(psi(l,x)*psi(0,x), x=-infinity..infinity);
[ w(1,x) (0, x) dx=0 (29.26)
> Int('psi(2,x)*psi(1,x)", x=-infinity..infinity)
= int(psi(2,x)*psi(1,x), x=-infinity..infinity);
J w(2,x) w(l,x) dx=0 (29.27)
> Int('psi(2,x)*psi(0,x)"', x=-infinity..infinity)
= int(psi(2,x)*psi(0,x), x=-infinity..infinity);
[ W(2,x) w(0, x) dx=0 (29.28)
We evaluate a matrix element <0 | x | 1 >.
> Int('psi(1,x)*x*psi (0,x)", x=-infinity..infinity)
= int(eval (psi(v,x),v=1)*x*eval (psi(v,x),v=0), x=-infinity..

infinity);
Jm w(1,x) xw(0, x) dng (29.29)

> "< 1| x| 0> = evalf(eval (rhs(%, g=1/100));
<I]|x|0>=0.07071067811865475 (29.30)

The intensity of a spectral transition between pure vibrational states v and v' according to an electric
dipolar moment is proportional to the square of matrix element <V'|x|v>; we calculate these matrix
elements for transitions from state v =0 to states with v'=1 .. 5.
> 'seq (Int(eval (""psi'"(v,x), v=k)*x*'psi(0,x)', x=-infinity..
infinity), k=1..5)
= [seq(int(eval (psi(v,x), v=k)*x*eval (psi(v,x),v=0), x=-infinity.

cinfinity), k=1..5)];
NEENV S gNzﬁ,o, 0,0, 0 (29.31)

~ 00

seqU W (&, x) xy(0,x) dx,kzl..sjz[

We find that a transition with only Av=1 is possible. We evaluate matrix elements <v + 1 | x | v > for

v in [0, 5],

> sqrt(g)*[seq(int(eval (psi(v,x), v=k)*x*eval (psi(v,x), v=k+l),
x=-infinity..infinity)/sqrt(g), k=0..5)];

70 29\



Ve~ JZ,L ﬁzﬁ,ﬁ, ﬁzﬁ,ﬁ (29.32)

and evaluate them for g = 100

> eval f[ 5] (map(eval, % g=1/100));

[0.070710, 0.10000, 0.12248, 0.14142, 0.15812, 0.17321 ] (29.33)
By comparison with this sequence,.
> sqrt(g)*[seq(sqrt((v+1)/2), v=0..5)];

2 6 10
e~ g 1, gﬁ ;ﬁl (29.34)
v+1

we deduce that the matrix elements increase according to 5

We evaluate expectation values B <v |
¢ (1+x)
states v = 0...8. If an unevaluated integral appear for some value of v, try another setting of digits in
evalf[11], such as 9.
>|v := seq(B[e]*eval f[11] (I nt(eval (psi(v,x), [v=k,g=1/100.])*1/(1+
X) h2*
eval (psi(v,x), [v=k,g=1/100.]), x=-10..10, nethod=_CGquad)), k=0.
. 8);
Iv:=1.0153887504 B, 1.0469725780 B , 1.0802295218 B, 1.1152864696 B, (29.35)

5 | v> that become rotational parameters B for

1.1522829718 B, 1.1913728232 B , 1.2327258844 B , 1.2765301854 B , 1.3229943647 B,

We fit those values to a polynomial in vibrational quantum number v,

> pv := CurveFitting[Polynom al I nterpolation]([seq(j,]=0..8)], [IlvV],
V)

pv = 2.653769841269841 x 10~ 13 Bev8 + 1.021825396825398 x 10~ 12 Bev7 (29.36)

+ 2.407291666666666 x 10~ '° B V" + 9.149027777777777 x 1077 B_v’
+4.196616145833333 x 1077 B_v* + 0.00001837904173611111 B’
+ 0.0007783385473908730 B,v* + 0.03078668095821429 B_v + 10153887504 B,

>B[v] = B[e]*(convert(taylor(pv/B[e], v=-1/2, 6), polynon));

B =B, (1.015198682961896 + 0.03002191967534784 v + 0.0007513882660529823 (v (29.37)

2

3
1 1
+ E) + 0.00001756199102430555 (v + E) + 3.976884700520834 x 107 (v



4 5
1 1
+ E) + 8.430347222222221 x 10~° (v + E) J

Forv=0..4, these values/B hence increase with increasing vibrational quantum number, in contrast

with corresponding values for diatomic molecules that decrease with increasing vibrational quantum
number.

We have thus solved the vibrational and rotational energies of this hypothetical system, and also the
matrix elements that govern the intensities of vibrational transitions according to Av=1.

1.32 linear harmonic oscillator according to wave mechanics with Davidson's function and

spectral parameters
> restart:
> Digits := 16:

with(DEtools): wth(plots):

wi t h( PDEt ool s, decl are):

decl are(psi(y), prinme=y);

Y (y) will now be displayed as

derivatives with respect to y of functions of one variable will now be displayed with ' 30.1)

We make an analogous calculation on a linear harmonic oscillator according to a distinct function for
potential energy. Davidson's function for potential energy (Proc. Roy. Soc. London A135, 459-472,

1932),
2
K| R Re
VIRY\=— | — — —
w5 %%
in which x has the sense of a force coefficient, we rewrite in convenient spectrometric notation,
2 2
oot [ B K P
c —_— = — c —_— - —
e Re R e Re R
V(R) = = >
16 B, 4g
in which appear dimensionless ratio
2B
e
g =
0]

e
as the limiting ratio of separations between adjacent rotational lines and between adjacent vibrational

states,
[k
_¢
h 1

and ®,= ,
2Tc

Be - 2 b)

8T cUR)
both latter quantities of which have unit wavenumber. Schroedinger's equation independent of time for
stationary states of an oscillator subject to potential energy becomes



d2
h (E \II(R)J

- 5 + V(R) y(R) =Ey(R)
8T

. . . . . R
When we convert the distance variable from R to dimensionless variable y such that y = I’ and
e
multiply the first term by % ¢ in both numerator and denominator, we obtain with the hamiltonian
operator on the left side of the equality, so having the form of an eigenvalue equation,

» (& 12
h”c g‘lf(y) the(y—;j v(y)
Hy)y) = - > T > Evy(y)
87 hcuR 4g
or
1 \2
&2 the(y— ;j v(y)
Hy)w(y)=-hcB,| —5 v¥() |+ 5 =Evy(y)
dy 4g
and eventually Schroedinger's equation in a simple but exact form.
1 \2
& P ?)
— — =0
e y(y) + heB, i y(y)
For this function of potential energy,
>V :i=(y - 1/y)"2/(4*9"2);
b-3)
=
Vi= o (30.2)
4g

the second derivative depends on y or R, like the Morse function but in contrast to V(x) for the canonical
linear harmonic oscillator of which the second derivative is independent of x.
> Diff('V, y$2) = expand(h*c*B[e]*sinmplify(diff(V, y$2)));
o) heB, 3heB,
V= 5 T YR (30.3)
2g 2y'g

2

ay
We enter Schroedinger's equations for subsequent calculations.
> Seq :=diff(psi(y), y$2) + (E/(h*c*B[e]) - V)*psi(y) = O;

1 \2
y— —
: £ ( Y ) _
Seq == y' + N e B 4g2 y=0 304)
e
What is the kind of this differential equation?
> odeadvi sor (Seq) ;
[[_2nd order, with linear symmetries]|] 30.5)

We solve this differential equation,
> sol := dsolve(Seq, psi(y));



2
2Eg +hcB |,2 2
CI WhittakerM e Jgtl Y
- 4hcB,g 4¢g 2g

sol = Y= (30.6)
Jy
2
2Eg +hcB [ o® 4+ 1 2
C2 WhittakerW e Nerl
- 4hcB g 4g 2g
+ e
N
and obtain two solutions as a linear combination.
> odetest(sol, Seq);
0 (30.7)

According to that assurance, we convert these Whittaker functions into hypergeometric functions. With

Maple 10, these Whittaker functions contain a product /g + I \/ g — I that causes problems in
subsequent calculations. We might alternatively convert both Whittaker functions into Laguerre
functions, withsol : = convert(sol, Laguerrel);inthatcasethe development below is the
same except that the first operand of the latter functions must be set equal to a positive integer V instead

of a negative integer - v, and extraction of the content of a list to form op1 is redundant. Calculations
with the solution in terms of hypergeometric functions are quicker than with the solution in terms of
LaguerreL functions.

> sol := convert(sol, hypergeom;
sol ==y (30.8)

2g+ 2+ 1

4g
= —yz _ClI ( S j hypergeom[

1 )
— 1 heB
4hCBeg( &+ “Pe

SR O r[




\

[2 1 2
\/ng g+1the+2ch(g—5)Be—2Eg

SNET Iy
2g ] ypergeot 4hcB g ’

g+ /2 +1 N JE+1
2 2 4g 2g
rlerd

[2 1 2
- g+1the+2ch( —E)Be—2Eg

r
4hcB,g
> 1 2 —2g+\/g2+1
Vg +1the+2ch(g—E)Be—2Eg 2 4g
Y
F )
+ 4hcB,g 2g

We test whether this converted form is still a solution to the original differential equation.

> odet est (sol, Seq);
0 (30.9)

These solutions evidently involve confluent hypergeometric functions hypergeom with three arguments,
of which the first two arguments take typically integer values for physical applications; the third
argument embodies the distance variable.

> psi[a] := eval(rhs(sol), _C2=0);

g, = (30.10)



2g+\/g2+1

4g
—yz _ClI (y—J hypergeom[

1 5}
— | 1 B
4theg( g+ 1heB,

7 2g
Jret
1 B 2 2¢+Jg+1 | Y
-I-ZCh(g 2)Be 2Eg)l, 2 g g
> psi[b] := eval (rhs(sol), _C1=0);
o 1
v, -——i c2 | |\r (30.11)
et

1
J&+1heB +2ch (g—EJBe—ZEgZ

4hcB,g

] hypergeom

g+ /2 +1 N JE+1
2 2 4g 2g
rlerd

[2 1 2
Vg +1heB,+2ch (g—E)Be—ZEg

r
4hcB,g




’ 5 1 5 —2g+\/g2+1
J g +1th+20h( ——)B—ZEg 2 4g
e 2 e (y j

2g

r

\

+ 4hcB,g

Because the series represented by the hypergeometric functions must terminate, the contribution with
two hypergeometric functions has disparate first arguments; for this reason, no choice of 7 can make
them both terminate, and we therefore discard that contribution and work with the contribution that has
only one hypergeometric function.

> C2 = 0;
Cl = C
psi := psi[a];
C2:=0
Cl=C
Y= (30.12)

2+ +1

4g
E C( S J hypergeom[

1 2
——[JSP+1 heB
4theg(g+ “Pe

2g+\/g2+1

2g

2
Y
£

To proceed with applying a condition of discrete energies we separate the first solution into its parts.
> op(psi);

1
+2ch (g—?)Be—ZEgz)l,

2+ 2+ 1

11 2 i
c, —, ( Y ) , (30.13)
Jy i 2g
4g
e
2 1 2
1 B +2 —— |B —2F
g +1heB,+ ch(g 2) , g 20+ /—g2+1 y2
hypergeom , ,
4hcB g 2g 2g
e

Although the order of operands shown is unpredictable, one might isolate the first argument of the
hypergeometric operator in y_, by either applying op with appropriate numbers that would depend on

the order of operands above, or specifying operands within a particular special function withi ndet s,
which we perform below. Because confluent hypergeometric polynomials are well behaved -- such that



)/2

these functions do not diverge as e 28 for large values of y -- only for values of their first argument
being equal to zero or a negative integer, we extract that first argument, set it equal to an integer -v, and
solve for discrete energies characterised by that quantum number.

> opl := op(op(1l, indets(psi, 'specfunc(anything, hypergeom')[1]))

[ 2 1 2
g +1 hCBe+2Ch( —EJB6—2Eg

)

opl = iheBg (30.14)
> E[v] := collect(expand(solve(opl = -v, E)), [g,h,c,B[e]]);
# For Laguerre functions, opl = v, not -v.
2
Jg +1 1
Qv+ 1)Beh |~ 3 —EJBeCh
E = + (30.15)
v 2
g g
We simplify the second term by forming a Taylor series and truncating at the second power of g.
> E[v] := subs(sqrt(g”2+1l) = taylor(sqrt(g”2+1), g, 3), E[Vv]);
1
(1+3g2+0(g4)j |
(2v+1)B,ch > 5 | Beh
E = + (30.16)
v 2
g g
> E[v] := convert(E[v], polynom;
(2v+1)B,ch hcB,
E = e + 1 (30.17)
2
The first neglected term through truncation of the Taylor series at g3 is - lg_6 , which is much smaller
2B,
than unity. We replace g with ——,
®
> E[v] := subs(g=2*B[e]/onegale], E[V]);
(2v+1)cho, heB,
E = 5 + 2 (30.18)
> psi = sinplify(subs(E=E[v], omega[e]=2*B[e]/g, psi));
2g+J 2+ 1
| 28tVg+1 o, 4g 1
—1|C2 48 (y_) hypergeom( —(—g2—8vg
' g g



2e+ g +1

) L2
Y Je4g

+2/Efff—2”,

2g '2g
> psi = subs((-g"2-8*v*g+2*(gh2+1)"(1/2)-2)/(8*Qg) = -v, psi);
Y= (30.20)
2g+ 4/ gz + 1
) 2g+4 2+ 1 ) 4g 2ot m

—1|C2 g [ L ) hypergeom( [-v], g £ )

N3 g 2¢

2 - 7

2 4g

2g]e

(De Be

The total residual energy, for v =0, hence becomes ~% ¢ B + 7 - The total energy relative to

zero at the minimum of potential energy V' (R) is thus approximately

E, 1 B,
=(v+—)0) + —
2 e

hc 4
We incorporate the value of £ in the argument of the confluent hypergeometric function and its

corresponding normalising factor, which for a confluent hypergeometric function expressed as

hypergeom( -v, k, y) is approximately
2g+ g2+1 +2vg

r
2 ¢ 28
2
2 J&+1 1
r £ r( ‘i'k row+1)r(§——)
2g+\/g2+1 £ £

J+1

2g
and we include a factor (-1)" to impose a particular convention on phase.
> CC .= sinmplify(sqrt(g*GAMVA(1+1/2/g*(gnh2+1)"(1/2)+v)/ ( GAMVA( 1/
(1/2*(2*g+(gh2+1)~(1/2))/Q9))
*GAMVA( 1/ 2* (2*g+(g”2+1)"(1/2))/ 9-1) *GAMVA( 1/ (2*q) ) *v! /] 4)

), synbolic);
2\/—/ (2v+2) g+\/g+lj

2
/r g/im

ask=1+ is generally not quite an integer, we employ a I" function instead of a factorial,

CC =

(30.21)

2¢g /F( g+1
2g+Jg+1




> psi :=sinmplify((-1)*v*CCrpsi, radical);

v = (30.22)
29+ +1
L2+l 4g
2v+2) g—l—\/g + 1 4g y
(-)'JVg C2 Y
2g g
] 2 ) W2
2 1
hypergeom[[—v], g+2gg + , Zyg j e 18

2g

[T =) ) m s

We notice that this amplitude function appears entirely real, i.e., containing no imaginary parts; hence
y =, which condition we assume in further integrations. Because symbolic normalisation of this

function is impracticable with Maple, we undertake numerical integration with g = for several

100

values of quantum number v to evaluate the integration constant by imposing normalisation such that

o]

J wa(v)2 dy =1 for each value of quantum number v.

>for j fromO to 4 do
Cl :=sqgrt(1l/evalf(Int(eval (psi/C, [g=1/100., v=j])"2, y=0.20.
.10, method=_CGquad))):
end do;
CI = 0.9994964551585279

C1 :=0.9994964551585279
Cl = 0.9994964551585274
C1 :=0.9994964551585279
Cl = 0.9994964551585274 (30.23)

An additional and numerical normalising factor hence is independent of v but slightly dependent on the
value of g. As samples of these normalised amplitude functions for a few vibrational states we calculate
accurately these formulae.

> 'psi[0]' = eval f(eval (psi, [g=1/100, v=0, C=C1]));
11 [ 2)25.50124996875155 55 2
1.708863006551672 x 10" (y7) e
W, = (30.24)
Jy
> '"psi[1l]' = evalf(eval (psi, [g=1/100, v=1, C=Cl]));
1 12/ 2125.50124996875155
v, =- 7 (1.220402195518491 x 10'2 (17) hypergeom( [ —1.], (30.25)
Y



[51.002499937503107, 50. %) ¢ 2)

> "psi[2]' = expand(eval f(eval (psi, [g=1/100, v=2, C=Cl])));

v, = L (6223004191694146 x 10'2 (?)

y

25.50124996875155
hypergeom( [ —2.], (30.26)

[51.002499937503101, 50. %) & 2"

> 'psi[3]' = expand(eval f(eval (psi, [g=1/100, v=3, C=Cl1])));

v, = - L (2.615698258613656 x 101 (1?)

Y

25.50124996875155
hypergeom( [ —3.], (30.27)

[51.002499937503107, 50. %) ¢ 2)

> 'psi[4]' = expand(eval f(eval (psi, [g=1/100, v=4, C=C1])));

v, = ——(9.610911543553486 x 10" (,?)

y

25.50124996875155
hypergeom( [ —4.], (30.28)

[51.002499937503107, 50. 12) ¢ 2)

Including a vertical brown dotted line placed at the equilibrium distance, we plot these first five
amplitude functions, offset vertically for clarity; expand laterally this figure to improve the view.

>lin :

plottools[line]([1,-0.4], [1,25], colour=brown, |inestyle=

2, thickness=2):

plo :

pl ot ([ eval (psi, [g=1/100, v=0, C=C1]), O,
eval (psi, [g=1/100, v=1, C=Cl1])+5, 5,
eval (psi, [g=1/100, v=2, C=C1])+10, 10,
eval (psi, [g=1/100, v=3, C=C1]) +15, 15,
eval (psi, [g=1/100, v=4, C=Cl1])+20, 20],
y=0.5..1.6, -0.2..18.3, linestyle=[1,2,1,2,1,2,1, 2],
t hi ckness=[2,0,2,0,2,0,2,0, 2,0], axes=boxed,
col our=[red, red, bl ue, bl ue, gol d, gol d, gr een, green,
magent a, magenta], thickness=[3%$5], |abels=["y", "psi"]):

plots[display](lin, plo, titlefont=[TIMES, BOLD, 14],

title="anplitude functions for Davidson oscillator");
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Including again a vertical brown dotted line placed at the equilibrium distance, we plot the squares of
these first five amplitude functions, offset vertically for clarity; expand laterally this figure to improve
the view.
> pls := plot([eval (psi”2, [g=1/100, v=0, C=C1]), O,
eval (psi 2, [g=1/100, v=1, C=Cl])+6, 6,
eval (psi”~2, [g=1/100, v=2, C=C1])+11, 11,
eval (psi "2, [g=1/100, v=3, C=Cl])+16, 16,
eval (psi*2, [g=1/100, v=4, C=Cl1])+20, 20],
y=0.5..1.6, -0.2..24, linestyle=[1,2,1,2,1,2,1, 2],
t hi ckness=[2,0,2,0,2,0,2,0,2,0], axes=boxed, thickness=
[ 3%5],
col our=[red, red, bl ue, bl ue, gol d, gol d, gr een, green,
magent a, magenta], | abel s=["y", "psi~2"]):
plots[display](lin, pls, titlefont=[TlMES, BOLD, 14],
title="squares of anplitude functions for Davidson
oscillator");



squares of amplitude functions for Davidson oscillator
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These curves in both preceding sets are evidently not symmetric about that vertical line at y =1, but are
shifted progressively to larger y with increasing values of v.
We test the normalisation and orthogonality.

> "<0|0>" := evalf(Int(eval (psi, [g=1/100, v=0, C=C1])*
eval (psi, [g=1/100, v=0, C=C1]), y=0.0..infinity));

<1 1> := evalf(Int(eval (psi, [g=1/100, v=1, C=Cl])*
eval (psi, [g=1/100, v=1, C=C1]), y=0.0..infinity));

"<1] 0> := evalf(Int(eval (psi, [g=1/100, v=1, C=C1])*
eval (psi, [g=1/100, v=0, C=C1]), y=0.0..infinity));

"<2| 0> := evalf(Int(eval (psi, [g=1/100, v=2, C=C1])*
eval (psi, [g=1/100, v=0, C=C1]), y=0.0..infinity));

"<3/0>" := evalf(Int(eval (psi, [g=1/100, v=3, C=Cl])*
eval (psi, [g=1/100, v=0, C=C1]), y=0.0..infinity));

"<4] 0> := evalf(Int(eval (psi, [g=1/100, v=4, C=C1])*

eval (psi, [g=1/100, v=0, C=C1]), y=0.0..infinity));

<0|0> = 1.000000000000099
<I|1> = 1.000000000000099

<1]0> = —1.634614314138634 x 10~ 1*
<2|0> = —5.876669487925431 x 10~ 1Y
<310> = —1.120504782962775 x 10~ 17
<4]0> = —5.839x 10~ (30.29)

Within a possible small numerical error, these values are clearly unity and zero, respectively. As the
amplitude functions are fully normalised, we test the values of energy according to the relation



[e¢]

J V) Hp) v, (v) dv=E, .
0

>for j fromO to 4 do

Hpsi := eval (- diff(sinplify(eval (psi, vIj)), y$2)
+ V*psi, [g=1/100, v=j, C=Cl]);
Ev[j] := h*c*B[e]*int(eval (psi, [g=1/100., v=j,
C=C1])*Hpsi, y=0.0..infinity);
end do:
for vfromO to 4 do
E[v] := Ev[V];
end do;
v i="Vv':
E, = 100.2499937503167 h ¢ B,
E| = 300.2499937503264 h ¢ B,
E, = 500.2499937503367 h ¢ B,
E, = 700.2499937503461 h ¢ B,
E, = 900.2499937503581 h ¢ B, (30.30)

These values confirm numerically that the energies of adjacent quantum states clearly differ by a
constant interval, 200 B, for the given conditions, from an initial state of least energy with term value

hcB

e

100.25 B,. The difference from integer values of energies arises from constant term derived

above in the residual energy. With a numerical value B = 10 cm ! we plot here the curve for the

function for potential energy and the values of the vibrational terms, which are the vibrational energies
divided by Ac.

> p5 := plot(eval (V*B[e], [g=1/100,B[e]=10]), y=0.5..1.5, 0..10000,
col our =bl ue, thickness=3):
p6 := plot([seqg(eval (E[v]/(h*c), B[e]=10), v=0..4)], y=0.74..1. 35,

colour=red, titlefont=[TIMES, BOLD, 14], thickness=2,
title="Davidson's function and vi brational terns"):
pl ot s[ di spl ay] ([ p5, p6], |abels=["y","E/ hc /m-1"],
| abel di rections=[ horizontal,vertical]);
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The intensity of a spectral transition between pure vibrational states v and v' according to an electric
dipolar moment is proportional to the square of matrix element

o]

V> = J v, )y (y)dv;
0

we calculate these matrix elements for transitions from state v=0 to states with 1 <1' <4 for g = 100

In some releases of Maple, these integrals might prove refractory.
> "<1|y|0> " := evalf[10](Int((eval (psi, [g=1/100, v=1, C=Cl]))*y
*(eval (psi, [g=1/100, v=0, C=C1])), y=0.1..infinity,
met hod=_Cquad) ) ;
<lI|y|0> = 0.07053759107 (30.31)

> "<2|y|0> " :=evalf[10](Int((eval (psi, [g=1/100, v=2, C=Cl]))*y
*(eval (psi, [g=1/100, v=0, C=C1])), y=0.1..infinity,
met hod=_Cquad) ) ;
<2|y|0> = —0.003458306806 (30.32)

> "<3|y|0> " :=-evalf[10](Int((eval (psi, [g=1/100, v=3, C=Cl1]))*y
*(eval (psi, [g=1/100, v=0, C=C1])), y=0.1..infinity,
nmet hod=_CGquad) ) ;
<3|y|0> = 0.0004113826519 (30.33)

> "<4|y|0> " :=-evalf[10](Int((eval (psi, [g=1/100, v=4, C=Cl1]))*y
*(eval (psi, [g=1/100, v=0, C=C1])), y=0.1..infinity,
nmet hod=_CGquad) ) ;
<4|y|0> = —0.00006997599195 (30.34)

These magnitudes decrease monotonically with increasing difference Av. For comparison, the



corresponding values for "1l are
<Ily|0> =0.066, <2|y|0> = -0.0070, <3[y|0> = 0.00047, <4|y|0> =-0.000028.
We form a sum of the squares of these quantities weighted by the relative wavenumbers of the
corresponding transitions.
> "<1|y|0> "2 + 2 <2|y|0> "2 + 3* <3|y|0> "2 + 4* <4|y| 0> " N2;
0.004999998819504046 (30.35)

For comparison, we form the same quantity for the canonical quadratic harmonic oscillator as calculated
in section 1.31,

> (sqrt(2.)/20)"2;
0.005000000000000000 (30.36)

which yields practically the same value and f=1. We evaluate a few other matrix elements <v'|y|y>.
> "<2|y|1> " :=evalf[10](Int((eval (psi, [g=1/100, v=2, C=Cl]))*y
*(eval (psi, [g=1/100, v=1, C=Cl])), y=0..infinity,
met hod=_Cquad) ) ;
<2|y|1> = 0.09951779528 (30.37)

> "<3|y|1> " :=-evalf[10](Int((eval (psi, [g=1/100, v=3, C=Cl1]))*y
*(eval (psi, [g=1/100, v=1, C=C1])), y=0..infinity,
nmet hod=_CGquad) ) ;
<3|y[I> = —0.005904665386 (30.38)

> "<4|y|1> " := evalf[10](Int((eval (psi, [g=1/100, v=4, C=Cl]))*y
*(eval (psi, [g=1/100, v=1, C=Cl])), y=0..infinity,
met hod=_Cquad) ) ;
<4ly|1> = 0.0008025247470 (30.39)

> "<3|y|2> " :=evalf[10](Int((eval (psi, [g=1/100, v=3, C=Cl]))*y
*(eval (psi, [g=1/100, v=2, C=C1])), y=0..infinity,
met hod=_Cquad) ) ;
<3y|2> = 0.1216027680 (30.40)

These values for Av=1 and Av =2 increase with v.

“ ) v )

3 dy that are equal to rotational

We evaluate expectation values < v | y 2 | v> = [

0
parameters Bv for states with 0 < v <4;

>for j fromO to 4 do
"<1l/yn"2>"[j] = B[e]*evalf(Int((eval (psi, [vT,
g=1/100., C=C1]))*1/y~2*(eval (psi,
[v=],0=1/100.,C=C1])), y=0..infinity, method=_Cguad));
end do;
<1/y"2> =0.9999500037496865 B,

<IHN"2> = 0.9999500037496867 B,



<]/y/\2>2 =0.9999500037496891 B,
<]/yA2>3 =0.9999500037496873 B,

<]/y/\2>4 =0.9999500037496878 B, (30.41)

these values are constant and essentially equal to B, because all corrections dependent on quantum

number v are zero, indicating that this Davidson harmonic oscillator is also effectively a rigid rotor. The
vibration-rotational energies are therefore expressible as

E 1 1°
”’sze(wr—) +Be(J+—)

hce 2 2

- . 1
with @ =2000 cm "and B,= 10cm 1, with g = 100 for example.

We test expectation values of R/R to the first four powers for several vibrational states.
>for j fromO to 4 do
"<y>"[j] = evalf(Int((eval (psi, [vT,
g=1/100., C=C1]))*y*(eval (psi,
[v=],g=1/100.,C=C1])), y=0..infinity, nethod=_Gquad));
end do;
<y>,= 1.007503008800571

<y>,= 1.022318503286653
<y>,= 1.036955935486020
<y>,= 1.051421184536485

<y>,= 1.065719823384950 (30.42)

>for j fromO to 4 do
T<yn2>"[j] = evalf(Int((eval (psi, [vT,
g=1/100., C=C1]))*y~2*(eval (psi,
[v=),0=1/100.,C=C1])), y=0..infinity, method=_Cquad));
end do;
<yA2>O =1.020049998750060

<yA2>1 =1.060049998750061
<y"2 >, = 1.100049998750063
<y’\2>3 =1.140049998750061

<y"2 >, 1.180049998750062 (30.43)

>for j fromO to 4 do
"<yn3>"[j] = evalf(Int((eval (psi, [vT,
g=1/100., C=C1]))*y~3*(eval (psi,



[v=],0=1/100.,C=C1])), y=0..infinity, method=_CGguad));
end do;
<J%3:>0=]4037778472955712

<y’\3>1 =1.114081973340059
<yA3>2= 1.191669365131871
<yA3>3 =1.270522480913438

<)y"3 >, 1.350623847129370 (30.44)

> for j fromO to 4 do
T<yM>T[j] = evalf(Int((eval (psi, [vT],
g=1/100., C=C1]))*y”*4*(eval (psi,
[v=),0=1/100.,C=C1])), y=0..infinity, method=_Cquad));
end do;
<y > =1.060902999925001

<yA4>1 =1.185708999775009
<yA4>2 =1.315314999625019
<y’\4>3 =1.449720999475024

<y"4 >, 1.588926999325032 (30.45)

This Davidson function for potential energy has the propery that expectation values of R/R , to

positive powers increase nearly linearly with vibrational quantum number v. For matrix elements of R ,
>for j fromO to 7 do
<L)+, | R yr2 T ), > = evalf(Int((eval (psi, [ve] +l,
g=1/100., C=C1]))*y~"2*(eval (psi,
[v=],0=1/100.,C=C1])), y=0..infinity, method=_Cguad));

end do;
<, 1, Qy’\Z, 0, >"=0.1428320691406562
<,2, Qy’\Z, I, ' >"=0.2039656832655986
<,3, Qy’\Z, 2, ' >"=0.2521963519264379
<4, Qy’\Z, 3, >"=0.2939455730233148
<,5, Qy’\Z, 4, ' >"=0.3316700165450686
<,6, Qy’\Z, 5, >"=0.3666142384714581
LT Qy’\Z, 6, >"=0.3995084477517450
<8, 12902, 7, "> =0.4308224690055173 (30.46)



there is a tendency to converge with increasing vibrational quantum number v.

1.33 significance of comparison

> # no restart here!

What do these further results signify? For the cases of a canonical linear harmonic oscillator with
this function for potential energy relative to a minimum at R=R ,

R—R, 2
V (R) Be( R ]

C — e
he o
and of an oscillator according to Davidson's function for potential energy likewise relative to a minimum

atR=R ,
e
2
s (R _ %
V_(R) | R R

D =
hc 2
we compare in the following plot the curves for potential energy and lines for discrete values of energy

: . . . . 1
with common values of parameters, taking R =1, B = 10 in appropriate units and g = 100 ° and

recalling results for energies from section 1.32. Expand laterally this plot to improve viewing.
> VRy := eval (eval (B[e]*(y - 1/y)"2/(4*g"2), y=R' R e]),
[Rle] =1, B[e]=10, g=1/100]):
pl ot (VRy, R=3/5..3/2, 0..10000, col our=blue):
pl ot ([ seq(eval (k*2000+1000. 25), k=0..4)], R=0.7..1.3,
colour=red, linestyle=[2,2,2,2,2], thickness=[2,2,2,2,2]):
VRx := eval (eval (B[e]*x"2/g"2, [x=(R-Re])/Re], g=1/100]),
[Rle]=1, B[e]=10]):
plot (VRx, R=1/2..3/2, 0..10000, colour=red):
pl ot ([ seq(eval ((1+2*v)*B[e]/g, [B[e]=10, g=1/100]),
v=0..4)], R=0.73..1.35, colour=black,
linestyle=[2,2,2,2,2], thickness=[2,2,2,2,2]):
pl ot s[ di spl ay] ([ p5, p6, p7, p8], | abel s=["R","E"], titlefont=[TIMES,
BCOLD, 14],
title="canonical (red) and Davidson's (blue) functions");

p5 :
po6 :

p7 :
p8 :



canonical (red) and Davidson's (blue) functions
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This plot demonstrates that, although the two curves representing these two functions for potential
energy are clearly distinct, the corresponding energies appear to overlap exactly. To assess the nature of
this overlap, we expand the ordinate scale in the vicinity of energies for v=0.

> p5 := plot(VRy, R=3/5..3/2, 0..10000, col our=blue,
| egend="Davi dson's function"):
p6 := plot(1000.25, R=0.7..1.3, colour=Dblue,
linestyle=[2,2,2,2,2], thickness=[2,2,2,2,2],
| egend="energy of Davidson's function"):
p7 := plot(VRx, R=1/2..3/2, 0..10000, col our=red,
| egend="canoni cal |inear harnonic oscillator"):
p8 := plot (1000, R=0.73..1.35, colour=red,

linestyle=[2,2,2,2,2], thickness=[2,2,2,2,2],
| egend="energy of canonical oscillator"):
pl ot s[ di spl ay] ([ p5, p6, p7, p8], view=[0.88..1.12, 999..1001],
| abel s=["R"',"E/hc"], titlefont=[TIMES, BOLD, 14],
title="canonical (red) and Davidson's (blue) functions");
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These plots confirm that the discrete energies of the corresponding quantum states according to the two

hce Be
in residual

functions for potential energy differ slightly, corresponding to a difference ~

energies, but that the differences of energy between adjacent states remain constant and equal.
There exists an uncountable number of confining classical functions of potential energy with a single

B

minimum for which the classical angular velocity ;= —26 is independent of energy; there are likewise

¥

potential-energy functions of uncountable number for which, between adjacent quantum-mechanical
eigenvalues, the differences of energy are equal [M. M. Nieto, Physical Review D24, 1030 -- 1032,
1981].

Among measurable quantities in spectral transitions are the differences of discrete energies between
quantum states and the intensities of those transitions. These plots for particular harmonic functions of
potential energy demonstrate clearly that a distinction between these particular functions for potential
energy of harmonic oscillators is impossible purely on the basis of such differences of vibrational
energy, but, because of a slight difference between numerical values of matrix elements for transitions,
such as

[e<]

<Uio> = [ vy () 5y (x) o

for the canonical linear harmonic oscillator, equal to 0.07071067811865475 according to the calculation
above, or

[e]

<Uio> = [ w00 vl dy
0

for the linear harmonic oscillator with Davidson's function for potential energy according to numerical
value 0.07053759109296482 for the particular case calculated above, one might formally distinguish
these functions according to intensities of a transition according to an electric dipole <v + 1| x [v>or <
v+ 1|y | v>insections 1.31 and 1.32, respectively. A striking distinction between these functions for
potential energy is that, for the canonical harmonic oscillator, the only transition possible according to an



electric dipolar moment from state v=0 is to v =1, whereas, for the harmonic oscillator according to
Davidson's function, transitions from state v =0 to states with v > 0 are possible but with rapidly
decreasing intensities., comparable with experiment on diatomic molecules.

The two functions V' (R, J) for effective potential energy pertinent to vibration-rotational transitions
for the canonical linear harmonic oscillator,

R—R \?
V(R,J) R RJ(J+1)
c o e e
“ e B 2 + 2
hc e g R
and for the Davidson oscillator,
2
R R,
- T 5 2
V(R J) R, R R J(J+1)
— . B 2 + 2
hc e g R

have a common further term depending on rotational quantum number J. The conclusion about
indistinguishable functions of potential energy on the basis of differences of vibrational energies is
inapplicable when vibration-rotational energies might be deduced. Hence, by analogy, the inversion of
vibrational-rotational spectral data of only frequency type to both a unique function of potential energy
and, equivalently, a unique structure corresponding to the equilibrium internuclear distance R  at the

minimum of the curves of potential energy is practicable in these two cases, and can be confirmed on the
basis of an analysis of intensities of vibration-rotational transitions.

These two harmonic oscillators that have distinct functions of potential energy have hence exactly the
same energies, although the intensities of transitions between states differ. Another example of systems
of the same energies involves an infinite potential energy for a particle confined to a line segment,

discussed in section 1.42, and a particle under the influence of potential energy V' (x) =2 csc(x)2; the
latter has one fewer bound state.

1.4 other oscillators, rotors and angular momenta
1.41 free particle in one dimension

> restart:
For a free particle constrained to move along axis x, the potential energy ¥, is constant, i.e.

independent of x. To evaluate wave function y(x, ¢), we apply to this system Schroedinger's equation
dependent on time (cf. C. S. Johnson and L. G. Pedersen, Problems and Solutions in Quantum Chemistry

and Physics, Addison-Wesley, 1974),
0
h| — t
ih (5w |
27 '
According to section 1.23, with hamiltonian operator H independent of time, we convert a partial

differential equation in variables x and ¢ into two ordinary differential equations on assuming a
separation of the variables.

Hwy(x,t) =

W 1) =X (x) T(1)
On making the latter substitution and dividing Schroedinger's equation by y(x), we obtain

HX(x) ih (% T(t)) .

X(x) 2 T(1)



As the two sides of this identity depend on separate independent variables, for arbitrary values of x and ¢
these two sides must both be equal to the same constant, which has the dimensions of energy, E. The
resulting equations are hence

HX(x)=EX(x)

ih(% T(t)j

2w
We solve first the latter equation, assuming an initial condition designed to avoid a constant of
integration.

> Teq := I *h/ (2*Pi)*di ff(T(t),t) = ET(t);

%h(% T(t))

and

=ET(1)

Teq = =ET(1) (32.1)

> Tsol := dsolve({Teq, T(0)=1}, T(t));
21Ems
h

Tsol :=T(t)=e (32.2)

Hamiltonian H for the spatial equation is
> H(x) = -h"2/(2*nr(2*Pi)"2)*Diff (" " ,x$2) + V[O];

s
(6)x2 )
H(x)=-——5%

5 +V (32.3)
Emm

0

which we insert into Schroedinger's equation for the spatial coordinate,

> Xeq := -h*2/ (2*nt(2*Pi ) ~2) *di ff(X(Xx),x$2) + V[O]*X(x) = E*X(x);
2
hz[d—z X(x)]
dx
Xeq == - 5 + V,X(x) =EX(x) (324)

Emm
solve it,
> Xsol := dsolve(Xeq, X(x));

2J2n [E-V, fmx
h

242 [E—V
—I—_C2cos[ 2m h Omx] 32.5)

Xsol :==X(x)=_CI sin[

and convert to exponential form.
> Xsol := sinplify(convert(Xsol, exp));

22 r [E-V 22 r [E-V
Xsol==X(x)=_C]sin[ y2m p o 7 x +_C2cos[ y2m p Omx] (32.6)

As an ordinary differential equation of second order has two independent solutions, we combine the four
terms having only two distinct coefficients C/ and _C2 as constants of integration into the following
form as a general solution of the spatial equation.




> Xsol := X(x) = subs(_Cl*I+_C2=2*a, _Cl*l-_C2=-2*Db, rhs(Xsol));

242 | E—T 242 | E—T
y2m ; Omx +_C2cos[ 2m P Omx] 32.7)

Xsol .= X(x)=_ClI sin[

The total solution y(x, ¢) is hence
> psi = rhs(Xsol)*rhs(Tsol);

2J2n [E=V ymx
Y= [_C] sin[ ) 0

€

22 [E—V Jmx “2lEm
+ 2 cos[ p 0 )] o (32.8)

> psi = sinplify(expand(psi));

2n [E-V 2n |[E-TV
2 CI sin[ \/—TC ) 0 Mx ] cos[ \/—117 p 0 \/736 ) 32.9)

2 “21Emt
[ﬁn /7E—V0Wx] . che :
h J— J—

Normalization is inapplicable for this wave function of a free particle because the wave function has
constant amplitude through all space, but a possibility is to normalise over a large length L, taken to be

/1
much greater than the size of the particle; then a = b = 57

W::

+ 2 cos

A sum of classical traveling waves is expressible as
ZTEi(%—vtj 2ni(—%—vl]
+be
This expression becomes identical to the expression for y(x,?) if
2m \/2m(E— VO)

ac

A LA
2n
and
% =2nv
2
The quantity of which the square root appears in the former equation is p _, component x of momentum
p, yielding
1 Py
Ak

which is the relation of de Broglie for the wave length A of a wave accompanying a particle having

. h T
momentum p, as in A= —, and the latter relation is Einstein's formula for the energy of a photon of
P

frequency v,
E=hv .
The second term in Y (x, #), having coefficient a, represents a wave traveling in the direction of +x, and



the other term, having coefficient b, represents a wave traveling in the direction of -x; for the sum of

. . . x ) X
classical traveling waves, setting the exponent equal to zero, as — — v¢ = 0, and solving for ST VA

yields the velocity of the crest of the wave. Each energy of the particle is doubly degenerate, with
amplitude functions corresponding to the particle moving toward +x or -x, but there is no quantization
for this system as the energy can assume any value, 0 < F < o,

Choosing an initial condition such that
212 = /—V0+EMx
) h

Y(x,0)=ae

requires that b = 0.
> P1 := subs(b=0, psi);

Pl = [2_(?1 sin[ ﬁn@ﬁx J COS[ ﬁ”@ﬁx J

(32.10)
2
J2n [E=V Jmx 2lEm
+2005[ ; 0 C2— (C2]e h
0
ih —)
We operate on P with the operator for p , namely - 2— ,
T
> -1 *h/(2*Pi)*diff(P1,x);
2
J2n [E=V, Jmx
. 2_C1ﬁn/E—Voﬁcos( p
—|-=nh (32.11)
rl 2 h
2
J2rn [E=V Jmx
2_C]sin[ p 0 J2n [E=V,m
B h
| J2n [E=V, fmx N
_5[4005[ - 2T /7E—V0Msm(;<\/7n
-21Emt
[E=7, mx))]]e L ]
which yields a product of P with \/ 2m(E=V,).
> 9% P1;
2
J2rn [E=V, Jmx
2 Cl2n /E—Voﬁcos[ p
- . (32.12)



2 Cl Sm[ ﬁ“/ﬁmx ]2ﬁn/ﬁm

h

oo T e e

(/7

bl»—‘

=%
oo TR (R

+ 2 cos

P1 is hence an eigenfunction of p_with eigenvalue \/ 2m (E — VO) , which is characteristic of the
momentum of a free particle moving in direction +x. If we choose a =0 in ¥ (x, ¢), we find that the
eigenvalue would correspond to the momentum of a particle moving in direction -x.

If we choose an initial condition such that, in Xsol above, coefficient CI = 0, the expression for
Y(x, t) becomes

> psi = _C2*cos(2*27(1/ 2)*Pi [ h* (- V[ 0] +E) ~(1/ 2) *mP( 1/ 2) *x) *exp( - 2* | *

E/ h*Pi *t) ;
— 21Emt
yi=_C2 cos( 22 Eh_ o Jimx ) c n (32.13)
The probability of the particle becomes |¥(x, ¢) |2 or ¥ (x, 1) W(x, 1),
> sinplify(conjugate(psi)*psi) assum ng real; ,
Neoa cos[ 22 : Eh_ Vo ] (32.14)

which is independent of time.
Commutator [p , H(x)] of momentum operator p_with hamiltonian operator H (x) is

2 »
X
1/
[2m+0

X
+px(V0—V0) =0

[pX,H]fpr—prsz[ + 7V,

= —-— + —

X p X
2m
Because momentum operator p _commutes with hamiltonian operator H (x) , these operators have

simultaneous eigenfunctions in complete sets, whereas in general these operators fail to commute; for
instance, for eigenfunction



221 [V FE Jmx )| -HEH
COS( hO ]e h

as applied above, this solution of Schroedinger's equation is not an eigenfunction of p , as we show here,

> p[x]*psi = -1*h/ (2*Pi)*di ff(psi,x);

22 n [E—V Jmx | 2ET
p 0 ]e h (32.15)

p,_C2cos

-21Emt

=I_C2\/7\/E—7Voﬁsin[ 2\/TEW\/WX ) T

of which the resulting expression contains sine rather than cosine.

1.42 potential-energy wells treated with Schroedinger's equation and JBKW procedure

1 infinite well

> restart:

A traditional conventional exercise in quantum mechanics is the solution of Schroedinger's
temporally independent equation for a particle of mass m constrained to a segment of a line of length ;
the potential energy is assumed to be zero within that segment and infinite elsewhere, as shown here.

> plot([[[0,0],[0,100]], [[0O,0],[1,0]], [[%,0], [1,100]]], x=-0.1.
1.1,
colour=[red,red,red, red], titlefont=[TIMES, BOLD, 14], | abel s=
["x [/ L", "energy"],
axes=frane, title="potential-energy well of infinite depth",

view=[-0.1..1.1,-1..98]);
potential-energy well of infinite depth
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We write the applicable ordinary-differential equation for that segment,.

> de = -h"2/ (8*Pi"2*m) *di ff (psi(x),x$2) = E*psi(x);
re
n* ['5;5 Hf(x))
de = - 3 =Evy(x) (33.1.1)
8T m

and solve it.
> sol := dsolve(de, psi(x));

sol = y(x) =_CI sin( 2 ﬁnthﬁx J + 2 cos[ 2 ﬁwhfﬁx J (33.1.2)

As the amplitude function must have zero amplitude at x = 0 and outside that segment, the cosine
solution is physically unacceptable; we set the coefficient of the cosine term, which arose as an
integration constant from solution of the differential equation, equal to zero.

> sol := subs(_C2=0, sol);

sol = y(x) = _CI sin[ 2 ﬁnthﬁx J (33.1.3)

As the amplitude function must have zero amplitude at x = L, the coefficient of x as argument of sine
must fulfill this condition,

> E : = sol ve(subs(x=L, rhs(sol))=0, E, allsolutions);
Z1-* i
E = _—2 (33.1.4)
8mL
which enables evauation of £,
> E : = subs(_Z1=n, E)
n* b
E:= 5 (33.1.5)
8mlL

which shows the energy to increase quadratically with quantum number #, and the amplitude function.
> sol := sinplify(sol, synbolic);

sol = y(x) = _CI sin( L Z a ) (33.1.6)

We plot the energy/h2 m L%, so reduced, as a function of quantum number 7.
> pW = plot([seq(j”™2, j=0..4)], x=0..0.2, -0.4..20,
axes=frane, col our=[red, bl ue, cyan, green, nagent aj,
t hi ckness=[ 185, 2], tickmarks=[0,5], |abels=[" ","energy"]):

pW2 : = plots[textplot] ({[0.21,0.003,"0"],[0.21,1+0. 003, "n=1"],

[ 0. 21, 4+0. 003, "n=2"], [0.21,9+0.003,"n=3"], [0.21,16+0. 003,
"n=4"1},

col our =br own) :
pl ot s[ di spl ay] ([ pW, pW2], titlefont=[TIMES, BOLD, 14], view=[-0.02.



.0.22, -0.4..20],
title=" reduced energies of states of particle in

infinite well™);
reduced energies of states of particle in infinite well
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n=2

As the particle is confined to the segment of the line, its total probability, according to Born, of being
found in that region must be unity,
> nc = simplify(int(rhs(sol)”2, x=0..L)) assum ng n::integer;

L CI*

ne = > (33.1.7)

which enables evaluation of the other integration constant.
> jic := solve(nc=l, Cl);
2 2
ic = £, R (33.1.8)
T VT
As an amplitude function is defined only within a modulus of unity, we accept the positive root,
> ic := op(map(abs,{ic})) assum ng L>O0;
2
o e N2 (33.1.9)
JT
to complete the definition of the amplitude function.
> sol := subs(_Cl =ic, sol);

:ﬁsin[nzx)
JT

As y(x) is identically zero everywhere for n = 0, the particle can not exist in such a condition; the state

sol == y(x) (33.1.10)



2

of least energy must correspond to n = 1, for which E = We plot the amplitude functions for

8mlL*
x/Landn=1,2,3,4.
> plot([seq(eval (rhs(sol),L=1), n=1..4)], x=0..1, colour=[red,bl ue,
gr een, magent aj ,
| egend=[ "n=1", "n=2","n=3","n=4"], titlefont=[TlIMES, BOLD, 14],
view=[-0.05..1.05,-1.5..1.5],

title="anplitude functions of particle ininfinite well", axes=
frame, labels=["x / L"," "]);
amplitude functions of particle in infinite well
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We plot also the squares of these amplitude functions.
> plot([seq(eval (rhs(sol),L=1)"2, n=1..4)],x=0..1, colour=[red, bl ue,
green, magental, |egend=["n=1","n=2","n=3","n=4"], titlefont=
[ TI MES, BOLD, 14],
title="squared anplitude functions of particle ininfinite
wel | ",
axes=frane, view=s[-0.05..1.05,-0.05..2.05], labels=["x [ L","

"1);



squared amplitude functions of particle in infinite well

0.5

n=1 n=2 n=3 n=4

These procedures and examples are kindly provided by Dr. J. Boiden Pedersen, Syddansk
Universitet, 2010 August, as modified and extended by J. F. Ogilvie, 2011 January and 2013 February.
These sections require Maple 13 or subsequent release.

2 finite well

dimensionless Schroedinger equation
For numerical calculations, one requires the Schroedinger equation,

n»woo &
—— W(R) + V(R)¥(R)=EW¥(R (1)
8n2de2() (R) Y(R) (R)

to be expressed in a dimensionless form, which is convenient also for analytical purposes. We apply
Schroedinger's temporally independent equation for one spatial dimension in the following
dimensionless form,

Fe
[? W(X)J +v(x) w(x) =ey(x) 2)
in which the dimensionless quantities are defined as
R V(x, L)

x=—-, v(x) = P E:EE‘*‘ with y(x) =L ¥(xL) (3)

L > 0 is a characteristic length of the system, e.g. the length of the potential-energy 'well' if this length

be appropriately defined. E "> 0 is a characteristic energy unit of the system, e.g. the depth or height
of a potential-energy well or other characteristic energy of the system.

inside the well
> restart:

To contrast the energies of the states of a system comprising an infinitely deep well and another
system with a well of finite depth, which has this shape,

> plot([[[0,0],[0,100]], [[O,0],[%,0]], [[1,0], [1,50]], [[1,50],[2,



50117,
x=-0.1..2, colour=[red,red,red,red], titlefont=[TIMES, BOLD,
14],

axes=frane, title="potential-energy well of finite depth");
potential-energy well of finite depth
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we define a well -- really, a line segment, of reduced length 1 unit, to have an infinitely high wall at the
left side and a wall of finite height at the right side; inside the well V' (x) =0. We apply the

2
8nmE

Schroedinger equation in dimensionless form, as derived above, with = 5 »and solve the
h

differential equation for even solutions with boundary conditions f7 =1 and o f1=0 bothatx=0,

0
and odd solutions with boundary conditions f7 =0 and o f1=1 both atx=0.
> deql := - diff(f1(x), x$2) = k*r2*f1(x);
2

deql = —% F1(x) =K f1(x) (33.3.1)
For the even solution the boundary conditions are
> BCeven := f1(0)=1, D(f1)(0)=0;
BCeven == f1(0) =1,D(f1)(0) =0 (33.3.2)
and we solve the differential equation.
> f _even : = unapply(eval (f1(x), dsolve({deql, BCeven})), Xx);
[ even := x cos(k-x) (33.3.3)

For the odd solution the boundary conditions are
> BCodd := f1(0)=0, D(f1)(0)=1;
BCodd = f1(0)=0,D(f71)(0) =1 (33.3.4)

and we solve the differential equation.



> f _odd : = unapply( eval (f1(x), dsolve({deql, BCodd})), Xx);

fodd=xw w (33.3.5)
outside the well
> # no restart here
Outside the well we apply a boundary condition as f2-0 at x—»>o ,
> deq2 = diff(f2(x), x$2) = kappar2*f2(x);
Ke
deg? =~ f2(x) = K 2(x) (33.4.1)
> BC2 :=f2(infinity) = 0;
BC2 :=f2(0)=0 (33.4.2)
> sol 2 : = dsol ve(deq2);
sol2 :=f2(x)=_Cle""+ C2e™™" (33.4.3)
> f2 := expand(eval (f2(x), sol 2)/exp(kappa*x));
c2
f2=_Cl+ —— (33.4.4)
(e*)
so that coefficient C2 of the positive exponential function is set to 0.
> bci = (limt(f2, x=infinity) assum ng(kappa>0)) = O;
bei = CI=0 (33.4.5)
> f2 := sinmplify(subs(bci, f2)*exp(kappa*x));
2= C2¢ ™ (33.4.6)
> f = unappl y(subs(eval (f2,x=0)=C, f2), x);
fi=xmCe "7 (33.4.7)
matching interior and exterior solutions, even solution
> # no restart here
We match the interior and exterior solutions at x =1, so that f (x)=f(x) atx=1.
> matchl := f_even(l) = f(1);
matchl = cos(k) =Ce * (33.5.1)
> match2 := D(f_even)(1) = D(f)(1);
match2 == -ksin(k) =-Cxe " (33.5.2)
> ¢ := solve(matchl, O
o= SOS(K) (33.5.3)




> res_eq := subs(C=c, match2);

res_eq := -ksin(k) = -cos(k) x 33.5.4)
> even_eq := kappa = solve(res_eq, kappa);
even_eq = K= k:%(g;) (33.5.5)
One method of solution involves recognition that k =/ v0 — I* , so that a circle of radius \/ v0
represents v0 in plane k, K, which we plot below.
> trans_even : = subs(kappa=sqrt(v0 - k"2), even_eq);
trans_even = ./ K0 = k:%((kl;) (33.5.6)

matching interior and exterior solutions, odd solution

> # no restart here
We analogously match the interior and exterior solutions at x =1, so that f _ (x) =f(x) atx=1.

> matchl := f _odd(1) = f(1);
matchl = smék) =Ce " (33.6.1)
> match2 := D(f_odd) (1) = D(f)(1);
match2 = cos(k) =-Cxe © (33.6.2)
> ¢ := solve(matchl, O
¢ = S“f(k ) (33.6.3)
e “k
> res_eq := subs(C=c, match2);
res_eq = cos(k) = - % (33.6.4)
> odd_eq : = kappa = solve(res_eq, kappa);
o COS(K) k
odd eq = x sin (%) (33.6.5)

One method of solution involves recognition again that x =,/ v0 — i , so that a circle of radius / v0
represents v0 in plane k, K, which we plot below.

> trans_odd : = subs(kappa = sqrt(v0 - k”*2), odd_eq);
trans_odd = ./ -0 =- %(kk))k (33.6.6)

graphical solutions
> # no restart here



We plot the values of i for the odd and even cases, choosing the height of the wall on the right side of
the well to be 50 units.

> hei ght := 50;
height := 50 (33.7.1)

> k_range : = sqrt(height);
k_range :=5./2 (33.7.2)
Here is the plot for the odd solution. The solutions occur at the intersection of the red and blue or green

curves, not the straight lines.

> pl ot (subs(vO=hei ght, [l hs(trans_odd), rhs(trans_odd), rhs
(trans_even)]),
k=0..k _range, y=0..k _range, colour=[red, blue,green]);

7-\L
\

N

N\

Here we form the plot for the even solution. The solutions occur at the intersection of the red and blue
or green curves, not the straight lines.

> pl := plot([k"2, subs(vO=height, |hs(trans_odd)), k=0..k_range],
col our=red):

> p2 .= plot([k"2, subs(vO=height, rhs(trans_odd)), k=0..k _range],
view=[ 0..k_range”2, 0..k _range], col our=blue):
> p3 := plot([ k"2, subs(vO=height, rhs(trans_even)), k=0..k _range],

view=[0..k_range”2, 0..k_range], col our=green):
> plots[display] (pl,p2, p3);



numerical solutions
> # no restart here
> k_range : = sqrt(height):
> no_states := trunc(sqrt(height*4/Pi"2) + 1);
no_states := 5 (33.8.1)
We calculate the values of & for the infinite well,
> for i fromO to no_states do
Ku[i] := sqrt(eval f((i+1)"2*Pi"2/4));

end do;
Ku, = 1.570796327

o

Ku, = 3.141592654

—

Ku, == 4.712388981
Ku, = 6.283185308
Ku, := 7.853981635

Ku. = 9.424777962 (33.8.2)

and apply these values as limits in seeking numerical solutions.
> for i fromO to no_states -1 do
iIf (i nod 2) = 0 then
K[i] := fsol ve(subs(vO=height, trans_even), k=Ku[i]-1.5..Ku[i]
);

el se



K[i] := fsolve(subs(vO=height, trans_odd), k=Ku[i]-1.5..Ku[i])

end if;
end do;
For a specified height of the finite well, we calculate the energies of the states for both the finite and
infinite wells, and the relative difference.
> printf("The height of the potential well is %\n", height);
for j fromO to no_states - 1 do
printf("E(%l)=%.4f, Ei nf=%.2f, per cent difference = %3.0f\n",
i, K172, Ku[j]172, (Ku[j]”2 - K[j]"2)/Ku[j]"2*100);
end do;
The height of the potential well is 50

E(0)= 1.8909, Einf= 2.47, per cent difference = 23
E(1)= 7.5251, Einf= 9.87, per cent difference = 24
E(2)=16.7672, Einf=22.21, per cent difference = 24
E(3) =29. 2859, Ei nf=39.48, per cent difference = 26
E(4)=44.0346, Ei nf=61.69, per cent difference = 29

This plot compares the calculated energies for states with j=0..4 for the finite well, in cyan colour, and

the infinite well, in green colour; the red line shows the boundary of the finite well, and the blue line for
the infinite well at points at which these two boundaries differ.

>plot([[[0,0],[0,100]], [[0,0],[%1,0]], [[1,0], [1,50]], [[1,0],[1,
100]1],
[[1,50], [3,50]], seq([[O,K[j]"2], [1,K[j]"2]], j=O..4),
seq([[O,Ku[j]”™2], [1,Ku[j]l™2]], j=0..4)], x=-0.1..2,
col our=[red, red,red, bl ue, red, cyan$5, magent a$5], axes=frane,
title="conparison of well energies, cyan for finite, nagenta
for infinite", titlefont=[TIMES, BOLD, 14]);



comparison of well energies, cyan for finite, magenta for infinite
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The plot shows graphically the comparative results for the energies according to the calculations above.
For each value of quantum number 7, the energy of the state pertaining to the finite well, marked with a
cyan line, is less than the energy of the state pertaining to the infinite well.

3 JBKW method
JBKW approximation and procedure

> restart;

The conditions for quantisation of energy of the stationary states in an infinitely deep, rectangular
well of width L are

Wi

kL=nm with k, n in set of integers Z and E=
8T m
The corresponding amplitude functions are standing waves characterized with

\lf”(x): / % sin(kx) = |/ % sin[ nztx)

According to the conventional furmula for linear momentum p,

p=y2mE

we write
h
p=k —
2rn

which agrees with de Broglie's relation,
1
p
and the standard wave relation between wavenumber and wave length,

2
A

The condition for quantisation becomes rewritten as

A=



h . .
pL=nm — withninZ

21w
As the potential energy V" and thus p are constant in the well, an equivalent form is
L
h . .
J pdx=nnt — withninZ
0 27

The idea of the approximation that evolved from independent work of Brillouin, Kramers and
Wentzel, 1926, based on a general method of solving differential equations by Jeffreys in 1923, is
simple: a stationary state must be represented as a standing wave; with this approximation one assumes
that a local wavenumber £ is determined according to the above formulae; thus

p(x)=y2m(E=V)
For a region in which the potential energy is bounded with two infinite barriers, the JBKW
approximation, also known as WKB or BWK or semiclassical or quasiclassical method, for arbitrary

potential energy V' (x) bounded with two infinite walls at x =0 and x =L is this phase integral, as above.
L

Jp(x)dxznn N
0 27

The method is extensible to potential-energy functions with one or zero infinite wall; although the

derivation is long, the results are simple:
L

1 h
J p(x) dx= (n vy ) T 2— for a potential with one infinite barrier
0 T

1 h
= (n — 3) i 2— for a potential with no infinite barrier
T

In all cases the domain of integration is over the classically allowed region bounded by the classical
turning points, at which V' (x) =E.

E
In the succeeding calculations, the energy is applied in a reduced form, —;= , for which
E

WE™
2
81 mL’
For use with procedure BKW below, the potential energy should be passed as an arrow function or
other procedure, but containing no if statement. If the formula for potential energy include parameters
with no fixed value, they should be denoted a and b, and their signs should be defined in parameter list

signs; the first element in signs is the sign of the energy, which must always be specified; i.e. the shortest
list of signs contains one element.

=1 and with a reduced length coordinate, x = T

* no_infinite_walls =2 -- two infinite walls, located at x=0 and x=L

* no_infinite_ walls =1 -- one hard wall at x =0; the other turning point is evaluated by the
procedure.

* no_infinite_walls =0 -- both classical turning points are evaluated by the procedure.
* no_infinite_walls = -1 -- implies that the classical turning points are manually set at x =0 and
x =width.
This procedure operates satisfactorily under Maple 13 or subsequent release, but under Maple 11
solve fails to work in some cases.
> BKW: = proc(pot, signs::list, no_infinite walls::integer, wdth)
| ocal n, energy_sign, sign_a, sign_b, xt, xlI, p, QC qcn;



gl obal a, b;
descri ption "BKW approxi mati on for
stationary states, J.
energy_sign := signs[1];
if energy _sign = +1 then
assune(epsilon::positive);
elif energy_sign = -1 then
assune(epsilon::negative);
end if;
if nops(signs) >= 2 then
if signs[2] = +1 then
assune(a: :positive)
elif signs[2] = -1 then
assune(a: : negative);

end if;

end if;

i f nops(signs) = 3 then
if signs[3] = +1 then

assunme(b:: positive)
elif signs[3] = -1 then
assune(b: : negative);

end if;
end if;
p := unapply(sqrt(epsilon - pot(x)),
if no_infinite_ walls = -1 then

QL = int(p(x), x=0..w dth);

gcn = solve(QC = (n-1/2)*Pi

elif no_infinite_walls = 0 then

ener gi es of one-di nensi ona
Boi den Pedersen, 2010"

X);

epsi l on) assum ng positive;

xt := [solve(epsilon=pot(x), x, droprmultiplicity=true)];
QC = int(p(x), x=xt[2] xt[1]);
gcn = [solve(QC = (n-1/2)*Pi, epsilon)];
gcn = renove(has, qcn, 1)[1];
elif no_infinite walls = 1 then
xt := [solve(epsilon=pot(x), x, dropmultiplicity=true,
useassunptions)] assum ng x>0;
QL :=int(p(x), x=0..xt[1]);
gcn = [solve(QC = (n-1/4)*Pi, epsilon)];
gcn = renove(has, qcn, 1)[1];
elif no_infinite walls = 2 then
xl = width;
QL = int(p(x), x=0..xl);
gcn = solve(QC = n*Pi, epsilon) assum ng positive;



end if;
unappl y(qcn, n);
end proc:
> Descri be(BKW ;

# BKW approxi mati on for energies of one-di mensional stationary states, J.
# Boi den Pedersen, 2010
BKW pot, signs::list, no_infinite walls::integer, width)

Here we apply the BKW method in only one dimension; for its application in multiple dimensions,
see Maslov and Fedoriuk [Semiclassical Approximation in Quantum Mechanics, Mathematical Physics
and Applied Mathematics, 7, Reidel, Dordrecht, Netherlands, 1981].

harmonic oscillator

> # no restart here
number of infinite walls 0, 1

> Vhosc := x -> x"2/4; # assune(epsilon::positive);
2
Vhose == x - ’fT (33.10.1)
> BKW Vhosc, [+1], 0);
1
nen— — (33.10.2)

1 1
That the result is n — > rather than the conventional n + B results from the ground state being

numbered n=1.
for the half potential,

> BKW Vhosc, [ +1], 1);

n—2-n— > (33.10.3)
triangular potential
> # no restart here
number of infinite walls 0, 1
> Vtriangle := x -> a*abs(x);
Vtriangle := x — a-|x| (33.11.1)

> plot(abs(x), x=-2..2, -0.1..2, colour=red, titlefont=[TIMES, BOLD
14],
title="symmetrical triangular potential");



symmetrical triangular potential
2 -

> assune(a > 0);
> E triangle : = BKWVtriangle, [+1,+1],0);

(6-m-a~n—3 -n-a~)2

E triangle := n 4 (33.11.2)
> factor(E_triangle(n));
2(3 2[3
3 ~2n—1
(ra~(2n=1)) (33.11.3)
4
The energy of the ground state is poorly estimated, but the energies of excited states become
increasingly accurate.
We test next the infinite, unsymmetric triangular potential.
> BKW Vtriangl e, [ +1, +1], 1);
23
12 Y~ — 3 AT (I~
p o A2mazn =3 wa) (33.11.4)

4

Nearly the same values appear here as those for even n for the symmetrical triangular potential.

finite rectangular potential

> # no restart here

For number of infinite walls 0, 1, the potential energy is zero inside; only the number of boundaries are
adjustable -- i.e two infinite walls, or one infinite wall or no infinite wall.
For the infinite rectangular potential,

> FW:= BKWO, [+1], 2,2);

FW:i=nw~ I

(33.12.1)



this result is exact and correct.
We consider next the finite rectangular well having two soft walls, i.e. no hard wall.
> fw .= BKWO, [+1], -1,2);
1 2 - 1 2 1 2

fwi=nw~ a T nT — a ‘T -n+ 16 - (33.12.2)

> 'fw = factor(fwn));

2 2
2n—1
fw= M (33.12.3)
16
(-3)
T (n— E
The finite well hence yields 4 , which is the same result as for the infinite well except that
1

n— appears instead of 7, but the result conveys no information about the height or depth of the well,

which is an obvious fault.

These values are inaccurate for depth = 50. The energy of the ground state is poorly estimated, of the
intermediate states is satisfactory, but of the most excited state is again poorly estimated as the tail of the
amplitude function is long for this state.

coulombic potential energy
> # no restart here
number of infinte walls 1

> Ve :=x -> -2/x;
Ve i=xm - % (33.13.1)
> E[c] := BKW\Vc, [-1], 1);
E=ne-— (33.132)
(4-n—1)
> E[c](1);
% (33.13.3)

alternative treatment of JBKW method

> restart:
For the Schroedinger equation in one spatial dimension written as
2
d? 8T m
S vx)+ (E—V(x))y(x)=0
e K

an approximate solution due separately to Brillouin, Kramers and Wentzel emanates from the theory of
ordinary differential equations. This method is known also as a semiclassical version of quantum
mechanics. For a problem in three dimensions, this method requires only a spherically symmetric
potential energy and a radial differential equation.



If V(x) be a constant quantity independent of x, we solve the differential equation as follows,
> deq = diff(psi(x),x$2) + 8Pi*"2*m (h"2)*(E - V)*psi(x) = 0;

5 2
deg = % yx) + S5 (Eh; PV (33.14.1)

> dsol ve(deq, psi(x));
y(x)=_CI sin( 2\/?7“/?}1 [E=Vx ) + 2 cos( 2\/7“\/7}1 E-Vx ) (33.14.2)

> sinplify(eval (convert(% exp), _C2= Cl));

22 nymE— 22 nymE—
w(x)= CI [cos( Jam ”;l VX ) + sin[ Jam ";l VX j] (33.14.3)
1 1 1
. 55?2 2 p_ 2
to obtain a solution of the form e "%, with k = 42l h( V) and in which "+ " in the

exponent implies £1 kx. If V' (x) vary only slowly with x, a trial solution is y(x) = "™ with u(x) not
linear in spatial variable x. Substitution of this trial solution into the original differential equation yields
an equation for the phase, u(x). If we denote
1
2 2
81 m (E— V(x)) J

for E> V(s)

k(x) = [ 2

and

) 3
) = - [ 8 m(iz_ V(x)) ]

we find that u(x) satisfies this equation.

(& d ? 2_

i [@ u(x)] - (a u(x)) + k(x)"=0
This differential equation is equivalent to the original differential equation, but the boundary conditions
are more readily expressible in terms of y(x) than of u(x). Unlike the Schroedinger equation that is
linear, this equation resembles the classical Hamilton-Jacobi equation in being non-linear. As an

approximation that might be viable if potential energy V' (x) varies not too rapidly, we ignore the second
derivative; under this condition, we obtain u,(x) as a crude approximation for u(x) according to this

= -1K(x) for E < V(x)

equation,

which becomes on integration,
X

uy(x) Zij k(x)dx+ C

If V(x) be constant, the latter is an exact solution, whereas, if V' (x) vary with x, we generate a
successive approximation with



d 2 &
(5 u(x) ) =k(x)* + i e u(x)
When we substitute approximation z of the right side of the latter equation, approximation n + 1 arises

from mere quadrature.
2 &
u, o (x) =% k(x)"+1i [ 2 u (x)

We hence obtain, for n =0,
X

u(x) =% /k(x)z-i-i

in which the sign before i in the integral on the right should be +. Those two signs in the preceding four
equations yield approximations to two particular solutions of the original differential equation for u(x)
above, which we denote as u., . and u. ., for a general solution,

der+C, =+ J/k(x)z—l—i(%k(x)) dx + C,

. (+ i(u‘_‘—u#‘)) . ( i(u‘+‘—u‘_‘))
u(x)=wu._.-1ln{l1+4e +B =u._. -iln\4d+e +B
in which appear arbitrary constants 4 and B, appropriate for an ordinary differential equation of second
order. The corresponding solution of the Schroedinger equation is
, o fu (%) o du (%)
\U(X) _ elu(x) =€:lBe + + 4 ezBe - ’

which constitutes two particular approximate solutions of the original differential equation in a simple
superposition. For the approximation procedure for u, 4 (x) to tend toward the correct u(x) depends

on u,(x) being near u (x), which implies that

L ko] << k@)

dx
Both signs in the equation for u  (x) on the right, i.e. the external sign and the internal sign before 1,

must be chosen the same as for u,(x) above, for which u (x) serves as an improvement. If the great
inequality, above, holds, we expand the integrand to obtain
x d
= _— = + JEn—
u, (x) k) ey G = Jk(x) d+ 5 In(k(x)) + C

1
Constant C, of integration is immaterial because it affects only the normalisation of y(x), which, if

required, is implemented after completion of the approximations. The above derivation is known as the
BKW approximation, and yields an approximate BKW amplitude function
Yo = —— e

Jxk(x) dx]
k(x)

In a classically accessible region in which £> V' (x) is real, the two waves implied by the two signs in
the preceding exponent before the integral propagate independently in opposite directions. When this
BKW approximation is valid, potential energy V' (x) varies so slowly with x that no reflected or scattered
wave is generated as these waves propagate.

> restart:

+_

1



In the following, adapted from Quantum Mechanics using Computer Algebra by W.-H. Steeb, World

Scientific, Singapore, 1994, for the eigenvalue equation in one dimension,

d—zzu(x) L 2m(E— Vz(x))u(x) _0,
dx hb
in which, and in the commands below, hb = % , we set
iw
u(x) ZGE

and

w(x)=8(x) + hl—b In(4(x))

Both S(x) and In(4(x)) are even functions of #b. When we insert the latter expressions into the

eigenvalue equation, we obtain a system of equations as presented below.
> alias(u=u(x), S=S(x), A=A(x), V=V(Xx));

u, S, 4,V
> w = S+hb/ (1)*I n(A);
w:=S—ThbIn(A4)
> u = exp(l*w hb);
1(S — kb In(4))
_ hb
u=e

> Rl := factor(expand(diff(u,x$2) + 2*nr(E-V(x))*u));

1 ha

RI =
hb?

A)hb—A (% S)2+ (% A]hsz]

> Rla := subs(l=j, Rl);

s
= 5
Rla = L[e’”’ (ZEAhbzm—ZA V(x) hb2m+) A (% S) b+ 2 (& S) (

hb?

0 \2 0 2
A)hb—A(ax S) +(6x2 A]hbj]
> Rlb : = Rla*hb”2/exp(j*S/ hb);
g

2

9
RIb=2EA m—2AV(x) hb*m+ 4 [— SJ hb+2j(— S) (
e Ox Ox

(L (E
(ax ) (ze J

S
hb 2 2 0
—[e (ZEAhb m—2AV(x)hb m+IA(§S)hb+ZI(

0

x

0

ax

(33.14.9)

(33.14.5)

(33.14.6)

(33.14.7)

(33.14.8)

(33.14.9)

> R2 := subs(j=l,sinmplify(Rlb - subs(j=0,Rlb))/j/hb*"2*exp(j*S/hb));



()l (3 9)

R2 = (33.14.10)

> R3 := R2/exp(1/ hb*S*I);
A(% S]—FZ(%S) (%A)

R3 = o (33.14.11)
> R4 = sinplify(subs(l=0,Rl/exp(1l/hb*S*I))*exp(1l/ hb*S*1));
2
(e [
2 5 + —T—l-hbzm(E—V(x)) Ale
R4 = 5 (33.14.12)
hb
> R5 = expand( R4/ exp(1/ hb*S*1)/A);
2
(&)
Ox ox
RS = — 5 +2Em—2V(x)m (33.14.13)
4 hb

The result with label R3, equation of continuity, can be integrated to yield
1

A(x)ZC(%S(x)) 2

When we substitute this expression for A4 (x) into the result R5 =0, we obtain this equation.

& ?
— S(x)
3 &’ 3
5 iS(x) 1 d—SS(x)]
(%S(x)) =2m (E— V(x)) + hb* dx4 + dg
2(55(@)

This non-linear differential equation of third order in S(x) is equivalent to the initial eigenvalue
equation. According to the BKW approximation, we expand S(x) in a power series in hb*.
S(x) =S, (x) + hb* S, (x) + hb* S, (x) + ...

el.41 exercise

1) By substituting definitions 3 into equation 1, show that the units of energy £ " and length L are not
independent; i.e. only one of these can be freely chosen. Show that the relation between L and £ s

e e

E =-—5—— , foraparticle of mass m subject to Schroedinger's equation.

2
8T mL
i1) Write the dimensionless Schroedinger equation for an infinite rectangular well of width 2 a.



iii)) Write the dimensionless form of the potential energy for a finite rectangular well of width 2 a and
depth ¥, on choosing a as the length unit.

. . . . . . 1 2 . ho
iv) Derive the dimensionless form of the harmonic potential energy V (r) = 5 m ® rz, using 2— as
T

the unit of energy.
v) Derive the dimensionless form of the coulombic potential energy for the hydrogen atom,

62 1 4 T E0 h2 10
Vir)=- — , using as length the Bohr radius, a, = ~ 0.529 10 "~ m, with
c 0 2 2
4me, T e 47 m

mass m of the electron.

1.43 tunneling through a potential barrier
> restart:

We solve the Schroedinger wave equation with scattering boundary conditions for an arbitrary
potential function in one dimension. The boundary conditions (incident and reflected and transmitted
waves) require the solution to have complex values. Our approach is to apply knowledge about a
general solution to an ordinary differential equation of second order, requiring two independent
solutions, and then to match to the physically imposed boundary conditions. This example is adapted
from a worksheet prepared by Professor M. Horbatsch and appears here with his kind permission.

A conventional treatment begins with a simple potential shape (square barrier) for which an exact
solution is obtainable. For a symbolic solution along these lines we refer the reader to M. Horbatsch:
Quantum Mechanics using Maple, chapter 3.2, (Springer 1995). We here rely on numerical techniques
included in Maple, namely to solve initial-value problems for systems of differential equations of first
order. The tunneling problem requires us to solve a boundary-value problem, which is achieved on
generating two independent unphysical solutions based on inital values, and then to match a linear
combination of these to the physical boundary conditions. Maple has capability in dsolve[numeric] to
handle a complex-valued differential equation, which permits a direct solution of the Schroedinger
equation for scattering boundary conditions. To remain compatible with Maple V we stay, however,
with real-valued boundary conditions for the solution of the differential equation, and introduce the
complex-valued nature of the physical solution in the step in which linear combinations of two
fundamental solutions are formed.

We could begin with simple barrier penetration, but we assume that the reader is already familiar
with the basics of tunneling. We hence proceed with the more interesting double barrier. An example of
a double-barrier potential is

> V .= exp(-5*x"2) + exp(-5*(x-2)"2);
_ 2
pime ST 40 (35.1)
> Vp :=plot(V, x=-2..4, title="double barrier",

colour=red, titlefont=[TIMES, BOLD, 14]):
Vp;



double barrier

S

Our interest is to discover transmission resonances. According to the plot, we safely assume that the

interaction vanishes at x = -2 and x = 4 in this example. We work in units in which 2— =m=1,
T

which simplifies relations between momentum and wavenumber as they become identical. The
wavenumber (momentum) is obtained from the non-relativistic energy as

> KE := En -> sqrt(2*En);
kE == En~ |2 En (35.2)

We propagate two independent solutions, and then apply matching conditions. Schroedinger's
amplitude equation is given as

> SE := En -> -1/2*di ff(u(x),x$2) + (V - En)*u(x)=0;

SE = EnH—dx— + (V—En)-u(x)=0 (35.3)

The boundary condition states that

1) from the left is incident a free plane wave of wavenumber & and of known amplitude, and a reflected
free plane wave of unknown amplitude; its magnitude squared eventually becomes the reflection
probability and the choice of side from which the wave enters is arbitrary;

i1) to the right of the potential region is outgoing a free plane wave of wavenumber k& and unknown
magnitude; the squared magnitude of the transmitted wave becomes the transmission probability when
the incident wave is normalised to unity.

According to ii), the transmitted flux has the form T¢' kx; the ratio of the derivative of the physical
solution to the solution itself must hence equal ik. A strategy is thus to generate two independent
solutions, and to form a linear combination that satisfies the requested relation. The initial and final
values of the range of independent variables in the numerical integration of the differential equation are

> X 1 1= -2



x 1= =2
x fi= (35.4)
We choose a value of energy,
> En .= 1/ 2;
En — % (35.5)

If complex-valued boundary conditions are desired, complex-valued solutions can result from use of
“dsolve/numeric/init_y0":=subs();
numeric=complex(numeric), eval('dsolve/numeric/init_y0"));

We choose two intial conditions that provide independent solutions.

> |ICL :=u(x_i)=1, D(u)(x_i)=1;

ICl =u(—2)=1,D(u)(—2)=1 (35.6)
> | C2 = u(x_i)=1, D(u)(x_i)=0;

IC2 :=u(—2)=1,D(u)(—2)=0 (35.7)
> soll := dsolve({SE(En), 1Cl}, u(x), nuneric, output=listprocedure)
> ul := subs(soll1l, u(x)):

> ulp : = subs(soll, diff(u(x),x)):
To demonstrate a result of calculation we evaluate these quantities.

> ul(x_f);

—1.00246529209570 (35.8)
> ulp(x_f);

0.872615349234764 (35.9)
For the second solution,
> sol 2 : = dsol ve({SE(En), | C2}, u(x), nunmeri c, out put =l i st procedure);
sol2 == |x=proc(x) ... end proc, u(x) =proc(x) ... end proc, % u(x) =proc(x) (35.10)

end proc |

> # dsol ve/ nuneric/init_y0 :=subs(nuneric=conpl ex(nuneric), eval
(" dsolve/nunmeric/init_y0));

sol 2 : = dsol ve({SE(En), I C2}, u(x), nuneri c, out put=Ili st procedure):
u2 : = subs(sol 2,u(x)):

u2p : = subs(sol 2,diff(u(x),x)):

u2(x_f);

V V V V

—0.964456503435828 (35.11)
> uz2p(x_f);



1.83707179567510 (35.12)

Having generated the two independent solutions using real boundary conditions, we proceed to assemble
the complex-valued solution that satisfies the physical boundary condition of only a transmitted wave

existing to the right of X A necessary single mixing coefficient is determined on imposing that the ratio

of the derivative over the solution equalsi k.
> k := KE(ENn);

k=1 (35.13)
>c2 :="c2":
c2 := solve((ulp(x_f)+c2*u2p(x_f))/ (ul(x_f)+c2*u2(x_f))=1*k, c2);
c2 = —0.5969537206 — 0.2322878153 1 (35.14)

We form the physical solution, which has arbitrary normalisation at this point, and graph the real and
imaginary parts:

> Pl .= plot(' Re(ul(x)+c2*u2(x))"',x=-12..14, col our=blue):

> P2 .= plot('Imul(x)+c2*u2(x))"',x=-12..14, col our=gol d):

> plots[display](Vp, P1,P2,title="double barrier with transm ssion",

colour=red, titlefont=[TINMES, BOLD, 14]);

double barrier with transmission

|

From this solution we proceed to extract the physical information. To the right of the potential there is a

traveling plane wave, traveling to the right with momentum k; we recognize the periodicity as about 27,
corresponding to k=1; we see that the imaginary part precedes the real part, corresponding to motion to
the right; we can read amplitude 7. On the left we must have the sum of an incident and reflected wave,
which is characterized by unequal amplitudes for real and imaginary parts. In the middle we have a
complicated connecting piece in which dsolve[numeric| and forming the linear combination have done
the work for us. So far the incident wave has arbitrary normalisation; we calculate the normalisation
from the solution in region I (at x =x,). We match at x, a solution that has independent amplitudes for



the incoming and reflected waves, named /" and R respectively:
> eql = Nexp(l*k*x_i)+Rexp(-1*k*x_i) = ul(x_i)+c2*u2(x_i);

eq]:==PJe_ZI4-136212(1403046279400000-—(12322878153000001 (35.15)
>eq2 = I*(k*Nrexp(l*k*x_i)-k*R*exp(-1*k*x_i)) = ulp(x_i)+c2*u2p
(x_i);
eq2 =1(Ne?'—=Re*')=1.— 0.1 (35.16)
> sol := solve({eql, eq2},{N R});

sol == {N=0.4763948527 + 0.4396508104 I, R =0.2651761400 — 0.3429849709 1} 35.17)

> assign(sol);
We observe that N and R are amplitudes, which have complex values. The properly normalised
reflection coefficient becomes
>r := RN
r:= —0.05821622771 — 0.6662333932 | (35.18)

and the transmission coefficient is,

>t = eval f((ul(x_f)+c2xu2(x_f))/exp(l*k*x_f)/N);
t = —0.367065730347691 — 0.646534864197233 1 (35.19)

A test whether this procedure all makes sense is to sum the magnitude squared for reflection and
transmission.
> abs(r)”2 + abs(t)"2;

1.00000064441822 (35.20)

Within numerical accuracy we preserve the norm; we hence interpret as reflection and transmission
probabilities,
> abs(r)”2, abs(t)”"2;

0.4472560634, 0.552744581018218 (35.21)

We convert the calculation into a procedure that, for given energy, calculates the reflection and
transmission coefficients. Our previously developed commands are used step by step as before.
> Tunnel := proc(En)
l ocal 1C1,1C2,so0l1,sol2,ul,ulp,u2,u2p,k,c2,NRr,t,sol,eql, eq2;
gl obal V, kE, x_i,x_f;

ICL :=u(x_i) =1, Du)(x_i) =1,
ICl := u(x_i) =1, Du)(x_i) = 1;
IC2 = u(x_i) =1, D(u)(x_i) =0

sol 1l : = dsol ve({SE(En),ICl}, u(x), nureri c, out put=li st procedure);
ul : = subs(sol1,u(x));

ulp : = subs(sol 1,diff(u(x),x));

ulp : = subs(sol 1,diff(u(x),x));

sol 2 : = dsol ve({SE(En), I C2}, u(x), numeric, out put =l i st procedure);
u2 : = subs(sol 2,u(x));

u2p : = subs(sol 2,diff(u(x),x));



k := KkE(En);
c2 := solve((ulp(x_f)+c2*u2p(x_f))/ (ul(x_f)+c2*u2(x_f))=I*k, c2);
N:="N:
R:="R:
eql := Nexp(l*k*x_i)+Rrexp(-1*k*x_i) = ul(x_i)+c2*u2(x_i);
eq2 = I*(k*Nexp(l*k*x_i)-k*Rrexp(-1*k*x_i)) = ulp(x_i)+c2*u2p
(x_i);
sol sol ve({eql, eq2}, {NR});
assign(sol);
r := RN
t ;= evalf((ul(x_f) + c2*u2(x_f))/exp(l*k*x_f)/N)
#print(" R= ",abs(r)”2," T= ",abs(t)”"2," R+T= ", abs(r)"2+abs(t)
n"2," normequal to 1.0 ?");
[abs(r)”~2, abs(t)"2];
end proc:
We test for the previously calculated energy value.

> Tunnel (1/2);

[0.4472560634, 0.552744581018218 ] (35.22)

We proceed to scan the energy range from zero to above the peak height of the barrier. The results are
accumulated in lists for subsequent plotting.

>Tr :=1]:
Rt :=1]:
for iE from1l to 60 do
En := i E 20;
res := Tunnel (En);
Tr :=Jop(Tr), [En,res[2]]]:
Rf :=[op(Rf),[En,res[1]]]:
end do:
> Pl := plot(Rf, colour=gold):
P2 := plot(Tr, colour=blue):

> plots[display](Vp, P1, P2, labels=["E","{t,r}"], title="double
barrier with transm ssion”,
colour=red, titlefont=[TINMES, BOLD, 14]);



double barrier with transmission

S

We observe the features that for sufficiently great energies only transmission occurs, whereas that
classically this condition would apply for £>1, and that for £=0.66 perfect transmission and no reflection
is observed. This phenomenon is a transition resonance. The resonance structure has a width associated
with it. Most physical phenomena that have their associated lifetime -- unstable elementary particles,
alpha decay, nuclear gamma lines, atomic optical transitions, excitations in semiconductors, etc. -- can
be understood as processes in which the amplitude equation describing the matter (or radiation) field
involves tunneling. Broad resonances are associated with small lifetimes, sharp resonances with large
lifetimes, according to Heisenberg's uncertainty relation for energy and time. The transmission
resonance is broad. We can make the walls of the two barriers thicker, and observe what the effect is on
the transmission probability.

> V .= exp(-8*x"6) + exp(-8*(x-2)"6);
_ e (r— 6
Vim e 8 4 o862 (35.23)
> Vp :=plot(V, x=-2..5, title="double barrier",

col our=bl ue, titlefont=[TIMES, BOLD, 14]):
Vp;



double barrier
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>Tr :=1[]:
Rf :=11:
for iEfrom1l to 120 do
En : =i E 40;
res := Tunnel (En);
Tr :=[op(Tr), [En,res[2]]]:

Rf
end do:
> Pl := plot(Rf, colour=red):
P2 := plot(Tr, col our=gold):
> plots[display](Vp, Pl, P2, |abels=["E","{t,r}"], title="double
barrier with transm ssion",
colour=red, titlefont=[TIMES, BOLD, 14]);

[op(Rf),[En,res[1]]]:



double barrier with transmission
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The transmission resonance sharpens, and occurs just below the classical value for the boundary of
energy. We include an option in procedure Tunnel to graph the solution, to assist to understand how
reflection and transmission occur.
> Tunnel := proc(En,iplot)
| ocal ICL,1C2,sol1,sol2,ul,ulp,u2,u2p,k,c2,NRTr,t,sol,eql, eq2;
gl obal V, kE, x_i,x_f,PL;
ICl := u(x_i) =1, D(u)(x_i) 1
IC2 :=u(x_i) =1, Du)(x_i) = 0;
sol 1 : = dsol ve({SE(En), I Cl}, u(x), nuneric, output=listprocedure);

ul : = subs(sol 1,u(x));
ulp : = subs(sol 1,diff(u(x),x));
sol 2 : = dsol ve({SE(En), I C2},u(x), nuneric, output=listprocedure);

u2 : = subs(sol 2,u(x));

uz2p : = subs(sol 2,diff(u(x),x));

k := KE(ENn);

c2 := solve((ulp(x_f)+c2*u2p(x_f))/ (ul(x_f)+c2*u2(x_f))=1*k, c2)
N:="N:

R:="'"R:

eql = Nrexp(l*k*x_i)+Rrexp(-I1*k*x_i) = ul(x_i)+c2*u2(x_i);

eq2 = I *(k*Nrexp(l*k*x_i)-k*R*exp(-1*k*x_i)) = ulp(x_i)+c2*u2p
(x_i);

sol sol ve({eql, eq2}, {NR});

assi gn(sol);

r = RN



t 1= eval f((ul(x_f)+c2xu2(x_f))/exp(l*k*x_f)/N);
if iplot =2 then print(" R=",abs(r)”2," T= ",abs(t)”"2," R+T=

abs(r)”"2+abs(t)”2," normequal to 1.0 ?")
end if;
if iplot = 1 then
PL := plot([V,' Re((ul(x)+c2*u2(x))/N)"," I m((ul(x)+c2*u2(x))/N)
1,

X=X_1i-10..x_f+10, col our=[ bl ue, red, gol d] ,

title=cat("Energy = ",convert(eval f(En,3),string))):
end if:
[abs(r)"2, abs(t)"2];
end proc:

> Tunnel (0.8,1);
[0.4145493411, 0.585450568482717 ] (35.24)

> plots[display](PL);

W
Il

Can we form an animation as a function of energy? After an interval of computation, the result appears.
> PPL := "PPL":
for iEfrom1l to 120 do

En : = i E 40;
res := Tunnel (En, 1);
PPL[iE] := PL:

end do:

> plots[display](seq(PPL[i],i=1..120),insequence=true);



Energy = .250e-1

The possibilities to explore scattering from various potentials with this worksheet appear to be
unlimited. Transmission resonances appear to play a significant role in newly developed semiconductor
devices, and might provide opportunities for computing hardware in future generations.

el.42 exercise

Observe the result when the gap is widened between the potential maxima; be careful with the values
of x, x, when the potential is altered.

1.44 particle confined to a cuboid

> restart:

In this treatment of a particle confined to a cuboid with edges of lengths Lx, Ly, Lz, adapted from a
derivation kindly provided by Dr. E. Castellon, we specify Schroedinger's temporally independent
equation in three dimensions according to cartesian coordinates,
> pdeq := -h"2/(8*Pi*"2*mu) *(di ff(psi(x,y,z), x$2) + diff(psi(x,y,z),

y$2)

+ diff(psi(x,y,z), z$2)) + V*psi(x,y,z) = E*psi(x,Y,2);

h2 (% W(x,y’z) + % \.|I(X,y,Z) + % \p(x,y,Z)j

2 + Vy(x,y,z) =Evy(x,y, (37.1)
81 U

which we rearrange to free the derivative of coefficients.
> pdeq = diff(psi(x,y,z), x$2) + diff(psi(x,y,z), y$2) + diff(psi
(x,y,2), z%$2)
+ 8*Pi "2*nmu*V/ h”"2*psi (x,y,z) = 8*Pi "2*nmu/ h"2*E*psi (X, Y, z);

(37.2)



2
ha o ha 8t wWhvy(x,yz
pdeq = < y(xy.2) + L= Yl z) + Oyl z) + W) (37.2)
o & & h

_ 8 T LWEWY(x,p,z)
_ 3

We express the potential energy as a sum of contributions in directions x, y and z,

> Vo= Wx(x) + W(y) + Vz(2z);
V= Vx(x) + Vy(») + Vz(2) (37.3)

and the total energy as a sum of contributions; although a dependence of these energies on a coordinate
is implied in this separation purely for the purpose of separating the contributions to the total energy,
that dependence is eliminated in the separate equations.
> E = Ex(x) + Ey(y) + Ez(2);

E = Ex(x) + Ey(y) + Ez(z) 37.4)

This separation of potential energy and total energy into contributions according to the axes allows
Maple to solve the partial differential equation.

> sol := pdsol ve(pdeq);
d? _Fl(x) _c
sol = y(x,y,z) = FI(x) F2(y) F3(z) where [@ Fl(x)=- — (37.5)
8 _FI(x)mu (Fx(x) — Ex(x)) d F20y) - _F2(y) _c,
> B i
2 _ 2 F3(z) c F3(z) ¢
8 F2(y)m un (W E d
_ ) (hzy( ) y(y))’ . F3(z) = . Ly E 2
8 _F3(z)m p (Vz(z) — Ez(2)) H
h2
> sols := op(l, op(2, sol));
& FI(x) ¢, g Fl(x)mu(Va(x) — E &
sols = @ Fl(x)=- 2 L_ 8 _F(x) (hzx(x) x(x)) , dyz F2(y)= (37.6)
F2 2 _ 2 F3
- (hyz) 8 F2()m L 0510) = By, ;122 3 == (h; =

F3(z) ¢, 8 F3(z) 1 p(Vz(z) — Ez(2))
+ 2 o 2

We separate the three differential equations,
>for i from1l to 3 do
for | from1 to nops(sols) do
I f has(op(j, sols), [x,y,z][i]) = true



then cat(Deq, [X,y,z][i]) := op(j, sols);

el se;
end if;
end do;
end do;
into an equation dependent on x,
> Degx;
d? _Fl(x) ¢ 8 FI 2 _E
dx h h
an equation dependent on y, and
> Deqy;
2 _F2(y) ¢, 8 F2 —E
d_2 F2(y) = - . 2 8 F2(y)mu (Zy(y) y(»)) (37.8)
dy h h
an equation dependent on z.
> Deqz;
2 _F3(z) ¢ _F3(z) ¢ F 2 _E
d_2 _F3(Z): 3 1 + 5 2 _ 8_ 3(2)71: H(Iz/z(z) Z(Z)) (37.9)
dz h h h

We eliminate spurious terms, eliminate the dependence of total energies on coordinates and define the
potential energy to be zero inside the cuboid and at its boundaries: V' (x, y,z) =0 for0 < x < a,

V(x,,z) =0 for0 <y < b, V(x,y,z)=0for0 <z < c.

> Degx := subs(_c[1]=0, _c[2]=0, Ex(x)=-Ex, Ey(y)=-Ey,
(x) =0,
W(y)=0, Vz(z)=0, _F1=X, Deqgx);
Deqy := subs(_c[1]=0, _c[2]=0, Ex(x)=-Ex, Ey(y)=-Ey,
(x) =0,
W(y)=0, Vz(z)=0, _F2=Y, Deqy);
Deqz := subs(_c[1] =0, _c[2]=0, Ex(x)=-Ex, Ey(y)=-Ey,
(x) =0,

W(y)=0, Vz(z)=0, _F3=Z, Deqz);

2 2
X

Degx = 4 X(x)=- 8 (x);r MEx

dx h

2
d° SY(Y) T UE
Deqy = —— Y(y) = - )% BE

dy h*

8 7(z) ' WEz

Deqz := — Z(z) = -
dz

We solve these three ordinary-differential equations.
> sol x : = dsol ve(Degx);

Ez(z)=-Ez, VX

Ez(z)=-Ez, VX

Ez(z)=-Ez, VX

(37.10)



(37.11)
> soly := dsol ve(Deqy);
2.2 E 22 E
soly = Y(y) = _CI sin[ J—EJ}F Yy ) + 2 cos[ J—EJ}F Yy ) (37.12)
> solz := dsol ve(Deqz);
22 JE 242 JVE
solz = Z(z) = _CI sin( J_EJ}F 2t o cos[ J_EJE = ] (37.13)
One corner of the box is at the origin at which (x,y,z) = (0,0,0); at this point amplitude function
y=X(x) Y(y) Z(z) must be zero, as a boundary condition; hence C2=0.
> sol x : = subs(_C2=0, sol x);
soly := subs(_C2=0, soly);
sol z : = subs(_C2=0, solz);
2.2 E.
solx ==X (x)=_CI sin[ \/_n\/hi S
242 E
soly = Y(y) =_CI sin[ J—N}F Yy ]
22 E.
solz = Z(z) =_CI sin[ J—“J}F = (37.14)
We separate the coefficient ofx, y, z in the sine formulae.
> sinxarg := op(op(2,o0p(2,solx)))/x;
sinyarg := op(op(2,0p(2 soly)))/y;
sinzarg := op(op(2,0p(2,s0lz)))/z
sinxarg = 2 ﬁnf Ex
2.2 VE
sinyarg = \/_ T }{I J
22 J E
sinzarg = \/— T }{E z (37.15)

As other boundary conditions, at x = Lx, y =Ly, z= Lz, the functions must be zero for each of
X(x), Y(¥), Z(z) different from zero; otherwise the amplitude function y is zero everywhere. As the
sine functions must hence be equal to zero according to these boundary conditions, the arguments of the
sine functions must be multiples of T when x =Lx, y=Ly,z=Lz.
> assune(nx::posint, ny::posint, nz::posint, h>0, Lx>0, Ly>0, Lz>0);
Ex := sol ve(sinxarg*Lx=nx*Pi, EX);
Ey : = solve(sinyarg*Ly=ny*Pi, Ey);



Ez : = solve(sinzarg*Lz=nz*Pi, Ez);

2 2
Ex = Lanlal n);
8 Lx~"
W2 -2
Ey = —J;
8 Ly~"
2zl

Ezi= — (37.16)
8Lz~

We normalise the amplitude functions such that the particle must be found somewhere within the box;
Lx Lz

Ly

J X(x)*dx=1, J Y) dy=1, J Z(z)?dz=1. For the same reason each of X(x), Y(»), Z(z) must
0 0 0

be zero for values of coordinates X, y, z outside the cuboid; othervise the products V' (x) X (x),

V(y) Y(y) and V (z) Z(z) would be infinite, and the corresponding probability of finding the particle

outside the cuboid would also be infinite.

>nrnx = sinplify(int(rhs(sol x)”2, x=0..Lx), synbolic) = 1,
nrny = sinplify(int(rhs(soly)”2, y=0..Ly), synbolic) = 1;
nrng ;= sinplify(int(rhs(solz)”2, z=0..Lz), synbolic) = 1;

Lx~ CI?
nrmx = ———— =1
2
_ L~cr
nrmy = >
Lz~ CI°
nrmz = f =1 (37.17)
We solve for coefficients CI;
> solve(nrnx, _Cl):
Ax t= [A[1];
solve(nrny, Cl):
Ay = [A[1];
solve(nrne, _Cl):
Az 1= [A[1];
Ax = \/7
Lx~
Ay = \/7
V Ly~
Az = J2 (37.18)

Lz~

The solutions X (x), Y(y) and Z(z) become



> solx := sinmplify(subs(_Cl=Ax, solx), synbolic);
soly := sinplify(subs(_Cl=Ay, soly), synbolic);
solz := sinplify(subs(_Cl=Az, solz), synbolic);

] ﬁsin( TC X~ X )

Lx~

solx = X (x)
\ Lx~
\/7 sin ( % j
soly = Y(y) = .
\ Ly~
\/7 sin( TCZZN z )
solz == Z(z) = z (37.19)
Lz~
The total amplitude function is the product of these quantities.
> psi = sinplify(rhs(sol x)*rhs(soly)*rhs(sol z));
2 \/7 sin( EZXNX ] sin( T“LWNy ) sin( —EZZN = J
X~ ~ z~
= Y (37.20)
\/ Lx~ \/ Ly~ \/ Lz~
When we undertake inversion by replacing each coordinate with its negative value, equivalent to
reflexion through a point, and divide by the amplitude function,
> sinplify(subs(x=-x,y=-y,z=-2z, psi))/psi;
—1 (37.21)

we obtain -1, which indicates a negative parity. A scalar quantity or a polar vector has negative parity
whereas an axial vector or pseudovector has positive parity. The minimum value of nx or ny or nz must
be unity; the total amplitude function is otherwise identically zero so that the particle does not exist. We
test the normalisation to ensure that the total probability of finding the particle somewhere within the
box is unity.
> Int(" psi"* psi', x=0..Lx, y=0..Ly, z=0..Lz) = int(psi*psi, x=0..

Lx, y=0..Ly, z=0..Lz2);

0 70 0

Lz~ Ly~ Lx~ )
v drdydz=1 (37.22)

To calculate the Heisenberg uncertainty, we define the momentum operator in three dimensions,
>p:=F->h/(1*2*Pi )*(diff(F, x) + diff(F, y) + diff(F, z));
Lo (iF—i-iF—i- iF)
2 ax dy oz
i

p = F-- (37.23)
and the position operator in three dimensions.
>q:=F -> (x+y+z) *F,;



The mean momentum (p) is

> p_av :=int(psi * p(psi), x=0..Lx, y=0..Ly, z=0..Lz2);
p_av:=0 (37.25)

The mean squared momentum (p2> 1s

> p2_av : = expand(int(psi * p(p(psi)), x=0..Lx, y=0..Ly, z=0..Lz));
W2 nz-* h? ny~2 h? nx?
p2 av = ; +t ;- t > (37.26)
4 Lz~ 4 Ly~ 4 Lx~

The mean position (g) is

> q_av = sinplify(int(psi*qg(psi), x=0..Lx, y=0..Ly, z=0..Lz));

L~ Ly~ Lz~
g avi= ’2“ + ; + ; (37.27)

which corresponds to the centre of the cuboid. The mean squared position <q2> is
> g2_av := expand(sinplify(int(psi*q(q(psi)), x=0..Lx, y=0..Ly, z=0.
.L2)));

2 2 2 2
Lx~ Lx~ Ly~ Lx~ Lz~ Ly~ Ly~ Lz~ Lz~ Lx~
g2 avi= .y ZTOYm o SAmesm | oo omesm e 2 (37.28)
3 2 2 3 2 3 ) nz P
B Ly~2 B Lz-?
2

2n ny~2 2T nzt
The uncertainty in position (A ¢g) is hence
> Delta_q := (q2_av - (qgq_av)"2)"(1/2);
Delta_q = (37.29)

2 2 2
( Lx~ Ly~ Lz~ Lx~ Lx~ Ly~ Lx~ Lz~ Ly~ Ly~ Lz~
( 2 + 2 + 2 ) + 3 + 2 + 2 + 3 + 2
1/2
Lz Lx~? Ly~* Lz
T T T 2 T 2
2T nx~ 21 ny~ 2T nz~
and the uncertainty in momentum (A p) is
> Delta p := (p2_av - (p_av)™2)™(1/2);
12 2 h~2 2 2 ol
Delta_p = = o = (37.30)
4[z-7 4 Ly~ 4 Lx~

The product of these uncertainties is Ag Ap .

> DgDp : = expand(sinplify(Delta g*Delta _p));
DgDp = (37.31)

1
12 ©© nx~ny~ nz~ Lz~ Ly~ Lx~

2 2
V3 (Lx~2 T nx~ ny~2 nz-* + Ly~2 T nx~ ny~2 nz~*



2
+ Lz ny~2 nz~* — 6 Lx~* ny~2 nz~*—6 Ly~2 nx~> nz* — 6 Lz~ nx~? ny~2)

1/2

h~ \/ Lx~? Ly~2 nz-* + ny~2 Lz Lx~? + nx? Lz~2 Ly~2 )

For the state of least energy and a cubic box of length L,
> DgDp_3D : = sinplify(subs(nx=1, ny=1, nz=1, Lx=L, Ly=L, Lz=L,
(Delta_g*Delta _p))) assum ng L>0;

Jr =63 i~
4n

DgDp 3D = (37.32)
> DgDp_3D2p = % 2*Pi:
eval f (DgDp_3D2p)/  2*Pi *;
1.703585426 h~
2%p; (37.33)
1
which is greater than > 2— . We repeat the calculations for a particle confined to a line segment,
T
using the above result for X (x).
(P9
> px_av :=int(rhs(solx) * h/(2*Pi*1)*diff(rhs(solx), x), x=0..Lx);
px_av:=20 (37.34)
2
X
> px2_av = int(rhs(solx) * h/(2*Pi*1)*diff(h/(2*Pi*1)*diff(rhs
(sol x),x),x), x=0..Lx);
W2
px2_avi= —— 5~ (37.35)
4 Lx~
(1
> gx_av = sinmplify(int(rhs(solx) * x * rhs(sol x), x=0..Lx));
Ly~
gx_av = % (37.36)
2
(2,
> gx2_av = sinplify(int(rhs(solx) * x*2 * rhs(solx), x=0..Lx));
2.2 2 2
2 Lx~ ~" — 3 Lx~
gx2_av = ST T2 (37.37)

2
6 nx~m

Aq
> Delta_gx := (gx2_av - (gx_av)”2)~(1/2);

(37.38)



2 2 2 2 2

Ix? 2 Le ot — 3 Lxe

Delta_gx = / e s T & (37.38)
nx~ T

Ap
> Delta px := (px2_av - (px_av)”"2)™(1/2);

— h? nx~?
4 2
Lx~
Delta_px = 7 (37.39)

Aqupx
> DgDp_1D : = sinplify(subs(nx=1, Delta_gx*Delta_px));

2
Dgbp 1D = YO J3 b (37.40)

12w

The product of uncertainties in the box is hence

> DqDp_3D/ DyDp_1D;
3 (37.41)

three times the corresponding value for the case of a particle confined to a line segment. Hence the
more dimensions has the enclosure of the particle, the greater is the uncertainty.

We seek to plot the amplitude function, but it is impossible to plot the total value of an object in three
dimensions as a function of each coordinate, which requires four spatial dimensions. We hence first plot
the normalised amplitude functions for a cube with sides of unit length for a few values of nx along axis

1
x, with y =z fixed at 5 andny=nz=1,

> plot([seq(eval (psi, [nx=, ny=1, nz=1, Lx=1, Ly=1, Lz=1, y=0.5, z=
0.5]), j=1..9)],
x=0..1, colour=[red, bl ue, green, magent a, cyan], | abel s=["x",

psi "],
| egend=[ "nx=1", "nx=2", "nx=3", "nx=4", "nx=5"], axes=boxed);

n



psi O

T

=
S
N
—

0.4 0.6 0.8

nx=1 nx=2 nx=3 nx=4

nx=5

and then their squares.
> plot([seq(eval (psi”™2, [nx=], ny=1, nz=1, Lx=1, Ly=1, Lz=1, y=0.5,
z=0.5]), j=1..5)],
x=0..1, colour=[red, bl ue, green, magent a, cyan], |abels=["x",
psi”“],
| egend=[ "nx=1", "nx=2", "nx=3", "nx=4", "nx=5"], axes=boxed);
8

H

=4
N
tJ
—

0.4 0.6 0.8
X

nx=1 nx=2 nx=3 nx=4

nx=5

We plot also in two dimensions the amplitude function for a cube for the state of least energy with x

1
fixed at —.
ixed at -



> plots:-inplicitplot3d(PSI = subs(nx=1, ny=1, nz=1, Lx=1, Ly=1, Lz=
1, x=0.5, psi), y=0..1, z=0..1, PSI=0..2.83, axes=boxed);

[u—
II|IrI.|I.|I.|

o
tn

o

Here we animate the amplitude function showing how the total amplitude function y(x, y, z) varies as x
varies from 0 to Lx =1.

>ns :=1[2,1,1];
Ls :=11,1,1];

substitutions := nx = ns[1l], ny = ns[2], nz = ns[3],

Lx = Ls[1], Ly = Ls[2], Lz = Ls[3]:
MAX : = maxi m ze( subs(substitutions, psi), x=0..1, y=0..1, z=0..1
)
MN := mnimze( subs(substitutions, psi), x=0..1, y=0..1, z=0..1
);
plots:-animte(plots:-inplicitplot3d, [PSI = subs(substitutions,
X=t, psi),

y=0..Ls[2], z=0..Ls[3], PSI=MN..MAX], t=0..Ls[1], grid=
[ 30, 30, 30], axes=boxed);
ns = [2,1,1]

Ls =[1,1,1]

MAX =22



The total energy is the sum of the three contributions,
> Et := collect(Ex + Ey + Ez, [h,mu]);
2

2 2
nx _ ny 4 nz . 2
8 Lx~ 8 Ly~ 8 Lz~

u

For the particle to exist within the enclosure, the value of each quantum number nx, ny, nz must be at

Et = (37.42)

. . 2 . . ..
least unity; otherwise Wy =0 and ¢y = 0, so that the particle does not exist. The minimum energy of the
system hence corresponds to the case nx=ny =nz=1,

> Etr := eval (Et, [nx=1, ny=1, nz=1]);
1 1 1
> T ;T 2 h?
8 Lx~ 8 Ly~ 8 Lz~
u
which implies a residual energy, relative to the zero of potential energy, similarly to the case of the
canonical linear harmonic oscillator in section group 1.2. This residual energy is here inversely

proportional to the squared length of the enclosure in each direction; for a large enclosure, the
differences of energy between states of adjacent energy become small, and this residual energy likewise

Etr == (

(37.43)



tends to become small.

2

: 8EjL .

For lengths Lx=1.1, Ly =1.2, Lz= 1.3, we prepare to plot the energies, reduced as J—ZJH with
h

Jj=x,, z, as vertical manifolds, one for each quantum number.

> plx := plot([seq(eval (Ex*8*Lx"2/1.172*nu/h"2, nx=j), j=1..5)], qg=
0..1, colour=red):
ply := plot([seq(eval (Ey*8*Ly"2/1.2"2*mu/ h"2, ny=j), j=1..5)], qQ=
1..2, colour=blue):
plz := plot([seq(eval (Ez*8*Lz"2/1.3"2*nu/ h"2, nz=j), j=1..6)], qQ=
2..3, colour=green):

We plot these manifolds.

> plots[display] ({plx,ply,plz}, title="relative reduced energi es of
states”, titlefont=[TIMES, BOLD, 14],

view=[0..3,0..23], tickmarks=[0,5]);

relative reduced energies of states

204

qaq

When no two of edges Lx, Ly, Lz are in the ratio of integers, the energies corresponding to values of
three quantum numbers nx, ny, nz in various sets are all distinct, as shown above. When an integral
relation among Lx, Ly, Lz exists, particular values of energy corresponding to the three quantum
numbers in two or more distinct sets occur, and their respective amplitude functions are independent:
such an energy has an associated degeneracy and the system is described as being in a degenerate state;
the degree of degeneracy is specified as the number of independent sets of quantum numbers, and the
degeneracy of states of a system is a consequence of symmetry. If the cuboid be a regular cube, we plot

72

the individual values of energy, in unit associated with the three quantum numbers as follows.

8uL2’
> plx := plot([seqg(eval (Ex*8*Lx"2*nmu/ h"2, nx=j), j=1..5)], gg=0..1,
col our =red):

ply := plot([seq(eval (Ey*8*Ly"2*nu/ h”2, ny=j), j=1..5)], qg=1..2,



col our =bl ue) :
plz := plot([seq(eval (Ez*8*Lz*"2*nmu/ h"2, nz=}), j=1..5)], qg=2..3,
col our =green):

> #plt = plot([seq(eval (Ex*8*Lx"2*nu/ h"2+Ey*8* Ly"2*mu/ h"2+Ez* 8*
Lz~2*mu/ h"2,
# [ mu=1, h=1, Lz=1/sqrt(8),nz=]), j=1..5], qgg=2..3,

col our =green):
pl ot s[ di spl ay] ({pl x, ply,plz}, title="relative separate energies of
states”, titlefont=[TIMES, BOLD, 14],

view=[0..3,0..22], labels=["","energy"], tickmarks=
[0,5]);

relative separate energies of states

energy

The minimum energy of the particle confined to a cubic enclosure in three dimensions is
> Etm:= eval (Et, [nx=l, ny=1l, nz=1, Lx=L, Ly=L, Lz=L]);

3 bt
Etm = 3 37.44)
8L
for comparison with the minimum energy of the particle confined to a line segment.
> Exm : = eval (Ex, [nx=1, Lx=L]);
2
Exm = (37.45)

8L2u

The residual energy of the particle confined symmetrically in three dimensions is thus three times that of
a particle confined to one dimension.
We permute the squares of the quantum numbers to indicate the various possible sets.

> El := conbinat[pernmute] ([ seq(nx*2, nx=1..5), seq(ny”2, ny=1l..5),
seq(nz”"2, nz=1..5)], 3);

A AN



El:=[[1,4,9],[1,4,16],[1,4,25], [1,4,1], [1,4,4],[1,9,4], [1,9,16], [1,9,25], [1, 9, (37.46)
11,[1,9,9], [1, 16,47, [1,16,9], [1, 16,25], [1, 16,11, [1, 16, 161, [1, 25,41, [1, 25, 9],
[1,25,16],[1,25,1], [1,25,25], [1,1,4], [1,1,9], [1, 1, 16], [1,1,25], [1, 1, 1], [4,
1,9], [4,1,16], [4,1,25], [4,1,1], [4, 1,4], [4,9, 1], [4,9, 16], [4,9, 25], [4, 9, 4], [4,
9,91, [4, 16,11, [4,16,9], [4, 16,25], [4, 16, 4], [4, 16, 16], [4, 25, 1], [4,25,9], [4,
25,161, [4,25,4], [4,25,25], [4,4,1], [4,4,9], [4, 4, 16], [4,4,25], [4, 4,41, [9, 1, 4],
[9,1,16],[9,1,25],[9, 1,11, [9, 1,91, [9,4, 1], [9, 4, 16], [9, 4,251, [9, 4, 4], [9, 4, 9],
[9,16, 17, [9, 16,47, [9, 16, 257, [9, 16, 9], [9, 16, 16], [9, 25, 11, [9, 25, 41, [9, 25, 161,
[9,25,9], [9,25,25],[9,9, 1], [9,9,41,[9,9, 161, [9,9,25], [9,9, 9], [16, 1, 4], [ 16,
1,9],[16,1,25], [16, 1,11, [16, 1, 16], [16,4, 1], [16,4, 9], [16, 4, 25], [ 16, 4, 4], [16,
4,16],[16,9,1],[16,9,41,[16,9,25],[16, 9,91, [16,9, 16], [ 16, 25, 1], [ 16, 25, 4],
[16,25,9], [16, 25, 161, [16, 25,251, [16, 16, 1], [16, 16, 4], [16, 16,91, [16, 16, 25],
[16, 16,161, [25,1,4], [25,1,9], [25, 1, 16], [25, 1, 1], [25, 1, 25], [25,4, 1], [25, 4,
91, [25, 4, 16], [25, 4, 4], [25,4,25], [25,9, 1], [25,9, 4], [25,9, 16], [25, 9,971, [25, 9,
251, [25, 16, 1], [25, 16,41, [25, 16,91, [25, 16, 16], [25, 16, 25], [25, 25, 1], [25, 25,
41, [25,25,91, [25, 25, 161, [25, 25, 25]]

]
]

Here is a list of the sums of components.

> sort([seq(add(El[j,Kk], k=1..3), j=1..nops(El))]);
[3,6,6,6,9,9,9,11, 11,11, 12, 14, 14, 14, 14, 14, 14, 17, 17, 17, 18, 18, 18, 19, 19, 19, 21, (37.47)

21,21,21,21,21, 22,22, 22, 24, 24, 24, 26, 26, 26, 26, 26, 26, 27, 27, 27, 27, 29, 29, 29,
29,29, 29, 30, 30, 30, 30, 30, 30, 33, 33, 33, 33, 33, 33, 34, 34, 34, 35, 35, 35, 35, 35, 35,
36, 36, 36, 38, 38, 38, 38, 38, 38, 41, 41, 41, 42, 42, 42, 42, 42, 42, 43, 43, 43, 45, 45, 45,
45, 45,45, 48, 50, 50, 50, 50, 50, 50, 51, 51, 51, 54, 54, 54, 57, 57, 57, 59, 59, 59, 66, 66,
66,75]

We sort them according to increasing order of the sum of their components.
> sort({seq(add(El[j, k], k=1..3), j=1..nops(El))});
{3,6,9,11,12, 14,17, 18, 19, 21, 22, 24, 26, 27, 29, 30, 33, 34, 35, 36, 38, 41, 42, 43, 45, 48, (37.48)
50, 51, 54, 57, 59, 66, 75}

To count the number of states, defined by these permutations of squares of integers chosen three at a
time, we generate a series in some variable v,
> Order := 37;

sl := series(add(v”™(i"2), i=1..isqrt(Order)), v);

Order == 37

sli=v+v' +207 01045 4% (37.49)



> s2 := series(sl*sl, v);

s2=v+2vV + 0+ 200+ 200 1 207 0 1200 1207 12020 1 20 402

(37.50)
+ 2 v + O(v37)

> s3 .= series(sl*s2, v);
s3:=v 43" +3v +30 T+ 46y 4307+ 305 130 60 +307 430 37.51)

+6vV+4vV + 67 +6v0+6v° +3v 4607 +30°+0(V°)

The number of states for a particular energy, or the degree of degeneracy, is given by the coefficient of
v with that energy as exponent; for instance, the number of states for £ = 14 is
> coeff(s3, v, 14);

6 (37.52)

which we confirm by calculating the number of permutations of [12, 22, 32] such that 17 + 22 + 3%=14.

> conbi nat [ pernute] ([ 172, 272, 372] ) ;
[[1,4,9],[1,9,4],[4,1,9],[4,9,1],[9,1,4], [9,4, 1]] (37.53)

> nops(%;
6 (37.54)

When we extract the operands of series s3,

> ol := seq(op(s3)[i], i=1..40);
ol:==1,3,3,6,3,9,3,11,1,12,6,14,3,17,3, 18, 3,19, 6, 21, 3, 22, 3, 24, 6, 26, 4, 27, 6,29, (37.55)

6, 30, 6, 33, 3, 34, 6, 35, 3, 36

we find that the odd entries are the coefficients of the terms of which the even entries are the exponents.
We add the coefficients to find the number of permutations of quantum numbers that specify states up to
energy 36 units.

> ol1 := add(ol [2*]-1], j=1..20);
oll =78 (37.56)

To plot the discrete total energies, on a relative scale, that correspond to those exponents, we extract the
operands from sum s3 and plot the even values that specify those exponents.
> plot([seq(ol[2*)], j=1..14)], 9g=0..1, 0..27.5, col our=red,
ti ckmarks=[0, 5],
| abel s=["","rel ative energy"], titlefont=[TlIMES, BOLD, 14],
view=[0..0.1, 0..27.5],
title="discrete total energies of particle confined to a
cube");



discrete total energies of particle confined to a cube

254

204

159

relative energy

The numbers on the abscissal axis have no significance. For a cube with side of length Z, the number of
states of which the energy is less than or equal to £ is equal to the number of sets of three positive
integers nx, ny, nz satisfying this inequality.

> nx"2 + ny"2 + nz"2 <= 8*nmu*L"2/ h"2*En;

8 uLz En

]’l~2

2

nx~? + ny~2 + nz~" < (37.57)

For the cube with one corner at the origin of axes in a cartesian system of coordinates, number N of
states is purported to be numerically equal to the volume of the first quadrant of a sphere of radius

2
SuLl E .
/ % , provided that N > 1.

> N := 1/8%4*Pi /| 3*(8*nmu* L"2*En/ h"2) ~(3/ 2) ;

2 )’
4n T [ . ]
N = 3 - (37.58)
h
For E =27 and a cube of length L = ,
8
> eval f(sinmplify(eval (N, [L=h/sqrt(8*nu), En=36])));
113.0973355 37.59)

which overestimates the result of the direct addition above by a factor ~ﬁ , but that formula might
hold in a limit of large quantum numbers.

> evalf(%oll);
1.449965840 (37.60)



Comparing the system of a particle confined to a line segment, i.e. one dimension, and another system of
a particle confined to a cuboid, i.e. three dimensions, we find that the total amplitude function in three
spatial dimensions is expressible as a product of three amplitude functions, one for each spatial
coordinate, whereas for one dimension the total amplitude function involves only a single coordinate; in
three dimensions, three quantum numbers are required, obtained from a condition for each coordinate,
whereas only one condition is necessary in one dimension; in three dimensions with a cuboid of which
the sides have equal lengths, the number of separate values of discrete energies is much less than the
number for a cuboid of sides of unequal lengths, and in the former case multiple amplitude functions,
defined by their quantum numbers in a list, have the same energy, a phenomenon known as degeneracy;
an amplitude function in three dimensions might have surfaces of zero amplitude, and likewise a
probability function as the square of that amplitude function has such surfaces of zero density, whereas
for one dimension the amplitude or probability function has zero value at only points.

1.45 anharmonic oscillator according to matrix mechanics
> restart:
> wi t h(Li near Al gebra):

Matrix mechanics is the original form of quantum mechanics that Werner Heisenberg initiated in
1925 and elaborated subsequently in association with Max Born and Pascual Jordan. Heisenberg's
original paper was concerned with the solution of an anharmonic oscillator, but according to an approach
with perturbation theory different from the one developed below. With perturbation theory one can
solve physical problems, such as that of an anharmonic oscillator that usefully models the vibrational
properties of a diatomic molecule as we demonstrate here. The full calculation is practicable with
Maple statements and procedures that follow, and an augmented description and explanation appears in a
published paper. Alternative procedures in Maple to generate energies of vibration-rotational states of a
diatomic molecule, based on BKW or quasi-classical theory and hypervirial perturbation theory in wave
mechanics, are described separately.

In wave mechanics, the perturbation theory for discrete non-degenerate energies takes the following

. . . . . 0
form. We assume that, for a particular hamiltonian HY of zero order, the amplitude functions w() and
energies £ @ of states of an unperturbed system are known exactly, according to

0 0 0 0
HO @ —F @y O

n

We seek solutions for the perturbed system, H y =E W in which / =H” + H w; perturbation

theory is appropriate when HY >> H" . We form a series of both energies, £ = E, O 4 E @ 4 E

@ 4

@ +..and amplitude functions y = y_ @ 4 v @ 4 v, ., in which the parenthetically

enclosed superscripts indicate the order of the correction; the latter two series are substituted into the
equation for the perturbed system / y =E W . Separation of the terms in this expanded equation

according to order, multiplying by y_ @ and integrating yields
En(()) - <Wn(0) | yau | Wn(()) >
£ =<y, 11|y,
En(Z) - <Wn(0) | )2 _En(l) | Wn(l) >

and analogously for higher orders.
Here we apply a perturbation to an anharmonic oscillator according to matrix mechanics, for which
the energies are known directly from section 1.22. For additional information, please consult a textbook



of quantum mechanics that explains perturbation theory and its application to solve physical problems;
the application of perturbation theory in both wave mechanics and matrix mechanics is explained in
detail by T.-Y. Wu, Quantum Mechanics, World Scientific, Singapore, 1986; we follow the latter
treatment here. According to matrix mechanics, each physical quantity is represented with a matrix,
which are here of infinite rank; the general theory to solve a problem is to transform, with a unitary
transformation U, hamiltonian matrix H into diagonal form E as expressed in this matrix equation.
UH=EU

of which the solution is

UHU ' =E
For the canonical linear harmonic oscillator, H is diagonal, so U is an identity matrix; hence H = E; as,
for the anharmonic oscillator, H is no longer diagonal, the solution of the problem requires explicit

diagonalization. In applying perturbation theory, we develop each matrix in a series with parameter A;
the term of order zero captures the harmonic oscillator.

H=H" + 2151? + *u? + ..
2
U =07+ 2u0” +xu? + ..

E-E” + 2 E? + E? + ..
q” — g©

Matrix H is a known quantity, determined according to the nature of the physical problem, here an

anharmonic oscillator in one dimension. Matrix E must be diagonal. Matrix U is unitary such that U’ U
=1, a unit matrix. The application of the matrices in the preceding series for a purpose analogous to that
succinctly outlined for wave mechanics is explained in detail during the following calculations.

The calculation undertaken here, adapted from a paper by M. B. Monagan and J. F. Ogilvie
[Mathematics of Computation and Simulation, 1999, volume 49, pages 221-234], employs perturbation
theory of multiple orders; the calculation, according to the order, is extensible by a user within the
limitations of machine capacity and acceptable duration of calculation. We illustrate here how matrix
mechanics in association with perturbation theory can serve effectively to solve an important problem in

quantum mechanics. Because matrix H that is the hamiltonian of the canonical linear harmonic
oscillator is diagonal, for a diatomic molecule modeled as an anharmonic oscillator the requisite matrix
algebra is simple; a consequence is that computations are readily performed to high order with a
symbolic processor such as Maple.

A general hamiltonian for a system of effective mass Ll in one spatial dimension is
2
H=L— + y(x)
24
in which x denotes the displacement from equilibrium. For our anharmonic oscillator, we express the

potential energy as
V(x) =/€2x2 + k, X4 k4x4 + ...
In this case,
2
HO = P k@ HY =k, HY =k

24
Displacement coordinate x becomes matrix X in subsequent calculations, of which elements Xk, , are

defined in a solution for the canonical linear harmonic oscillator that we assume as an initial point of this
calculation; cf section 1.22. Accordingly, symmetric matrix X has two non-zero bands given by



| h . . . .0~ (0)
Xm’ mtl= Tho J m—+ 1. The solution for that harmonic oscillator is HY = En , and
0

]
H O = (m—i——)woform:O, 1,2, ..

m, m 2
To calculate terms of perturbative order K in series for matrices E and U, we proceed as follows. We

construct first a matrix H™ to a given rank. We next create a matrix equation for the coefficient of XK
by expanding an equation U H =E U symbolically as a power series in A. We insert all known matrices
truncated to a specified rank, and solve this equation for E™ and off-diagonal entries of U®. To solve
for diagonal entries of U™ we make use of an equation U T'u=1 , which we expand symbolically as a

power series in A and select the coefficient of A . We insert all known quantities calculated to this point

and solve for diagonal entries of U® . After solving for E® and U™ , we proceed to calculate terms of
order K+1.

The following procedure serves to simplify matrices of formulae; it factors any common factor
present in each entry of a matrix.
> factormatrix : = proc(A)
| ocal multiged, B, L, N, DD, G
mul tigcd : = proc(aa)
| ocal i,0;
g := aa[l];
for i from2 to nops(aa) while g <> 1 do
g := frontend(gcd,[g,aal[i]]);
end do;
g,
end;
B := map(factor, A;
L := {op(map(op, convert(B,listlist)))} mnus {0};
i f nops(L) = O then
RETURN( eval (B) );
end if;
N := multigcd(map(nuner,L));
if N<>0 then
N := N/ icontent(N)
end if;
if N=0 then
RETURN( eval (B));
end if;
DD : = mul tigcd(map(denoml));
if DD <> 0 then
DD := DD/ icontent(DD);
end if;
if DD = 0 then



RETURN( eval (B));

end if;

G := N Db

iIf G=1or G=-1then
RETURN( eval (B));

end if;

G & map( unapply( x/G x ), B);

end proc:

In the construction of these two matrix equations, in the following procedure we assign coefficients
of kk to variables G.k and UC.k to a specified order k= DD. This part of the computation is truly
symbolic in that equations appear in terms of unknown matrices. We fix subsequently the rank of these
matrices, insert known entries and solve for unknown entries.
> makeEquations : = proc(DD)

local i,H UE, G U, UC
gl obal constants;
constants := constants, |anbda;
add(H| | i *I anbda”i, i =0..DD);
l+add(Ul | i *l anbda”i, i =1..DD);
HO + add(E||i*lanmbda”i,i=1..DD);
expand(U & H - E & U);
al gsubs( | anbda”~(DD+1) =0, G ;
1 + add(tr(Y|i)*lanrbda™i, i=1..DD );
expand( U & U - 1 );
al gsubs( | anbda”(DD+1) =0, UCQ);
or i from1l to DD do
g |i := coeff(Glanbda,i);
UCl |i := coeff(UC | anbda,i);
end do;
constants : = op(subs(lanbda=NULL, [constants]));
RETURN() ;

end proc:
> makeEquati ons(3);

For instance, here are linear coefficients as determined previously,

T
[ I T | I T
I

U

E

G

G

u
uc
uc

—h

> Gl
UC1,
-El + HI + Ul &* HO— (HO&* UlI)
tr(UIl) + Ul (38.1)
and here are quadratic coefficients.
> @&2;
ucz,

-E2+ H24+ U2&*HO— (HO&* U2) + Ul &* HI — (El1 &* Ul)

70 A\



Ul &* tr(Ul) + tr(U2) + U2 (38.2)

Matrix H” is diagonal; this condition makes the algorithm work so simply. In the linear coefficient of
A above, quantity u? g” -g@ U has diagonal entries that are zero; diagonal entries of EY are
thus equal to those in H” . In the quadratic coefficient, the unknown quantities are u?a" -5 y?
and E? ; diagonal entries of the former expression are again zero. Diagonal entries of E? are hence
given by diagonal entries of matrix H? + u™ 5" -E” U™, This observation holds for terms of
greater order that have a general form E®+u® " -g@uy® 4 .. =o. Diagonal entries of E® are

simply determined and off-diagonal entries of u® produce simple linear equations. Here is the cubic
coefficient.

> G3;
UC3;

-E3+H3+U3&*HO— (HO&*U3) + U2&*HI + Ul &* H2 — (E2&* Ul) — (El &*
U2)

U2 &* tr(U1) + Ul &* tr(U2) + tr(U3) + U3 (38.3)

In the following procedure, we construct matrix H™ fork > 0, bearing in mind that all matrices have
formally an infinite rank. Parameter N specifies the rank of a truncated matrix. To obtain H® correct to

K+2
N rows and N columns, we compute x *

> makeH : = proc(K, N)
| ocal m X, H;
X = Matri x(N+K);
for mfromO to N+K-2 do

; we begin with N + K rows and columns for X.

X[ mtl, mt2] = A*sqrt(mtl);
X[ mt2, mk1] = X[ m+l, m+2] ;
end do;
H:= k|| (K+2) * XN(K+2); #k| | (K+2) instead of a|]|(K)
SubMatrix(H 1..N 1..N);
end proc:

Here is matrix H( D truncated to rank 6.
> HHL : = nmakeH(1l, 6):
factormatri x(HHL) ;

0 3 0 J2 /3 0 0
3 0 62 0 22 /3 0
0 62 0 9.3 0 23 /5
(k3 4%) &* 2 'l s (38.4)
J2 /3 0 93 0 24 0

0 22 /3 0 24 0 155

0 0 235 0 155 0




Formulae for bands we obtain by interpolation:
H]m m+ 1
—> . =3mym+1 for 0 <m
A k3
and

H]m, m-+ 3

A k3

h
in which 4 = — . Here is likewise matrix H? truncated to rank 6.
4muw,

> HH2 : = makeH(2, 6):
factormatri x(HH2) ;

3 0 62 0 22 /3 0
0 15 0 10J2 /3 0 22 /35
62 0 39 0 283 0
(k4 4%) &* vz 3 (38.5)
0 10/2 /3 0 75 0 365
22 3 0 283 0 123 0

0 2235 0 365 0 183

Diagonal entries are given by

=J(m+1)(m+2) (m+3) for0<m

H2mm 2
1 =6m +6m+3 for0<m
A k4
The next band is given by
Hme+2
‘;—22(2m+3)\/(m+1)(m+2) for0 < m
A k4
and
H2mm+4
— — =J(m+1)(m+2)(m+3)(m+4) for0<m
A k2

In general, matrices H are banded and symmetric with K + 3 non-zero bands and with bands with zero
entries between non-zero bands; formulae for bands can be determined by inspection and interpolation.

With H” defined here as a diagonal matrix according to the canonical linear harmonic oscillator

. _ 1 . . o .
with elements Lmt1 (m + B3 j ®, in which ® has the significance of / ), this procedure

calculates matrices £ and U to order K (entered as DD) truncated to rank M.
> AnHarnmonic : = proc(DD, N)
gl obal U0, HO, EO, Order, tr, HhO, LU0, Ee0;
local i,j,mx,KT,Z u,U, e,E Heqns,vars, sol s;
tr := evaln(tr);
makeEquat i ons(DD) ;



# tr = LinearAl gebra:-Transpose;
Wu0 : = Matrix(N, shape=identity);
HhO : = Matri x(N, shape=di agonal ) ;
for mfromO to N1 do
HhO[ m+1, mtl] = (mtl/ 2)*onega # definition of H'(O)
end do:
Ee0 : = HnO;
for Kfrom1 to DD do
print("Solving for the coefficient of", |anbda”K);
Hh| | K : = makeH( K, N) ;
Ee| | K : = Matri x(N, shape=di agonal ) ;
for i to N do
Ee| | K[i,i] :=e[i,i];
end do;

Uu| | K := Matrix(N);
for i to N do

for j to N do

Uul [ KLE, T = uli,j];

end do;
end do;
U:=evaln(Y |K);
E := evaln(E| | K);
H:= evaln(H | K);
printf("matrix %\n", H);
if N<9 then print(factormatrix(Hh||K)) end if;
printf("matrix equation to be solved\n");
if N9 then print(g|K) end if;

Z = subs([seq(Y|i=Uu|]|i,i=0..K),seq(El|i=Ee|]|]i,i=0..K),seq
(Hli=Hn[]i,i=0..K],G][|K);

Z : = subs(tr=Linear Al gebra:-Transpose, 2);

Z := subs( &  =LinearAl gebra:-MtrixMatrixMiltiply,2Z);

Z .= eval (2);

if K=1 then printf("expanded nmatri x equation to be solved\n");
If N<9 then print(Z) end if;

end if;
eqns : = nornal (convert(Z, set));
vars := {seq(seq(W||Ki,j],j=1..N),i=1..N), seq(Ee||Ki,i],i=
1..N)}
m nus {seq(Uu||K[i,i],i=1..N};
if N<9 then print(egns||K=eqns) end if; HHAHBHHHH R
sol s : = nysol ve(eqns, vars);

#assi gn(sol s);



U := subs(sols, UWi||K);

E : = subs(sols, Ee||K);

printf("matrix %\n", "E'|]|K);

If N<9 then print(factormatrix(E)) end if;
T := eval (U] | K);

printf( condition for the next U matrix );
If N<9 then print(UCl|K =0) end if;

Ee| | K : = E;

T := subs([seq(Y|i=Uu||i, i=0..K-1)], T);
T:=subs(Y |K=U T);

T := subs(tr = LinearAl gebra:-Transpose, T);

T := subs( & = LinearAl gebra:-MatrixMatrixMiltiply, T);
T :=eval (T);

egns : = nornmal (convert (T, set));

if N<9 then print(Egns||K=eqns) end if; HHHHBHBHBHIH
vars = {seq(Ui,i],i=1..N};

print('vars' =vars); HUSHHHHHHHASR

sol s : = nysol ve(eqns, vars);

#assi gn(sol s);
U := subs(sols, U;
printf("matrix %\n","U"||K);
If N<9 then print(factormatrix(U)) end if;
W||K:= U,
end do;

end proc:
Warning, (in AnHarmonic) environment variable “Order  declared as a

global variable
We calculate and display ik , gV , u® , then u? , E? , u? ; we display also symbolic matrix
mmﬁbm.Lmeﬁv=QaHmMﬁwsEoﬂanﬂdmﬂaamzaaI%bmemwmmgmmpmwmnqwe
activate the following special solver that greatly accelerates these calculations.
> nysol ve : = proc(egns, unks)
if type(eqns[1], =) then
RETURN( sol ve( map(proc(x) lIhs(x) - rhs(x) end, eqns) m nus
{0}, unks ) )
end if;
map( proc(e, u)
| ocal x;
I f e=0 then
RETURN()
end if;
X = indets(e) intersect(u);
I f nops(x)=1 then
x = x[1];




x = normal ( -coeff(e,x,0)/coeff(e,x,1) )

el se
ERROR(e, u);
end if;
end, egns, unks )
end proc:

The following test ensures that this procedure operates correctly.
> nysol ve( {3*x=2, 4*y=b}, {x,y} );

_2 _b
YTy

"Solving for the coefficient of", A

> AnHar noni c( 2, 6);

matrix Hl
0 3 0 J2 /3 0
3 0 62 0 2J23
(k3.4°) &* 0 62 0 93 0
J2 /3 0 93 0 24
0 223 0 24 0
0 0 235 0 155

matri x equation to be sol ved

-El + HI + Ul &* HO — (H0&* Ul)

expanded matri x equation to be sol ved

0
0

235

0

155

0

H—el’l, 34+ ,0,2u 0, k3A3\/7\/?+3u1’40),4u1’5(0,5u1,60)],

[3 k3A3—uZ1

4u2’60)],

[ -2uy 0, 6 B4V2 —uy 0, ~e; L IBA 3 +uy ,0,2u; ;0,2k34 35

+3 u3,60)],

3 3 3
|BA2 3 =3u, 0, -2u, 0,943 —u, o, ¢, . 24k34 +u, 0,

2u4’6(0],

3 3
®, -¢, ,, 6 k34 \/7+u2’3(0,2u2’403,2k3A V23 +3u, o,

(38.6)



3 3 3
[~dug 0,242 3 =3u; 0, 2u 0, 24k34° —ug 0, - 1534’5
+u5’60)],
3 3
| -Sug 0, ~4ug 0,234 35 =3u 0, 2u 0, 158345 —u o,

_86,6”

eanIZ{—e €, 4 "€y 4 ~€, ., —€

L "8 T8y €y O G2t 304U SO SU (0,20, 04U, (O

2,6 77

-2u 10),2u35(o,—2u w,2u

3 (D, _4 us’

(0,—2u5’30), —5u6’1co, ~-4u,

4,2 4,6 1 627

2u 0,634 2 Huy 0, 6k34°2 —uy 0,934 3 +u, ,0,9634°3
— 1y 30, 1SBL 5 +ug (0,154 5 —ug 0,34 23 +3u 0,
BALVZ 3 =3u, 0,234 23 +3u, 0,234 2 /3 =3u 0,
23435 +3uy (0,243 5 —3u 0,384 +u 0,384 —u, o

3 3
2434 +uy 0,243 4 — u5’4(0}

matri x E1

S O O o o O
S O O o o O
S O O o o O
S O O o o O
S O O o o O
S O O o o O

condition for the next U matrix
tr(Ul)+Ul=0

Egnsl = {O, 2 s 2 Uy 2 U 3 2 Uy 2 Us s 2 g 6}

vars = {uy 1, Uy o Uy 5 Uy g Us 5 Ug o

matri x Ul

3
B4 .
(O




3
3 0 -62 0 @ 0
0 62 0 -9./3 0 @
ﬁ3ﬁ 0 93 0 —24 0
0 @ 0 24 0 -15/5

0 0 @ 0 155 0

"Solving for the coefficient of", 7»2

matrix H2
3 0 62 0 22 /3 0
0 15 0 10J2 /3 0 2235
62 0 39 0 283 0
(k44%) &* 2 3
0 10/2 /3 0 75 0 365
223 0 283 0 123 0
0 2235 0 365 0 183

matri x equation to be sol ved

~E2+ H2+ U2 &* HO — (HO&* U2) + Ul &* HI — (E1 &* Ul)

eqns2 = Uy 5 @,y 3O, Uy O U,y O, U O,

2 6 4 2
TREAV2 Y3 10642 V3 0—2u, 0

2

Q]

1145k A+ 183 kA 0 — ¢, ©

,3u1340),5u1’60), _”2,10)’3”2,5(’)’ “Uy O,

W




3 Uy O, -3 Uy | O~y 5O, -3 Us , O, “UUs , O, -5 Ug | O, -3 Ug 3 O, “Ug SO,

2 6 4 2
9k J2 —6kiA \/70)+2u3’1c0

2

(0]

2 6 4 2
27i3°4 J2 —6kiA ﬁw—zumw

2

W

2 (3745 A3 + 14 kAT o —u, o)

>

(O]

2
2 (121643 —14k4 43 0 —uy s )

2

Q]

2
2 (15343 4° 5 —18k4 4" 5 0 —u, (o )

2

Q]

2 (18943 4°5 + 18 k44 5 0 —uy 0 )

>

W

2(T° ATV — ka2 T o—2u o)

2

(0]

2 (13 ATV + ka2 VT o—2u o)

2

(0}

2 6 4 2
67434 J2 /3 —10k44 ﬁﬁm—zuum

>

W

2 (KA 35 — kA T35 0—2u, (o)

>

(0}

2 (17k3P A2 35 + A V235 0—2u .o
( 6, 2

2

Q]

kA =3k 0+e 0 T AL—15MA A 0+e, 0

9 b

(O] (O]

191k3°A4° =39 kA 0+ e, ;0  331k374° =15k 0te, 0

b b

(O 0V



541k 4°— 123044 0+ ¢, ©

(0}

matri x E2

[%4)&*[[—11A2k32+3k4m,o,o,o,o,o],
[0, -71 4% k3 + 15k4 ®, 0,0, 0, 0],
[0,0, 191 4 k3* +39 k4 ®, 0,0, 0],
[0,0,0, -331 42k3* + 75 k4,0, 0],
[0,0,0,0, -541 42 k3* + 123 k4 ®, 0],
[0,0,0,0,0, 1145 4% k3* + 183 k4 ||

condition for the next U matrix
U]&*tr(U])-I—tr(UZ)-I—UZ:O

20k AL+ 6u & 251F LA 6u, 0 965k AL+ 6u o
Eqgns2 =10, > , > , 5 ,
3m 3m 3m

b 2

2459 k3 4°+ 6u, ,0  SUTAFP AL +6u, 0 3395k A+ 6u o
3o 3o 3o

vars = {“1, P Uy Uz 3 Uy g Us 5 Ug 6}

matri x U2

2 6 2 D 2

[A4]&*H_29A2k32 0 32 (947 k3 -2k w) 0 (742 k3" — k4 ®) /6 Ol
(O)

25147 k3 0 (674°k3* —10k4®) 6 0 (11A2k32—k4co)\/3ol
2 6 2 b 2 2 b 2 2

| 32 344 —2ke) 965 Ak
2

, 0, - ,o,ﬁ(121A2k32—14k4m),ol,

(74K +10k40) 6 2459 47 k3
i b 2 b b 6

0,95 (174743 — 2 k4 o) l

[ (134 k3 + k4 0) J6
2

, 0,3 (374%k3 +14kd w), 0,

5111 4743
6 b b

(17 4% k3* + k4 ©) /30
’ 2

,0,95 (21443 +2k40),0, -

339547 k3 H



29k3%4° 34N 2 (947 kP —2kd0) | A2 B (T42kF — ko)
- 2 509 2 905 2 ’O s (38‘7)
6m 2m 20
0 251 k3* 4° 0 AN 2 3 (67 42 k3 — 10 k4 o) 0
b 60)2 b b 20)2 2 b
A2 U35 (114743 — k4 o)
20)2 ’
342 (34K -2 o) 0 965 k3°A° O,fJ?(uL£k¥—14Maﬁ 0

2 9 b 2 b 9 2
20 6w 0

},

0 A2 3 (14263 +10 k4 0) 0 2459 k3% 4°
? 2

9 b 2 b 9
2 6®

9045 (1742 k3* =2 k4 ®)

2 3
(O]

A2 3 (13423 + ko) 0 A3 (3747 k3 + 14 k4 ) 0 5111374
20 o © o 60

0 A2 V35 (174753 + ko) Osnf¢§12L¥k¥+2k4m) 0
2 2 b 2 b b

2
2 Q)

3395 k3°4°

2
6®

> k4*AM4*Matrix([[3, 0, 6*2°(1/2), 0, 2*2°(1/2)*3~(1/2), 0], [0, 15,

0, 10%27(1/2)*37(1/2), O,

2¥27(1/2)*37(1/2)*57(1/2)], [6¥27(1/2), 0, 39, 0, 28*37(1/2), 0],

[0, 10%27(1/2)*37(1/2), O,

75, 0, 36%5°(1/2)], [2*2°(1/2)*37(1/2), 0, 28*37(1/2), 0, 123, 0],

[0, 2*27(1/2)*37(1/2)*5"(1/2),

0, 36*57(1/2), 0, 183]]); # same as matrix H2 above
[[3k44*,0,6k44*2,0,2k44" 23, 0], (38.8)

[0, 15k44%,0,10k44* 2 J3,0,2k4 42 3 5 |,



[6k44*J2,0,39k44% 0, 28k44%[3,0],

[0, 10k4 4% 2 J3,0,75k44%, 0,36 k445 |,
[2k44* 2 J3,0,28k44* 3,0, 123 k44", 0],

[0,2k4 4% 2 3 /5,0,36k44" /5,0, 183 k4 4*]]

To verify that all computations performed with procedure AnHarmonic are correct, such that we
. . 3 . 3
correctly diagonalize H to O(A" ), we test that equation UH = E Uto O(A").

>eqn := (1 + add(lanbda™i *U||i,i=1..2)) &
add(l anmbda™i *H| |i,i=0..2) =
add(l anbda”™i *E| |i,i=0..2) & (1 +
add(l ambdari *U| |i,i=1..2));
eqn = (2 U2+ U1+ 1) &* (W H2+0HI+ HO) = (07 E2 + MEl + E0) &* (2’ U2 (38.9)
FAUI+1)

> K := 2:

Eeqn : = eval (subs([seq(U||i=Uu|]|i, i=0..K), seq(H |i=Hh]|i, i=0..

K), seq(E|l|i=Ee||i, i=0..K), & = "."], eqgn)):

Eegn : = | hs(Eeqn) - rhs(Eegn);

Eegn : = map(series, Eeqn, |anbda, K+1):
map(si nplify, Eeqn);
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We proceed to examine a contribution to energy of second order, namely matrix
> nE2 = map(expand, Ee2);
11k A

e

+3%k44%0,0,0,0, o],

[ 71 k3% 4°
0, -—— +15k44* 0,0,0, o],
w

191437 4°
®

0,0, +39k44%0,0,0]

331437 4°
(O]

0,0,0, +75k4 4% 0,0,

541 k3% 4°
()]

0,0,0,0, - + 123 k4 4%, o],

1145 k3% 4°
()]

0,0,0,0,0,

+ 183 k4A4”

(38.11)

Because we truncate matrices H, not all entries in matrices E and U are correct: in particular, only the

first three diagonal entries in E? are correct. We compare our results with those of T. Y. Wu in

Quantum Mechanics (World Scientific, Singapore, 1985), who used the following definition for H.

2 3 4
e p2 N k, x N k,x N kyx N
21 2! 3 41
> W = SubMatrix(nE2, 1..3,1..3);
[ 2 6
A st 0 0
w
2 6
1k3* 4
W2 = 0 A S I 0
w
2 6
0 0 OV AT | 3y ks 4
W

> interp([0,1,2], [W[1,1],W[2,2],W[3,3]], V);
A (B0 —6kw) VA (304 % —6kdo)v A (114K -3k o)

(O 0V (O

> map(collect, series(% v=-1/2), A;
2 46 4 2 46 2
_Tk3° A4 + 3k44 n _30k3°4 46 ra A ("+ij

2 2 ®

> factor(al gsubs(A*4=Be/ 4,%);

(38.12)

(38.13)

(38.14)

(38.15)



Be (30 A7 k3* vV + 30 42 k3 v+ 11 A2 k3 — 6 kd 0V’ — 6 kd v — 3 kd ®)

- 38.15
4 ® ( )
> sinplify(subs(onega=A"2*4, %, synbolic);
4 4 11k3 2
15 ((1@2— %j VvV (k32— 5k4)v+ 3’(;3 -~ ?4 )Be
- (38.16)
8
> factor(series(expand(%,n=-1/2,3));
Be (30 k3° V2 + 30 k3% v — 24 k4 v* + 11 k3° — 24 kd v — 12 k4)
- (38.17)
16
1
with EY = o, (v + B ) , we convert our results for E? to conform to Wu's notation.
> W2 : = subs(k3=k2/ 3!, k4=k3/4!, onega=onegal 0] *h,
SubMatrix(nmE2,1..3,1..3));
11k22 4> k34
- + 0 0
36 W, h 8
- 0 kA sk 0 1518
o 36 @ h 8 (38.18)
0 0 C191k2°4°  13k3.4°
36 W,/ 8

These diagonal entries are consistent with equation (II-140) in Wu's book. The correction to energy of
the harmonic oscillator in Wu's equation we obtain by interpolation from three values in the above
matrix. We obtain

> interp([0,1,2], [Ve[1,1],W[2, 2],W[3,3]], n);
A (60 k22 47— 18 k3 g h) n* A (60 k2" 4" — 18 k3 w0y h) n
- — (38.19)
72 @y h 72 @y h

A (252 £ =9 k3 0 h)
72 @ h

Two alternative ways to write this expression are as a polynomial in 4 or in n + > with n as vibrational

quantum number.
> collect(% A factor);
K22 (30 +30n+11)4° k3 (Q2n*+2n+1)4°

- + 38.20
36 W, h 8 ( )

> map(collect, series(% n=-1/2), A;



1 2

(n + 3) (38.21)

7ik22 4% k34t 522 4° k34t
- + - +
72 o, h 16 6w,/ 4

Corrections to greater order are obtained on running procedure AnHarmonic with matrices of
sufficient rank. Five statements, as given below beginning with "AnHarmonic(4,10):" for instance,
suffice to generate corrections of a given order; the duration of calculation increases exponentially with
order (according to this, or any alternative, approach).

We comment here on computations. With regard to construction of H® forx > 0, when we first

computed these matrices, we used H. @ = Ex X, X, and H @ =
L J 3 i meiThiThn LJj

k, (Zj‘)'m X% n) et cetera. This procedure yields an algorithm to compute H™® of which the

running time is exponential in K. An algorithm based on computing matrix power x is superior, and is

sufficiently quick that there is little point in using formulae for bands of H™. The linear system of
equations that is constructed and solved is a diagonal system, but, because formulae involve several
square roots of small integers, Maple runs much more slowly than if coefficients were simple integers: a
reason is that Maple is careful to determine algebraic relations between square roots, e.g.

J6 —2 /3 =0. For our calculations here, if one has no objection to see /2 , /3 and /6 inan
answer, one can accelerate calcaulations ten or more times if one solves equations blindly; we devised
for this purpose our own solver presented above as mysolve.

Succeeding calculations require progressively increasing duration and memory. The first argument
in each call to AnHarmonic indicates the perturbative order of a calculation, and the second argument
specifies the rank of matrices involved in a calculation; this rank must increase exponentially with order
to achieve accurate results. We calculate correction terms to fourth order,

> AnHar noni c(4, 10):
"Solving for the coefficient of", A
matrix Hl

matri x equation to be sol ved
expanded matri x equation to be sol ved

matri x E1
condition for the next U matrix
Vars = {uy 1, Uy o Uy 5 Uy g Us s Ug o Uy o Ug o Uy g Upg 10}
matri x Ul
" < T 1 2
Solving for the coefficient of", A
matri x H2
matri x equation to be sol ved
matri x E2
condition for the next U matrix
vars = {”1, p Uy plUs p Uy pls o Ug Uy pUg Uy oo Uy 10}
matri x U2

3
"Solving for the coefficient of", A



matri x H3
matri x equation to be sol ved

matri x E3
condition for the next U matrix
vars = {”1, P Uy sy Uy gpls 5 Ug o Ug 3o Ug o Ug g Uy 10}
matri x U3
" b b 1 4
Solving for the coefficient of", A
matri x H4
matri x equation to be sol ved
matri x E4
condition for the next U matrix
Vars = {uy 1, Uy o Uy 5 Uy g Us 5 Ug o Uy o Ug o Ug o Upg 10}
matrix U4

> factormatri x(SubMatri x(Ee4,1..4, 1..4));

3
(0]

[ A J &* [[-930 4°k3* + 684 4 kP kd 0 — 130 L k3 kS @ — 2 Ak o +15k6 0, 0, (38.22)
0,0],
[0, ~11250 4% k3" + 7452 4* k3 kd © — 1230 L2 k3 kS & — 330 Lk & + 105 k6 00,
0,0],
[0, 0, -46950 4° k3* + 30420 4* k3% ke © — 4850 L2 k3 k5 & — 1230 Ak &
+375k6w, 0],
[0, 0,0, 124950 4° k3* + 80388 A" k3> kd @ — 12670 A2 k3 kS @ — 3150 Ak &
+945k6 0 ||

> interp([0,1,2,3], [seq(Ee4[i,i], i=1..4)], n):
> collect(% [A k3, k4, k5, k6, onega], factor);

30 (2n+1) (4707 +47n+31) k3° 4"

3
(O

(38.23)

L 36@nt1) (25 +25n 4 19) k4 k3> 4" N

2
(O

1002n+1) (14n° +14n+13)k5k3  22n+1) (170°+ 170+ 21) ks y
® (O)

+502n+1)(2n+2n+3) k6 4°



> evaln( Ee4[n,n] ) = map(collect, taylor(% n=-1/2, 5), A factor)

’

C115543° 4% 918434 k4 (190k5 K3 + 67 k4°) A

Eed = -
nn [ 0)3 0)2 o

+ 25 k6A6] (n (38.24)

3 2

1 2820 k3* 4% 1800 43° 4" k4 4 (70 kS k3 + 17 k4*) 4
+ o+ |- + -

0} O
it
T
sixth order,

> AnHar noni c(6, 18):

3
+ 20 k6 4°

"Solving for the coefficient of", A

matrix Hl
matri x equation to be sol ved
expanded matri x equation to be sol ved

matri x E1
condition for the next U matrix
Vars = {Uy 1, Uy Uy 5 Uy g Us s Ug o Uy o g o Ug g Uyg 100 Uy s

Upe, 16 Y17, 17 U1s, 18 )

matrix Ul
" 1 1 1 2
Solving for the coefficient of", A
matrix H2
matri x equation to be sol ved
matrix E2
condition for the next U matrix
Vars = {uy 1, Uy oy Uy 5 Uy g Us 5 Ug o Uy o g g Ug g Uyg 100 Uy s

Ups 160 417,17 Ui, 18 )

matri x U2
n M 1 ' 3
Solving for the coefficient of", A
matri x H3
matri x equation to be sol ved
matrix E3
condition for the next U matrix
vars = {uy 5 Uy 5 Uy g Us 5 Ug o Uy o Ug g U oo Uy 100 Uy

Ups 160 17,17 Ui, 18 )

matri x U3

W

Ui 120 W3, 13 g, 140 U5, 150

Uip 120 3,130 Hig, 142 Y5, 150

Uy 120 i3, 130 Mg, 140 Y15, 15



"Solving for the coefficient of", 7L4

matri x H4

matri x equation to be sol ved
matri x E4

condition for the next U matrix
vars = {”1, p Uy ply Uy pls o Ug Uy o llg o Uy ooy 100 U1 110 Y12, 120 Y13, 13 Y14, 14 Y15, 15

Ups 160 417,17 Y1, 18 )

matri x U4

n M 1 ' 5

Solving for the coefficient of", A

matri x H5
matri x equation to be sol ved
matrix E5
condition for the next U matrix
vars = {uy g, Uy o Uy 5 Uy g Us o Ug Uy 3 Ug g g g Uyg 100 Uyy s Uy 100Uy 135Uy g0 Uys s

Ups 160 17,17 Ui, 18 )

matrix U5

" : 1 1 6

Solving for the coefficient of", A

matrix H6
matri x equation to be sol ved
matrix E6
condition for the next U matrix
vars = {uy 1, Uy o Uy 5 Uy g Us 5 Ug o Uy o g o Ug g Uyg 100 Uy s Upy oo Uz 130 Uyy 10 Uys 150

Upe, 16 Y17, 17 U1s, 18 )

matri x U6

> interp([0,1,2,3,4],[seq(Ee6[i,i],i=1..5)],n):
> evaln( Ee6[n,n] ) = map(collect, taylor(%n=-1/2, 5), A factor);

101479 k3° 4" 13181743 k4 4" k3” (29554 k3 ks + 40261 k4°) 4

Ee6, = - + . ; (38.25)

4co5 4 4

(6055 k3% k6 + 11334 k3 k4 k5 + 1539 k4’) A"

40)2

3 (770 k3 k7 4 630 k4 k6 + 369 k5°) 4'° N 315 k8 A L[ 418110 k3° 4"
8 ® 8 ~



L 479970 k3 ke A 6 k37 (15910 k3 kS + 20671 k?) 4™

4 3
(O] Q]

6 (2845 k3% k6 + 4890 k3 k4 k5 + 569 k4’) A"

2
(O
4 4 217 k5?) 4" 1y
_ S (54637 +354KAK6+20TRS) A" oo s (n+_) n
. 2
463020 k3° A" 465300 k3 k4 AT 60 k3” (1302 k3 kS + 1663 k47) A
® ® o

L 60 (181 k3* k6 + 322 k3 k4 k5 + 25 k4’) 4"

2
OV

30 (42 k3 k7 + 22 k4 k6 + 21 k5°) A" !

— + 70 k8 4
()]

N 1

n+ —
2

and eighth order; the order of the matrix increases correspondingly.

> AnHar noni c(8, 28):

"Solving for the coefficient of", A

matrix Hl
matri x equation to be sol ved
expanded matri x equation to be sol ved

matri x E1
condition for the next U matrix
vars = {uy |,y o Uy 5 Uy g ls 5 Ug Uy 3 Ug g g g Uyg 100 Uyy Uy o0 Uyy 130Uy 10 Uys s

Uie, 160 Y17, 17 18, 182 19, 19° Y20, 200 Y21, 217 Y22, 222 Y23, 23> Hog, 24> Hos 250 Uag 262 U7, 277 Uag, 28}

matrix Ul

" : 1 1 2

Solving for the coefficient of", A

matrix H2
matri x equation to be sol ved
matri x E2
condition for the next U matrix
Vars = {Uy 1, Uy o Uy 5 Uy g Us U o Uy U o Ug g Uyg 100 Uy s Upp 1oo Uy 130 Uyy 10 Uys 150

Uis 160 17, 17 Ui, 18> 19, 190 %20, 20° Ya1, 21> M, 22 Ua3, 230 Y, 24 tas. 250 U, 260 M7, 27 Uas. 28 |

matrix U2

"Solving for the coefficient of", k3

matri x H3



matri x equation to be sol ved

matri x E3
condition for the next U matrix
vars = {uy 1, Uy o Uy 5 Uy g Us 5 Ug o Uy o g o Ug g Uyg 100 Uy s Upp 190 Uz 130 Uyy 10 Uys 150

Ups, 16 417, 17 U1, 18° Y19, 19> 20, 200 a1, 21> 22, 20> U3, 23> Uag, 24> Uas, 25> Uag, 26> U7, 27 Uag, 28 }

matri x U3

" b b 1 4

Solving for the coefficient of", A

matri x H4
matri x equation to be sol ved
matri x E4
condition for the next U matrix
vars = {”1, p Uy ply Uy pls o Ug Uy Uy Uy ooy 100 U1 110 Y12, 120 Y13, 130 Y14, 14 Y15, 15

Uie 160 17, 17 Ui, 18> 19, 19> %20, 20° Y21, 21> Han, 22 Ua3, 230 Y, 24 tas. 250 U, 26> M7, 27 Uas, 28 |

matrix U4

" b : 1 5

Solving for the coefficient of", A

matri x H5
matri x equation to be sol ved
matri x E5
condition for the next U matrix
vars = {”1, P Uy ply Uy pls U Uy Ul o Ug ooy 100 Uy, 110 Y12, 120 Y13, 130 Y14, 14 Y5, 15

Uie, 160 U117, 172 18, 182 19, 19° %20, 200 Y21, 21° Y22, 220 Y23, 23> Hog, 24> Hos, 250 Yag, 26> Y27, 277 Uag, 28}

matrix U5

" : 1 1 6

Solving for the coefficient of", A

matrix H6
matri x equation to be sol ved
matrix E6
condition for the next U matrix
vars = {uy 1, Uy Uy 5 Uy g Us 5 Ug o Uy o g o Ug g Uyg 100 Uy s Upp 1po Uy 130 Uyy 10 Uys 150

Ups, 16 Y17, 17 U1, 18° Y19, 19> 20, 200 a1, 21> 22, 20> U3, 23> U, 24> Uas, 25> Uag, 26> U7, 27 Uag, 28 }

matri x U6

"Solving for the coefficient of", 7L7

matrix H7

matri x equation to be sol ved
matri x E7

condition for the next U matrix



vars = {uy 1, Uy Uy 5 Uy g Us 5 Ug o Uy o g o Ug g Uyg 100 Uy s Upp 190 Uy 130 Uyy 10 Uys 150

Ups, 16 Y17, 17 U1, 18° Y19, 19> 20, 200 a1, 21> 22, 20> U3, 23> U, 24> Uas, 25> Uag, 26> a7, 27 Uag, 28 }

matrix U7
n 1 M 1 8
Solving for the coefficient of", A
matrix H3
matri x equation to be sol ved
matri x E8
condition for the next U matrix
vars = {uy 1, Uy oy Uy 5 Uy g Us 5 Ug o Uy 3 g o Ug g Uyg 100 Uy s Upy oo Uy 130 Upy 10 Uys 150

Uis 160 17, 17 Ui, 18> 19, 19> %20, 20° Y21, 21> M, 22 Ua3, 230 Y, 24 tas. 250 U, 26> M7, 27 Uas, 28 |

matri x U8

> interp([0,1,2,3,4,5],[seq(Ee8[i,i],i=1..6)],n):
> evaln( Ee8[n,n] ) = map(collect, taylor(%n=-1/2, 6), A factor);

129443349 k3% 4% 53574549 k3% k4 4%
Ee8n =| - +

n 7 6
4 0

(38.26)

3 k3% (7690522 k3 kS5 + 17666725 k4*) 4*°

20)5

M k3> (1595083 k3” k6 4 5805700 k3 k4 k5 + 2606190 k4°) 4"

4
20

1
— —— ((1930488 k3’ k7 + 4987188 k3” k4 k6 + 2529360 k3” k5" + 4477660 k3 k4 k5

4

+305141 k4*) 4'°)

1
+ — (177506 k3* k8 + 298956 k3 k4 k7 + 290834 k3 k5 k6 + 117281 k4’ k6

2m

(56154 k3 k9 + 42084 k4 k8 + 44058 k5 k7 + 19277 k6°) A"
4

+ 129462 k4 k5°) A'Y) —

5607 k10 4'° 1 154601370 k35 4% 231728040 k3° k4 4%
I L R " + .

60 k3* (750326 k3 k5 + 1695241 k4°) A

5
w




. 60 k3> (137821 k3% k6 + 493980 k3 k4 k5 + 213046 k4°) A"

4
()

1
T3
®

(10 (145656 k3° k7 + 361836 k3* k4 k6 + 187040 k3* k5 -+ 313860 k3 k4 k5

+ 17833 k4') 4'°)

1
+ —5 (20 (11186 k3" k8 + 18060 k3 k4 k7 + 17706 k3 k5 k6 + 5911 k4" k6

(0}

10 (2814 k3 k9 + 1764 k4 k8 4 2142 k5 k7 + 829 k6”) 4"
o

+ 7518 k4 k5%) 4™) —

3 8 (24 6 2
4 1890 k70 A ( 1 ) N [ 95872644 k3" 4™ 130619664 k3" k4 4

n+ —
7 6
2 0) ®

504 k3* (44578 k3 k5 + 101325 k4*) A%

5
(O

2520 k3% (1371 k32 k6 + 5188 k3 k4 k5 + 2150 k4°) 4"®

4
o

84 (5880 k3’ k7 4 15300 k3° k4 k6 + 8720 k3% k5° + 13580 k3 k4° k5 + 509 k4') 4'°

3
(O

L 168 (354 k3% k8 + 588 k3 k4 k7 + 658 k3 k5 k6 + 149 k4” k6 + 294 k4 k5°) A

2
LY
T

W

12 (462 252 462 131 k6%) 4"
12 (462 k3 k9 + 252 k4 k8 + 462 k5 k7 + 131 k6”) 959 110 4"

(0]

For tenth order we obtain these results.

> AnHar noni ¢(10, 72):
"Solving for the coefficient of", A
matrix Hl

matri x equation to be sol ved
expanded matri x equation to be sol ved

matri x E1l
condition for the next U matrix
vars = {”1, p Uy ply p Uy pls o Us Uy o llg o Uy ooy 100 U1 110 Y12, 120 Y13, 130 Y14, 14 Y15, 15

Uie, 160 Y17, 17 H138, 18> 19, 19° Y20, 200 Y21, 217 Y22, 200 Y23, 232 Y4, 24> U5, 257 Ung 26> Y27, 27> Hag, 28



Upg 29> U3, 30> U31, 317 U3p, 300 Us3, 330 U3y 340 U35 350 Uzg 36> Y37, 37> H3g, 38° U39, 300 U0, 40> Y41, 41
Upr 420 Y43, 430 Yaa, a0 Y45 450 Yae, 460 Ya7, 47> Yag, a8 Y49, 49> Ys0, 500 Y51, 51° Usp, 500 Us3, 530 Usy 540
Uss 550 Usg 560 Usy 570 Usg 580 Usg 500 Ugo, 60° Ue1, 61° Y62, 62> Y63, 63> Y64, 642 Y65, 65° Ye6, 66> Y67, 67°

Ugs. 68 Y69, 69> %70, 70° 71, 710 Y72, 72}

matrix Ul

" : 1 1 2

Solving for the coefficient of", A

matrix H2
matri x equation to be sol ved
matrix E2
condition for the next U matrix
vars = {uy 1, Uy Uy 5 Uy g Us U o Uy U o Ug g Uyg 100 Uy s Upp 190 Uz 130 Uyy 10 Uys 150

Uie, 160 Y17, 17 H138, 18> 19, 19° Y20, 200 Y21, 21 Y22, 200 Y23, 232 Y24, 24> Ho5, 257 Ung 26> Y27, 27> Hag 28
Upg 29> U3 300 31, 317 U3n, 300 U3z, 330 Y34 340 U35 350 Uze 36> Y37, 37> H3g, 38° U39, 390 U0, 40> Ya1, 41
Upr 400 YUa3 430 Yaa aa0 Yas a5 Yae a6> Ya7, 47> Yag, a8 Y49, 49> Yso, 500 Y51, 510 Uso, 500 Us3, 530 Usa 540
Uss 550 Usg 560 sy 570 Usg 580 Uso 500 Yo, 60° Ye1, 61° Y62, 62> Y63, 63° 64, 642 Y65, 65° Ye6, 66> Y67, 67°

Ugs 65> Uso. 69 Y10, 70° 71, 71> U2, 72

matri x U2

n M 1 ' 3

Solving for the coefficient of", A

matri x H3
matri x equation to be sol ved
matrix E3
condition for the next U matrix
vars = {uy g, Uy o Uy 5 Uy g ls o Ug o Uy 3 Ug g g g Uyg 100 Uyy (s Uy 100Uy 135 Uiy 10 Uys 5o

U1, 16> 17, 172 t18, 18> 19, 19 20, 200 Y21, 217 Y22, 22 Y23, 23> Y24, 240 Y25, 250 U2, 260 Y27, 277 Uas, 28
U39, 290 30, 30> U31, 310 U32, 327 33, 33> U34, 300 U35, 350 Y36, 36> 137, 37> U3g, 38> U39, 39° M40, 40> Ha1, 41°
Upp a2 Ma3 430 Uaa 400 Yas, 45 Yae, 46 Ya7, a7 Mag, 48> Ma9, 49> Uso, 500 Us1, 510 Uso, 500 Us3, 530 Usy, se
Uss 550 Use, 560 Us7, 57 Usg, 580 Usg, 590 U0, 60° Uo1, 617 Y2, 62> Ye3, 63> Yea, 64> Y65, 65° Y66, 66> Y67, 67

Ugs o3> 6o, 69° 470, 70° 471, 71> Y72, 72 }

matri x U3

"Solving for the coefficient of", 7L4



matrix H4
matri x equation to be sol ved

matri x E4
condition for the next U matrix
vars = {”1, P Uy ply Uy pls U Uy ol o Ug ooy 100 Uy, 110 Y12, 120 Y13, 130 Y14, 140 Y5, 150

U1, 16> 17, 172 t18, 18> 19, 19 20, 200 Y21, 217 Y22, 22 Y23, 23> U4, 240 Y25, 250 U6, 267 Y27, 277 Uas, 28
U39, 290 30, 30> U31, 31 U32, 327 33, 33> U34, 300 U35, 350 Y36, 36> 137, 37> U3g, 38> U39, 39° M40, 40> Ha1, 41°
Upp 42> Ma3 430 Uaa 400 Yas, 45 Yae, 46 Ya7, a7 Mag, 48> Ma9, 49> Uso, 500 Us1, 510 Uso, 500 Us3, 530 Usy, se
Uss 550 Use, 560 Us7, 57 Usg, 580 Us9, 590 U0, 60° Uo1, 61° Y2, 62> Ue3, 63> Hea, 64> Y65, 65° Y66, 66> Y67, 67

Ugs o3> 6o, 69° 470, 70° Y71, 71> 72, 72 }

matrix U4

n 1 1 1 5

Solving for the coefficient of", A

matrix H5
matri x equation to be sol ved
matrix E5
condition for the next U matrix
Vars = {uy 1, Uy o Uy 5 Uy g Us 5 Ug o Uy U o Ug g Uyg 100 Uy s Upp oo Uy 130 Upy 10 Uys 150

U16, 160 17, 17 H18, 18> H19, 190 20, 200 Y21, 210 M2, 22> M3, 23> U4, 240 U5 250 U6, 260 27, 277 Yo, 28
Ur9, 29> U30, 300 U31, 31> U3z, 320 U33, 33 Y34, 340 U35, 350 U36, 36> Y37, 37> Y38, 38° U39, 39° a0, 40> Y41, 41
Upp 42> Ma3, 430 Uaa 440 Yas, 45 Ya6, 46 Ya7, a7 Yag, 48> Ma9, 49> Uso, 500 Us1, 510 Usp, 500 Us3, 530 Usy, sa0
Uss 550 Usg 560 Usy 570 Usg 580 Usg 500 Ugo, 60° Ue1, 61° Y62, 62> Y63, 63> Y64, 642 Y65, 65° Ye6, 66> Y67, 67°

Ugs, 68 Y69, 69> %70, 70° 71, 71° YU72, 72}

matrix U5

" : 1 1 6

Solving for the coefficient of", A

matrix H6
matri x equation to be sol ved
matrix E6
condition for the next U matrix
vars = {uy 1, Uy Uy 5 Uy g Us 5 Ug o Uy o g o Ug g Uyg 100 Uy s Upy oo Uz 130 Uyy 10 Uys 150

Uie, 160 Y17, 17 18, 182 19, 19° %20, 200 Y21, 217 Y22, 222 U3, 23> Hog, 240 Uos 250 Uag 267 Y27, 277 Uag, 28
Uyg, 29> U3, 300 31, 310 30, 300 33,330 U3y 340 Uss 350 Uzg 360 H37, 37> U3g, 380 Y39, 39° Y40, 40° Y41, 41

Upr 400 YUa3 430 Yaa aa0 Uas a5 Yae a6> Ya7, 47> Yag, a8 Y49, 49> Yso, 500 Us1, 510 Uso, 500 Us3, 530 Usy 540



Uss 550 Use 560 57, 57> Usg 580 Usg 590 U 60> Yo, 61° Y62, 620 Y63, 63° Y64, 64 Y65, 65° Y6, 66> Y67, 67°

Ugs o3> 6o, 69° 470, 70° Y71, 71> 472, 72 }

matrix U6

n 1 M 1 7

Solving for the coefficient of", A

matrix H7
matri x equation to be sol ved
matrix E7
condition for the next U matrix
vars = {uy 1, Uy oy Uy 5 Uy g Us 5 Ug o Uy 3 g o Ug g Uyg 100 Uy s Upy oo Uy 130 Upy 10 Uys 150

U16, 160 117, 17 H18, 18> H19, 190 20, 200 Y21, 210 M2, 22> M3, 23> U2, 240 U5 250 U6, 260 27, 277 Yo, 282
Ur9, 29> U30, 300 U31, 31> U3z, 320 U33, 33 Y34, 340 U35, 350 U36, 36> Y37, 37> Y38, 38° U39, 39° a0, 40> Y41, 41
Upp 42> Ma3, 430 Uaa 440 Yas, 45 Ya6, 460 Ya7, a7 Yag, 48> Ma9, 49> Uso, 500 Us1, 510 Usp, 500 Us3, 530 Usy, sa0
Uss 550 Usg 560 Usy 570 Usg 580 Usg 590 Ugo, 60° Ue1, 61° Y62, 62> Y63, 63> Y64, 642 Y65, 65° Ye6, 66> Y67, 67°

Ugs, 68 Y69, 69> %70, 70° 71, 71° YU72, 72}

matrix U7

" : 1 1 8

Solving for the coefficient of", A

matrix H3
matri x equation to be sol ved
matri x E8
condition for the next U matrix
vars = {uy 1, Uy o Uy 5 Uy g Us 5 Ug o Uy o g o Ug g Uyg 100 Uy s Upy oo Uz 130 Uyy 10 Uys 150

Uie, 160 Y17, 17 H138, 18> H19, 19° Y20, 200 Y21, 217 Y22, 200 Y23, 232 Y24, 24> Ha5, 250 Ung 26> Y27, 27> Hag, 28
Upg 29> U3 300 31, 317 Y32, 300 U3z, 330 Y34, 340 U35 350 Uzg 36> Y37, 37> H3g, 38° U39, 390 U0, 40> Ya1, 41
Upr 400 YUa3 430 Yaa aa0 Yas a5 Yae a6> Ya7, 47> Yag, a8 Y49, 49> Yso, 500 Us1, 510 Uso, 500 Us3, 530 Usa 540
Uss 550 Usg 560 sy 570 Usg 580 Uso 500 Yo, 60° Ye1, 61° Y62, 62> Y63, 63° Y64, 642 Y65, 65° Ye6, 66> Y67, 67°

Ugs 65> Ueo, 69 Y10, 70° 71, 71> U2, 72

matri x U8

"Solving for the coefficient of", kg

matri x HO

matri x equation to be sol ved
matrix E9

condition for the next U matrix



vars = {uy 1, Uy Uy 5 Uy g Us 5 Ug o Uy o g o Ug g Uyg 100 Uy s Upp 190 Uy 130 Uyy 10 Uys 150

Uie, 160 Y17, 17 H138, 18> Y19, 19° Y20, 200 Y21, 217 Y22, 200 Y23, 232 Y24, 24> Ha5, 257 Ung 26> Y27, 27> Hag, 28
Upg 29> U3 30> 31, 317 U3p, 300 U3z, 330 Y34 340 U35 350 Use 36> Y37, 37> H3g, 38° U39, 300 U0, 40> Ya1, 41
Upr 420 YUa3 430 Yaa aa0 Uas a5 Yae a6> Ya7, 47> Yag, a8 Y49, 49> Yso, 500 Us1, 510 Uso, 500 Us3, 530 Usa 540
Uss 550 Usg 560 sy 570 Usg 580 Uso 500 Yo, 60° Ye1, 61° Y62, 62> Y63, 63° 64, 642 Y65, 65° Ye6, 66> Y67, 67°

Ugs 65> Ueo. 69 Y70, 70° 71, 71> U2, 72

matri x U9
" : : ] 10
Solving for the coefficient of", A
matri x HLO
matri x equation to be sol ved
matri x E10
condition for the next U matrix
vars = {uy g, Uy o Uy 5 Uy g Us 5 Ug Uy 3 Ug g g g Uyg 100 Uyy s Uy 100Uy 130 Uiy 10 Uys s

U1, 16> 17, 172 t18, 18> 19, 19 20, 200 Y21, 217 Y22, 22 Y23, 23> U4, 240 U5, 250 U6, 267 Y27, 277 Uas, 28
U39, 290 U30, 30> U31, 310 U32, 327 33, 33> U34, 300 U35, 350 Y36, 36> 137, 37> U3g, 38> U39, 39° M40, 40> Ha1, 41°
Upp a2 Ma3 430 Uaa 400 Yas 45 Yae, 46 Ya7, a7 Mag, 48> Ma9, 49> Uso, 500 Us1, 510 Uso, 500 Us3, 530 Usy, se
Uss 550 Use, 560 Us7, 57 Usg, 580 Us9, 590 U0, 60° Uo1, 61° Y2, 62> Ye3, 630 Yea, 64> Y65, 65° Y66, 66> Y67, 67

Ugs o3> 6o, 69° 470, 70° Y71, 71> Y72, 72 }

matri x UL0

> interp([0,1,2,3,4,5,6],[seq(Eel0[i,i],i=1..7)],n):
> evaln( EelO[n,n] ) = map(collect, taylor(%n=-1/2,7), A factor);

2375536317 k3'° 4% 5112354429 k3% kg 4?2
Eel) =- + (38.27)
n,n 9 8
20 20

k3° (570170440 k3 k5 + 1875235809 k4°) A%

7
(O]

k3" (125451228 k3” k6 + 697320300 k3 k4 k5 + 542138237 k4°) 4>

6
OV

1
— —— (k3* (54858006 k3’ k7 + 245446860 k3 k4 k6 + 121918445 k3° k5°

2m




— (11623829 k3* k8

2m®

+ 453292880 k3 k4 k5 + 104283313 k4*) 4%%) +

+ 40733788 k3> k4 k7 + 39214848 k3° k5 k6 + 54140744 k3% kd® k6 + 54388854 k3 k4 k5°

1

+ 33066120 &3 k4 k5 + 1456569 k4°) 4”) — —— ((2336663 k3° k9

20
+ 5991174 k3% kd k8 + 5703723 k3 k5 k7 + 2729425 k3% k6 + 5188782 k3 k4 k7

+ 10091532 k3 k4 k5 k6 + 1709370 k3 k5° + 1470420 k4 k6 + 2301381 k4* k5°)

1
—— (3 (282975 k10 k3* + 477792 k3 k4 k9 + 449358 k3 k5 kS

4 ®

A"®) +

+ 420200 k3 k6 k7 + 194670 k4” k8 + 386544 k4 k5 k7 4+ 179550 k4 k6> + 191160 k5° k6)

419) _ 9 (46200 k10 k4 + 57750 k11 k3 + 45318 k5 k9 + 39900 k6 k8 + 20075 k7°) A"
16 ®

51975 k12 A" 26541790065 k3'° 4°° 53237904993 k3% k4 4%°
+ T + | - i + X

6 k3° (1853896870 k3 k5 + 6007627359 k4*) A

7
(0}

L6 k3* (379992501 k3” k6 + 2073384570 k3 k4 k5 + 1580214947 k4°) 4**

6
(O]

1
— — (343° (153794592 k3’ k7 + 670871478 k3” k4 k6 + 333289220 k3 k5
Q)

1
+ 1210044260 k3 k4’ k3 + 269873047 k4') A7) + — (3 (29671040 k3" k8
®

+ 101516128 k3° k4 k7 + 97475340 k3> k5 k6 + 129658238 k3° k4° k6
+ 130951020 k3” k4 k5° 4 76740540 k3 k4° k5 + 3105983 k4°) A4™°)

1
— —5 (3 (5373242 k3’ k9 + 13220088 k3” k4 k8 + 12733770 k3 k5 k7 + 6056107 k3” k6~

(0}

+ 11023824 k3 k4* k7 + 21314964 k3 k4 k5 k6 + 3613960 k3 k5° + 2839538 k4 k6



1
+ 4678032 k4 k5°) A'®) + —5 (3 (860895 k10 k3” + 1365588 k3 k4 k9
Q)

+ 1290310 k3 k5 k8 + 1223964 k3 k6 k7 + 506016 k4” k8 + 1056244 k4 k5 k7

+ 463623 k4 k6> 4 510070 k5> k6) 4'°)

21 (45040 k10 k4 + 63954 k11 k3 + 45426 k5 k9 + 39004 k6 k8 + 21161 k7*) 4™

4

101409 k12 A" 12 57626387280 k3'° 4°°
+ n+ — | + |-
4 2 &

. 106553134800 k3* k4 A% 238560 k3° (85455 k3 kS + 275707 k4”) A4°°

8 7
OV (O

L 1680 k3* (2232271 k3% k6 + 12280770 k3 k4 k5 + 9214130 k4°) 4>

6
(O]

1
— — (840 k3% (804342 k3’ k7 + 3509190 k3” k4 k6 + 1781705 k3° k5°
Q)

1
4
®

+ 6338700 k3 k4* k5 + 1352338 k4") 4*%) + — (120 (947667 k3* k8

+ 3252004 k3> k4 k7 + 3178444 k3> k5 k6 + 4058582 k3° k4’ k6 + 4280262 k3° k4 k5”

1
3
®

+ 2358580 k3 k4° k5 + 78302 k4°) A*°) — — (40 (440097 k3’ k9

+ 1072806 k3° k4 k8 + 1075557 k3% k5 k7 + 499206 k3* k6> + 870198 k3 k4* k7

+ 1744728 k3 k4 k5 k6 + 314930 k3 k5> + 189594 k4° k6 + 373849 k4” k5*) 4'%)

+ iz (20 (116235 k10 k3> + 180936 k3 k4 k9 + 180726 k3 k5 k8 + 167664 k3 k6 k7

w

+ 57106 k4” k8 + 142968 k4 k5 k7 + 54636 k4 k6™ + 73220 k5" k6) A'°)



35 (4200 k10 k4 + 6798 k11 k3 + 5214 k5 k9 + 3868 k6 k8 + 2343 k7*) 4"
Q)

12
+ 12705 k12 4 n+ e 5 2

( 1 )4+ | 22598568720 k310 4% | 38797354512 k3" kd 4™
® (V)

672 k3° (10043890 k3 k5 + 32742281 k4*) 4%

7
OV

L 672 k3* (1607327 k3% k6 4 9312030 k3 k4 k5 + 6934565 k4*) 4>

6
(O]

1
— — (336 k3% (492744 k3’ k7 + 2282130 k3 k4 k6 + 1231160 k3° k5°
Q)

1
+ 4295340 k3 k4" kS + 868465 k4") A7) + — (336 (68940 k3" k8

W

+ 253360 k3° k4 k7 + 268900 k3> k5 k6 + 323450 k3° k4% k6 + 375980 k3> k4 k5°

1
3
®

+ 191060 k3 k4 k5 + 4169 k4°) 4°°) — — (336 (8690 k3> k9 + 22416 k3° k4 k8

+ 25650 k32 kS k7 + 11725 k3% k6® + 18552 k3 kd* k7 + 41612 k3 k4 k5 k6 + 8480 k3 k5>

1
+ 3046 k4 k6 + 9276 k4* k5°) A'®) + —5 (112 (2745 k10 k3* + 4356 k3 k4 k9
()

+ 5210 k3 k5 k8 + 4860 k3 k6 k7 + 1156 k4 k8 + 4356 k4 k5 k7 + 1203 k4 k6

+ 2430 k57 k6) 4'°)

28 (480 k10 k4 + 858 k11 k3 + 858 k5 k9 + 508 k6 k8 + 429 k7°) A
Q)

6
+ 924 klenj (n + %)

This calculation can be pursued to higher order with appropriate modification of the latter three
commands.

el.43 exercise



For a formula for potential energy of an anharmonic oscillator of Dunham's form, i.e.

s the limiting form for the canonical harmonic

V(x) =a0x2 1+ Za]_xj] , in which V(x) =a,
—"

oscillator and additional terms a,, ajxj 2 represent the corrections to take into account anharmonic

behaviour,convert the preceding derivation so that the results of the energies are expressed only in terms
B

e

of coefficients a J=0,1,2, ... according to the selected order of perturbation theory. Take a,= —

g
2B,
in which g = —— with equilibrium rotational parameter B  and equilibrium vibrational parameter ®,
Q)

e
so that expressions for the energies of various orders involve g to various powers and coefficients a,

with j > 0.
el.44 exercise
Within wave mechanics, a system described with hamiltonian A that supports only two states is
describable with an amplitude function of form y=c, ¢, + ¢, ¢,.

1) Assuming that / and coefficients ¢, and ¢, are real and that ¢, and ¢, form a complete orthonormal
set, derive equations for the exact energies of this system in terms of matrix elements of A.

il) With H © q)j = EJ.(O) q)j ,letH=H @+ 1Y and compare the results of non-degenerate and
degenerate perturbation theories.

el.45 exercise

For an anharmonic oscillator having quadratic and other terms of only even power, the hamiltonian
has this form.
2
2 k g
H=L— 4+ = 4+ ¢/
2u 2
2 2
Replacing k, with 4 T [L v, to obtain
2
2 2
H=2— +2rn uv0q2+ eql,
24
with Dirac's operators, evaluate the shifts of the energies from those of a canonical linear harmonic
oscillator with perturbation theory, for which H is divided into H, and H,, for
i) /=4 and
i) [=6;
1
take H =hv, (b a—+ 5 ) , containing creation operator b and destruction operator a, with the same

value of parameter v, assuming that quartic term H, = € q4 or sextic term H, = € q6 is small.

el.46 exercise
With the Schroedinger equation in one dimension as

d2
- [g y(x) | +V(x)wx) =Ey(x)
§ mV 8§ mE
in which V—»—m and E-»——"2 are reduced variables, in a Hilbert space L, (R) such that an

W n



[ee]

integral of formula or function y(x) as J [v(x) |2 dx < o,

- 00

it
1) show that, for V'(x) = p2 =32 and p>0,y(x)=e?" isasolution and find the eigenvalue; plot

V(x) and y(x) for varied values of p;

ii) show that, for V(x) =p*x" +2pgx*+ (¢*=3p) ¥, w(x)=e¢ * % isasolution and find
the eigenvalue; plot V' (x) and y(x) for varied values of p and g, both positive and negative.
el.47 exercise, particle on a ring
For a particle of mass [ confined to a ring of radius R such that /"=0 on the ring and V- o

elsewhere, calculate the amplitude functions and energies of the stationary states according to wave
mechanics. This result is applicable also to a rigid body with moment of inertia [ rotating freely in

plane xy, with that moment u R replacing mass [L.
el.48 exercise

For this amplitude function of a particle of mass [ in one spatial dimension,
x \" - i()
X
xX)=c|— | e
v =e |y |
in which ¢ and n are constant parameters and x0 > 0, calculate the potential energy V' (x) and energy £
for which this amplitude function is an eigenfunction.

el.49 exercise
For a symmetric function of potential energy attributed to Rosen and Morse, V' (x) = -12 sech(x)z,
show that Wy, (x) =sech(x)3, v, (x) = sech(x)2 tanh(x) and y, (x) =sech(x) (5 talnh(x)2 — 1) are
2

solutions of Schroedinger's equation in which m = and find the corresponding energies of these

2 b
&m
three discrete states in terms of the same quantity. Plot the given amplitude functions at their energies

with the curve for potential energy, and observe the number of nodes in these amplitude functions.
1.46 anharmonic oscillator according to Dirac operators

> restart:

After executing all procedures in section 1.241 and all commands in section 1.242, for the
anharmonic oscillator we apply, according to perturbation theory, as the exact result of order zero of
perturbation this energy of the canonical linear harmonic oscillator.

> H”0 *|n> = factor(H & ket(n));

H’ |n>=H&@ ket(n) (46.1)
> EO0 :=n -> (n+l/2)*h*nu[ 0] ;
EO:=nw~ (n + ;)-h-vo (46.2)

We take as our hamiltonian for the anharmonic oscillator hamiltonian H° of the canonical linear

harmonic oscillator with two further terms in /' ™" containing coefficients ¢, and a, to indicate the

extent of the perturbation and parameter A to reflect the order of smallness of those coefficients:
2
H=H’+H" = H’+ hvoalkq3+hvoa2k q'



We recall also operators a and d, represented as a to decrease the population of a state by one unit and
b to increase the population of a state by one unit, for the same reasons as before, with these properties.

> "a |n> = a &ket(n);
aln>=a&@ ket(n)

> "b |n-1> = Db &@ket(n-1);
b|n-1>=b&@ket(n — 1)

As before, coordinate g for displacement is expressed in terms of a sum of @ and b as

> q,
q
We apply a simplified form.
>q:=a+b;
qg=a+b

We proceed to evaluate matrix elements of g to various powers.

>'<m| g|] n> = braket3(m g, n);
<m|q|n > =braket3(m,a + b, n)

> convert (% Krondelta);

Error, unrecognized conversion: Krondelta

> '<m| * '"gr2'* | n> = braket3(m &2, n);
<m|q2|n>=braket3(m, (a+b)& 2,n)

> < m| * '"g"2'* | n> = convert(rhs(%, Krondelta);
Error, unrecognized conversion: Krondelta

> '<m| * '"g"3* | n> = braket3(m &3, n);
<m|q3|n>=braket3(m, (a+b)& 3,n)

> '<m| * "g"3'* | n> = convert(rhs(%, Krondelta);
Error, unrecognized conversion: Krondelta

> < m| * '"gM *| n> = braket3(m qg&‘4, n);
<m|q4|n>=braket3(m, (a+b)& 4,n)

> '<m| * '"gM' *| n> = convert(rhs(%, Krondelta);
Error, unrecognized conversion: Krondelta

(46.3)

(46.4)

(46.5)

(46.6)

(46.7)

(46.8)

(46.9)

(46.10)

For eigenvalues £ and eigenvectors | n > of perturbed hamiltonian / specified above, only approximate

values are practicable, according to perturbation theory. We apply a system of equations as follows,

L e = <a(n) | a—"; (") [n(2) >

" )
Oy S [ ] T >
dA m<>n En(k) —F (7\,)
with )

| m(%) >



We show these calculations.
> "H " := h*nu[0]*a[ 1] *I anbda*' g"3"' +h*nu[ 0] *a[ 2] *| anbda”2*' q"4" ;
H = hvya,X ¢* + hvya A’ 6.11)

> Diff("H* ", lanbda) = diff (% anbda);
d

oy 4 3
o (H")=2hA(a+b) a,vy+h(at+b)av, (46.12)
Assuming that
_ J
E(\) = E +;x E,
and

n(2) > = [n>+ 20 |n>
j=1

in which En( A) and | n, > are the corresponding corrections, we express the equations of the system in

a form
3 4
En,1+27\'En,2 + e = hv0<n(7») | a,g” +2a,hq +... | n(A) >
“<'m(A) ‘|‘(a1q3+2a27uq4) T n(d) >0
n>+2AN|n,>+..= hv m(A) >
I Re Om;n E (M) —E ()) [ m(2)
n m
For the corrections of first order, we set A =0 in these equations to obtain
_ 3
Enyl—hvoa1<n|q |n>,
which evaluates to
> E1(n) := h*nu[ 0] *a[ 1] *braket3(n, q&'3, n);
El(n) == hv,a, braket3(n, (a +b) & 3, n) (46.13)

and with A=0 the correction of first order to | n > is
e NN I
> = hvga D m(A) g
m<>n EO—
n m
> ket (n[1]) = h*nu[O0]*a[ 1] *braket3(m q&" 3, n)/ (EO(n)-EO0(M);
hv,a, braket3(m, (a +b) & 3, n)
ket(nl) = " 1 (46.14)
(o2 i (m v

> expand(convert (% Krondelta));
Error, unrecognized conversion: Krondelta

> ket(n[1]) = eval (rhs(%, nrn+l)*ket(n+l) + eval (rhs(%, n¥n+3)
*ket (n+3) + eval (rhs(%, men-1)*ket(n-1) + eval (rhs(%,
men- 3) *ket (n-3) ;
hv,a, braket3(n + 1, (a +b) & 3,n) ket(n + 1)
ket(nl) = (46.15)

(n—l—%)hvo— (n—l—%)hvo

3 n(;\‘) s

m>




hv,a, braket3(n + 3, (a +b) & 3, n) ket(n + 3)

+
1 7
(n-i—EthO—(n-i-EthO
N hv,a, braket3(n — 1, (a +b) & 3,n) ket(n — 1)
1 1
n+3 hVO— n—z hVO
N hv,a, braket3(n —3, (a +b) & 3, n) ket(n — 3)

(n-l—%)hvo— (n—%)hvo
> ket(n[1]) = sinmplify(rhs(%);
ket(nl) = —%(al (3 braket3(n + 1, (a +b) & 3,n) ket(n + 1) + braket3(n + 3, (a + b) (46.16)

& 3,n) ket(n + 3) — 3 braket3(n — 1, (a + b) & 3,n) ket(n — 1) — braket3(n — 3, (a
+0b) & 3,n) ket(n — 3)))

To obtain the corrections of second order, we differentiate the equations of the system with respect to
A, and then set A equal to zero.
> sys2 := E1(n) + 2*| anbda*E2(n) = braket3(n(lanbda), a[l]*qq&'3 +
2*a[ 2] *I anbda*qq&*4, n(l anbda));
sys2 = hV a, braket3(n, (a +b) & 3,n) +2LE2(n) =braket3(n(7u), a,qq & 3 (46.17)

+2a,\qq &A4,n(7u))

> diff(sys2, | anbda);

2E2(n) =Dl(bmket3)(n(7u),aqu & 3+2a,hqq &A4,n(7\‘)) ( d

—n
dA
+ 2D2(braket3)(n(7»), a,99 & 3 +2a,hqq & 4, n(k)) a,qq9 & 4

(x))

(A) ] (46.18)

+ D3(bmket3)(n(7\,), a,9q9 & 3 +2a,hqq & 4, n(k)) (i n

As aresult

1 3 3 4
En,2=3 hvy(<n |qg |n>+<nl[qg |n >)+ hvya,<n|q |n>

and

<m g ['n>+"<ml|q [ n >

1 1
>= —hv >+ — hv
|, 5 Vo n;m E ,—E | m 5 Vo4

m, 0
x<‘m\|\q3 ‘l‘n‘>‘ ‘<‘m\|\q4 ‘l‘n‘>‘
Z |m >+ hva, Z | m>
m<>n En,O_Em,O m<>n En,O_ m, 0

For £ _ we have
n, 2



_ 2 2 2
En’2 = -hv0a1(30n +30n+11) + hv0a2(6n +6n+3)

Correction |n, > represents an expansion with respect to vectors | n — k> and | n + k >, in which
k=0,2,4,6.

Before one adds terms containing q5, q6, ... to the hamiltonian, a calculation of corrections of greater
order, beginning with power j = 3 of A, has no meaning. The principal problem of the theory of
anharmonicity involves the investigation of this hamiltonian,

- J i+ 2
H=H" + hvy XX aq
j>0
in which a, serve as anharmonic coefficients.

As an exercise, complete the coding of statements to add the terms of second order above, and

proceed to add terms of third and fourth order, i.e. involving a, q5 and a, q6, seeking a generalization

that might extend the calculation to greater orders. For correctness the results can be compared with the
corresponding calculation with matrix mechanics in section 1.47.

1.47 anharmonic oscillator according to wave mechanics with Morse's function for potential
energy

> restart:

P. M. Morse [Physical Review, 34, 57 - 64, 1929] produced the first treatment with wave mechanics
to predict bound states of finite number, with a function to model the potential energy of a diatomic
molecule of this form,

V(x)=D[(1— e“’“‘)2
in which D  denotes energy in excess of that necessary for dissociation, independent variable x =
R—R
R

e

2 is a reduced displacement variable with instantaneous R and equilibrium R, internuclear

separations and o is a parameter related to the coefficient for restoring force for a small displacement
from equilibrium; that condition occurs when R=R , so thatx =0 and V'(x) =0. We define the formula

for potential energy,
> VM : = De*(1l-exp(-al pha*x))”"2;
2
VM = De (1 — ¢ ™) 7.1)

and thereby define the zero of energy of the system.
> Eval (VM x=0) = eval (VWM x=0);
2

De (1 —e ™) =0 47.2)
x=0

With appropriate values of parameters, we plot this formula.
> plot(eval (VM [De=40000, al pha=2.5]), x=-1..4, 0..50000,
t hi ckness=3,
axes=franme, title="Mdrse curve for potential energy"
titlefont=[TIMES, BOLD, 14], |abels=["x","energy"], colour=red);



Morse curve for potential energy
500007

400004

300007

energy

200004

10000

According to that plot, parameter D represents the difference of energy between the energy at the

asymptote for large x and the energy at the minimum of the curve. When we expand that Morse
function,

> "taylor' (WM x=0, 5) = taylor(VM x=0, 5);
2
taylor(De (1 - e_ax) ,x=0, 5) =De 0(2 x> — De 0(3 X+ % De 0(4 X4 O(xs) (47.3)

the leading term has D ov as coefficient of displacement variable to the second power; in the limit of a

. . . 1 o .
small displacement, that coefficient would be proportional to > k for a canonical linear harmonic

oscillator.
The temporally independent Schroedinger equation is hence expressed as
Ke
h|— y(x)
dx -ax)?
- ; + D, (1 =) yx)=Ey(x) .
8w U

With this potential energy and taking D, and £ to have wavenumber unit, which requires for consistency
multiplication of the first term by /4 ¢, Schroedinger's temporally independent equation becomes
> deq := -hr2*" " c' [ (8*PI"2* " c*h' " *mur Rl e] 22) *di ff (psi (X)), x$2) +

VM psi (x) = E*psi (X);

deq == - > +De (1 - e“”)zw(x) =Ey(x) (47.4)

Substituting



2
h . o .
heB,= —Cz for the coefficient of the second derivative of y(x) with respect to
8m hcuR
e
x and assuming all B, D and E to be expressed in wavenumber units, we convert Schroedinger's

equation into this form,
> deq := -Be*diff(psi(x),x$2) + VMpsi(x) = E*psi(x);

d’
deq == -Be (@ W(x)] +De(1—e )z\u(x) =Ey(x) (47.5)

and seek a solution.
> sol := dsolve(deq, psi(x));

5 JDe JDe—E 2.De e“”]

ocBe’(xBe,OcBe

sol :=wy(x)=_Cle 2 WhittakerM[

(47.6)

ox

2

+ Cle

3

WhittakerW ,
o+ Be o+ Be o+ Be

JDe JDe—E 2 Dee‘”]

As Whittaker W functions are not well behaved, we eliminate them and work with Whittaker M
functions.

> sol := eval (sol, _C2=0);

ox

sol = vy(x)= _Cle 2 WhittakerM(

47.7)

b

JDe De—E 2\ Dee ™
o Be’ o4/ Be o4/ Be

Because other functions are preferable to WhittakerM functions, such as hypergeometric or KummerM
or Laguerre functions, we undertake these conversions.

> solh := convert(sol, hypergeom;
solh == y(x) (47.8)
o Be + 2 De— E
ox 20/Be
1 By 2D 1
=———| Cle 2| == hypergeom —(oc
_De o/ Be e™* 20/ Be
ea\/ﬁe(“
J B 2 De—E 2D
JBe —2De +2 De—F)| | 2 Ee 2y De , ¢
o/ Be o/ Be e**
> soll := convert(sol, Laguerre);
o Be + 2 De— E

ox 20./Be

By 2D

soll :=wy(x)=| Cle 2| e LaguerreL 47.9)
o/ Be e**



~ayJBe —2\De +2De—E o/ Be +2De—E . 2/ De

2 o/ Be o/ Be o/ Be e**

2 De—E N o/Be +2De -
20 o OBE &
_oBe —2/De +2/De—E
2(XJ7§;
Is that formula containing either hypergeometric or Laguerre functions an acceptable solution?
> odet est (sol h, deq);

0 (47.10)

> odetest(soll, deq);
0 47.11)

As the solution containing hypergeometric functions appears more compact than that containing
Laguerre functions, we proceed with the former. We extract the arguments of the hypergeometric
formula.

> argl : = expand(op(op(1, indets(solh, 'specfunc(anything,
hypergeom ' )[1])));
argl = 4 AP L JDe (47.12)
2 o/ Be o/ Be
> arg2 := expand(op(op(2, indets(solh, 'specfunc(anything,
hypergeom ' )[1])));
arg? =1+ 2yDbe—E (47.13)
o/ Be
> arg3 := op(3, indets(solh, 'specfunc(anything,
hypergeom ') [1]);
arg3 = 23 D¢ (47.14)

For bound states of the Morse oscillator for which £ < D , a hypergeometric series must terminate,

which requires the first argument of hypergeom to be a negative integer or zero; we accordingly set that
first argument to be equal to -v, solve for E'as £ and collect in powers of v.

> Ev := collect(solve(argl = -v, E), Vv);

2
Ev :=—vzoczBe+ (—Beoc2+ 206\/3_6\/ De) v — Be40( + o/ Be \/ De (47.15)




: . 1
We make a Taylor expansion of that energy in v + EX

> Ev := taylor(Ev, v=-1/2, 5);
2

1 1
Ev:=2a0. Be / De (E -l-v)—BeOLz(E +v) 47.16)

: - : 1 : 1 : .
which eliminates the term independent of v + BB The coefficient of v + > has the dimension of a

2
vibrational wavenumber that we write as ; we denote the coefficient of (v + 5 ) by B, such that

both ® and 3 have wavenumber unit. The presence of the second term indicates that the Morse
oscillator is anharmonic -- the interval of energy between adjacent states is not constant, but decreases as
quantum number v increases.

> BEv = subs(2*sqrt(Be)*sqrt(De)*al pha=onega, al pha”"2*Be=beta, Ev);

1 1 ?
Ev=o|—-+v|—B|< +v 47.17)
2 2
For v = 0 that denotes the state of least accessible energy, there is a residual energy,
> “residual energy = eval (Ev, v=0);
residual energy = % — % (47.18)

that represents the difference between D, and the dissociation energy, both expressed in wavenumber
unit.
> “dissociation energy = De - eval (Ev, v=0);

B

dissociation energy = De — % + " 47.19)

With £ in the above form, we find relations between the coefficients therein and the parameters in the

preceding expression, first for o in terms of w, B, and D, ..

> al pha”2 = sol ve(onega = 2*al pha*Be”(1/2)*De”(1/2), al pha)”"2;
2

2 ®
> al pha = sinplify(sqgrt(rhs(%), synbolic);
(47.21)

0]
o=
2 Be \/ De

. : : : 1
On that basis, we express D in terms of ® and B, with @=2/ De o/ Be as the coefficient of v 4 >

2

1
and = 0@ Be as the coefficient of (v + 5 ) ,

> De = sol ve(beta/Be = 1/4*onega”™2/ Be/ De, De);

(AT N



De= —— 47.22)

and another formula for o in terms of § and B,

> al pha = sinplify(op({op(nmap(abs, [solve(beta = -al pha®2*Be, al pha)
1))

assum ng positive;

VB (47.23)
\{ Be
As the first argument of hypergeom contains within it the second argument, we define that second

2y De—E .

argument, 1 + , interms ofvas k — 2 v, from which we obtain, on substituting the result
o/ Be
for v from the first argument of hypergeom,;

> k = sinmplify(arg2 - 2*argl, synbolic);

a:

2D
=N 47.24)
o+ Be

from the results for o and De above, we obtain a relation for & in terms of @ and 3,
> k = sinplify(subs(al pha = 1/2*onega/ Be*(1/2)/De”(1/2), De = 1/4*
onega”2/ beta, rhs(%), synbolic);

k= — (47.25)

and hence in terms of ® and De.

> k = subs(beta = onega”2/(4*De), onegal beta);
= 4 De

w

(47.26)

The difference of energy between the energies of two adjacent states is
> Delta*E[v] = sinplify(eval (Ev, v=n+l) - eval (BEv, v=n));

AE =|o 2—!— - B i—I— 2 — | l-l— —B l—!— 2 47.27)
, 5 tn 5 T 5 tn ( 5 tn .
That value becomes zero at the energy of dissociation,

> v[D] = expand(solve(rhs(%, n));

vo=-1+ 2%3 (47.28)

which indicates that the number of vibrational states, numbering from v = 0, is finite and equal to
k ) 1 . .
-1 + —, or approximately equal to > k; k has hence the significance of twice the number of

2
vibrational states.



2+ De

= ke *, the solution becomes
ox
o+ Be e

When we define the third argument of hypergeom as z =

expressed compactly as
> solh := psi(x) = Cl*exp(1l/2*al pha*x)*z~(k/ 2-v)*hypergeon([-vVv],
[ k-2*Vv], z) *exp(-2z/2);

ax k

solh :=wy(x)=_Cle 2 22

hypergeom([-v], [k—2v],z) e 2 (47.29)

k

I
and combine that term in z with z > and replace C1

l\)|»—t

ox

When we express multiplicand e 2 as 3

with Ch, we obtain
> solh := psi(x) = _Ch/k*exp(-z/2)*z"(k/2-v-1/2)*hypergeon([-V],
[ k-2*Vv], z);
z 1
Che * z 2 hypergeom([ -v], [k — 2 V], z)

solh == y(x) == 3 (47.30)

When we apply the same transformations to the solution containing the Laguerre functions, we obtain
this form.

> soll = psi(x) = _d*z"(k/2-v-1/2)*LaguerrelL(v, k-2*v-1, z) *exp(-
z/ 2)/ (k*bi nom al (k+v-1,vVv));
k_,_1 _Z
2 2 h 2
soll = y(x) = Clz LaguerreL(v,k—2v—1,z)e @7.31)
k(k—i—v— 1)
1%

In the solution containing hypergeometric functions, we substitute for Ch expression

I'(k—
LA V) as normalising factor, with k& in the preceding denominator absorbed
VIT(k—2v—1)T(k—2v)

into that normalising factor and (- 1)" to adjust the phase; the result, in terms of z, becomes
> solh := psi(x) = (-1)~v*(al pha* GAMVA( k- V) / (v! * GAMVA( k- 2*v- 1) * GAMVA
(k-2*v)))"(1/2)
*exp(-z/2)*z"(k/2-v-1/2)*hypergeon([-Vv],[k-2*v],
z);

z k 1
y ol (k—v) 2 27" 2

= = —1 h m - 4 . 2

solh Vi) = )/V!F(k—Zv—l)F(k—Zv) © ypergeom([ v}, (47.32)

[k—2v],z2)

To make x the explicit variable in the right side, we replace z by ke *" to obtain the ultimate expression
for the Morse amplitude functions in hypergeometric form.

> sol h : = subs(z=k*exp(-al pha*x), sol h);

solh = y(x) (47.33)



ke 00X k 1

— — = —

o ol (k—v) -3 oy 2 2
( 1)/V!F(k—2v—1)f‘(k—2v) ) (ke™™) hypergeom(

], [k—2v], ke ™)

> solh := psi(x) = (-1)"*v*(al pha* GAMMA( k-Vv)/v!/ GAMVA( k- 2*v- 1)/ GAMVA
(k-2*v))~(1/2)
*exp( -1/ 2*k*exp(-al pha*x))*(k*exp(-al pha*x))~(1/2*

k-v-1/2)
*hypergeom([-v], [ k-2*Vv], k*exp(-al pha*x));
solh == y(x) (47.34)
ke 00X k — = 1
v ol'(k—v) T —ox) 2 2
=(—1 e ke hypergeom
( )/V!F(k—Zv—l)F(k—2v) ( ) YPETE ([

V], [k—2v], ke ™)

We test the normalisation. As the domain of R is 0.. %, the domain ofxis -1..00; as y(x) contains
prospectively numerically large magnitudes but has a finite amplitude over only a small domain about x

= 0, as implied in the above plot of the potential energy and confirmed in the succeeding plots of y(x),
we safely abbreviate the domain of integration to less than -1..% to obtain rapidly accurate

integrations; for our numerical integrations we assume typical values, k= 30.5 and o.=2.5, for the
parameters.

> Int(eval (rhs(solh), [k=30.5, v=j, alpha=2.5])"2, x=-1..infinity) =

seq((eval f[12] (I nt (unappl y(sinplify(eval (rhs(solh), [k=30.5, vIj,
al pha=2.5]))"2, x), -1..infinity))), j=0..5);
) 1

2
- - - (2.500000000 ((—1)/)" 1305 (47.35)
) J'T(29.5 —2/) T(30.5 = 2)

25 2 )
— ) (e—15.25000000e 2~5x) ((30.5 e—2.5x)14'75000000 J) hypergeom([ -/], [30.5

- 2
—2j],305¢ 2'5x) ) dx = (0.999999999985, 1.00000000000, 0.999999999987,
0.999999999996, 1.00000000000, 0.999999999996 )

The amplitude functions are clearly normalised. We plot the amplitude functions for the Morse function
for potential energy for states with energy less than the dissociation energy, displaced vertically upward
with increasing v for clarity,
> plot([seq(eval (rhs(sol h), [k=30.5, v=j, alpha=2.5])+6*;, j=0..5),
seq(6*j,j=0..5)], x=-0.5..0.8, linestyle=[1%$6, 2%$6],
t hi ckness=[ 2$6, 1$6], col our=[red, bl ue, green, magent a, br own,
coral],
title="Mrse anplitude functions", titlefont=[TINMES, BOLD, 14]

)



Morse amplitude functions

_____¢<f7\<37..

and the squares of these correctly normalised amplitude functions.
> plot([seq(eval (rhs(sol h), [k=30.5, v=, alpha=2.5])"2+6*), | =0.
.5),
seq(6*j,j=0..5)], x=-0.5..0.8, linestyle=[1$6, 2%$6],
t hi ckness=[ 2$6, 1$6], col our=[red, bl ue, green, magent a, br own,
coral ],
title="squares of Morse anplitude functions", titlefont=
[ TI MES, BOLD, 14]);

squares of Morse amplitude functions

N\

0.4 02 0

We convert our solution in terms of hypergeom into LaguerrelL functions,



> convert(sol h, Laguerrel);
Wy (x) (47.36)

) | . aT(k—v) T2 (a2 2
(k—v—l) [( 1)/vlr(k—2v—1)r(k—zv) ) (he™)

k
LaguerreL(v, k—2v—1,— J ]
eOLx

and test their normalisation.

> Int(eval (rhs(%, [k=30.5, v=, alpha=2.5])72, x=-1..infinity) =
seq((eval f[12] (I nt(unapply(sinplify(eval (rhs(%, [k=30.5, v,
al pha=2.5]))"2, x), -1..infinity))), j=0..5);

1

5 [2.500000000 ((—1y )2 I'(30.5 (47.37)

29.5 —
_,JIT(29.5 = 2) T(30.5 — 2) ( 9j J)

— j) (e7"5:25000000 e_2'5)6)2 ((30.5 ¢~ 25%) 470000 =) )2 LaguerreL(j, 295 -2/,

30.5
2.5x
€

2
J ) dx = (0.999999999985, 1.00000000001, 0.999999999987, 0.999999999990,

1.00000000000, 0.999999999996 )
These functions are also clearly normalised. The result of this test indicates that we can employ either
hypergeom or Laguerrel functions for the Morse oscillator.
With parameters selected to be D, = 40,000 cm!
of parameters for HCI, such that the number of vibrational states is

> k/2 - 1 = evalf[3](eval (2/al pha/ Be*(1/2)*De”(1/2), [De=40000,
al pha=2.5, Be=10])/2-1);

, Be —10cm ' and =25 , comparable with values

% —1=243 (47.38)

we calculate the term values/cm ' of the vibrational states for 0 <y<23as
> seq(eval f[ 6] (eval (2*sqrt(Be)*sqgrt(De)*al pha*(j +1/ 2) - Be*al pha"2*
(j +1/2)"2, [De=40000, al pha=2.5, Be=10])), j=0..23);
1565.52, 4602.80, 7515.08, 10302.4, 12964.7, 15501.9, 17914.2, 20201.5, 22363.8, 24401.1, 47.39)

26313.3,28100.6, 29762.9, 31300.2, 32712.5, 33999.7, 35162.0, 36199.3, 37111.6,
37898.9, 38561.1, 39098.4, 39510.7, 39798.0

and plot the curve for potential energy according to the Morse function with these vibrational terms.
> pML : = plot(eval (VM [De=40000, al pha=2.5]), x=-1..3, 0..50000,



t hi ckness=3,
axes=frane, title="Mdrse formula for potential energy with
terms of vibrational states”
titlefont=[TlIMES, BOLD, 14], | abel s=["x","energy"], col our=red):
pM2 : = plot([seq(eval (2*sqrt(Be)*sqrt(De)*al pha*(j+1/2)-Be*
al phan2*(j +1/ 2)~2, [ De=40000, al pha=2.5, Be=10]), j=0..23)],
x=-0.2..0.4, colour=[blue$24], thickness=[2%$24]):
> pl ot s[display] (pM, pM);

Morse formula for potential energy with terms of vibrational stat
500007

400001

300007

energy

200004

100001

[ee]
We evaluate some matrix elements <v|x|0> = J y(v, x) xy(0,x) dx ofx that would govern the
-1
intensities of transitions from the vibrational ground state for which v = 0 to vibrationally excited states
with 1 <v<5.

> "<v| x| 0> = seq(eval f(Int(sinplify(eval (rhs(solh), [k=30.5, v=Ij,
al pha=2.5]))*x
*sinplify(eval (rhs(solh), [k=30.5, v=0, alpha=2.5])),
x=-1..20)), j=1..5);
<v|x]0> = (—0.07360062091, —0.009728814927, —0.002134094243, —0.0006181146181, (47.40)

—0.0002171008805)

The magnitude of <1 |x|0> = J y(1l,x)xy(0,x) dx is similar to that calculated for other

-1
oscillators, such as for the linear harmonic oscillators in sections 1.31 and 1.32, but the magnitudes of
matrix elements for states with v > 1 decrease more slowly than for other oscillators, such as the
Davidson oscillator in section 1.32.

R ) _
Because R 1 + x, we calculate expectation values <v| (1 + x) 2 | v> that are related to
e



. . 1
rotational parameters B , proportional to <v| — [v>.
R

>|v :=[seqg(eval f(Int(sinplify(eval (rhs(solh), [k=30.5, v=j, alpha=
2.5])72/ (1+x)"2), x=-1..10)), j=0..5)];
v :=[0.9762940078, 0.9282925648, 0.8794446025, 0.8296739393, 0.7788861297, (47.41)

0.7269626792 |

We apply polynomial interpolation to those values,
> pv = CurveFitting[Pol ynom al I nterpolation]([seq(j,j=0..5)], Ilv,
v);
pv :=-4.820916667 x 10781° — 2.789041666 x 10~ 7 v* — 9.818279167 x 10~ °? (47.42)

— 0.0003911293458 v* — 0.04760016826 v + 0.9762940078

. 1 :
and form a series in v + 5 which as product of B becomes a formula for B

> B[v] = B[e]*(taylor(pv, v=-1/2, 6));
2

1 1
B =B, (0.9999975210 — 0.04721627824 (3 + v) — 0.0003767600218 (E + v) (47.43)

3 4
1 1
— 9.380993750 x 10~° (3 + v) — 1.583812499 x 10~/ (3 + v) — 4.820916667

5
x 1078 l+v
2

This result shows that rotational parameter B decreases gradually with increasing v in a manner

comparable with experimental values. Although the analogous expansion for vibrational energies,
2

above, requires only two terms -- up to (v + > ) , this expansion for B appears to require as many

terms as data to fit.

Our solution, with wave mechanics, of the energies of vibrational and rotational states and matrix
elements according to Morse's formula for potential energy exhibits similarities with the properties of
real molecules:

— there is a finite limit of the energy of bound states, at energy D, relative to a zero of energy for V, =
Oatx=0 orR=Re;

— the bound states number finitely;

— the vibrational energies are anharmonic and tend to converge with increasing vibrational quantum
number v, but the vibrational state of greatest energy has a finite limit as v at or just below the

dissociation limit;

— the rotational parameters are consistent with a non-rigid rotor and decrease with increasing
vibrational quantum number v;

— two terms in an expansion of the vibrational energy in v + > represent the vibrational energies



2
1
exactly; the magnitude of the coefficient of (v + 5 ) , called B above but generally named ®,x, in

- . ) 1
the spectrometric literature, is much smaller than the coefficient of v + 5 called o here, such that
. .. O
their ratio is — =k and

— the magnitudes of vibrational matrix elements of x for transitions from the vibrational ground state
with v = 0 to vibrationally excited states with v > 0 decrease with increasing v.

Although these features are somewhat realistic for a stable diatomic molecule in its electronic ground
state that has vibrational states both of finite number, unless it dissociates into ions, and tending to

. . . 1 . .
converge toward a limit D , the expansion of £ as a function of v + 5 continues beyond the quadratic

3
1
term, even though the magnitude of the coefficient of (v + > ) is much smaller than the magnitude of

2

the coefficient of (v + 5 ) , which is in turn much smaller than the magnitude of the coefficient of v +

1
5 The magnitudes of the matrix elements

<v|x|0> :J y(v,x)xy(0,x) dx
-1
for v> 0 decrease less rapidly with increasing v than for typical diatomic molecules. The parameters
o, ®, D 5 B, k of a real molecule are inconsistent with the relations between these parameters of this

model function, as derived above. For a real, electrically neutral and stable, diatomic molecule, the
potential energy varies as R " at moderately large internuclear distance, R >> R, withn=>5or6
typically, depending on the electronic states of the electrically neutral atoms after dissociation, not

according to e Ras compelled according to the Morse formula. At the other extreme of molecular
existence -- the united atom as x—-1 or R—0, the inaccurate representation of the actual potential

1
energy, for which z >+ oo, instead of V' (-1) =~ 12 De, is less important for bound states. For these

reasons, one is advised to regard the Morse oscillator as a topic for an exercise in wave mechanics,
rather than as a viable model of a diatomic molecule, for which more practical procedures are presented
in chapter 13.

Other formulae for potential energy that involve exponential functions in various forms might also be
susceptible to algebraic solution, but they, like other model formulae with few parameters, have no
particular chemical or physical interest.

1.48 Liouville transformation

> restart:

A Lie algebra is an algebraic structure that was introduced into mathematics to enable a study of the
concept of an infinitesimal transformation that is a limiting form of a small transformation. The
realization of Lie algebra SO(1,2) by means of differential operators of second order is applicable to




various problems in quantum mechanics, either in one dimension or separable in many dimensions
[Algebraic Methods in Quantum Chemistry and Physics, F. M. Fernandez and E. A. Castro, CRC Press,
Boca Raton, FL USA, 1996, pp. 248 -- 254]. Through an appropriate transformation of both
independent and dependent variables according to a Liouville transformation, one might convert one
such eigenvalue problem into another. This transformation connects eigenvalue problems that one
solves exactly by means of a method of Lie algebra, and enables a comparison of methods of Lie algebra
and factorization [4m. J. Physics, 40, 1459, 1972]. This material is kindly provided by Professor F. M.
Fernandez; some labels B.. beside Maple commands or statements pertain to those equations in appendix
B of the specified book.

With this Liouville transformation one converts a differential equation of second order of form

re
;;5““?)*‘QU§HNV)=0
r
into another such equation through a definition of a new independent variable,

x=x(r),
such that x(7) has an inverse transformation r(x), and a new dependent variable.
Pl = YU)

u(x)

The resulting differential equation for F'(x) lacks % F(x) if u(x)2 is proportional to % r(x);

function u/(x) that satisfies this equation is free from branch points if —— r(x) be positive for all values

dx
of x. For simplicity, we choose arbitrarily
u(x) = % r(x) , % r(x) >0.
We begin by differentiating @ (x) =wy(r(x)) with respect to x,
> eql :=diff(Phi(x) = psi(r(x)), x);
d d
gl = 4 () =D(y) (r(x)) [ 4 7 | (8.1)
d
and solve for & y(r(x)) for subsequent use.
> cl .= solve(eql, D(psi)(r(x)));
<
cl == q (48.2)
& )
> eq3 :=diff(Phi(x) = psi(r(x)), x$2);
Fe 2 d 2 &
g3 = 5 @(x) =D (v) (1(+) (5 r(x)j +D(y) (r(x)) [@ r(x)j (48.3)
2
We extract the coefficient of @ r(x),

> dl := op(1l, op(2, [op(rhs(eqg3))])):



dl == D(\|l) (r(x)) (48.4)

d
and substitute for that quantity in the preceding result the value of . y(r(x)).

> eq4 : = subs(dl = cl1, eq3);

d
gt =~ 5 @(x) =D (y) (r(x)) (a (x) (48.5)

As a test, we form the second derivative of @ (x) =u(x) F(x),

> eqb = diff(Phi(x) = u(x)*F(x), x$2);
2

& & d d d
eqs == @ D (x) = [g u(x)] F(x)+2 (a u(x)) (E F(x)) + u(x) [g F(x)] (48.6)

before substituting this relation into the preceding result.
> eq6 : = expand(subs(Phi (x)=u(x)*F(x), eqd));

) 2
eqb = [% u(x)] F(x)+2 (% u(x)) (% F(x)) + u(x) [% F(x)] 48.7)
& d
) gr(x)j (a u(x))F(x)

d
. r(x)

d* d
(g r(x)] ux) g P |
d

— r(x)

dx

We undertake some manipulations to express the result in a recognizable form.
> eq7 :=1lhs(eg6) - rhs(eq6) = O;

2 2
eq7 = [% u<x>] Py +2 g u) | (g o] + o [d— F(x)] (48.8)




> eq8 := collect(eq7, [diff(F(x),x, x), diff(F(x),x), F(x)]);

2

eq8 = u(x) [% F(x)

+ Z%u(x)—

d
EE'NX)

We extract the coefficient of % F(x),

> d2 1= op(1l, op(2, [op(th(eq8))]));
% r(x)) u(x)

d2==2iu(x)— [

o (48.10)

= o)
and solve for u(x),
> eq8b : = dsolve(d2, u(x));

eq8b :=u(x)=_CI . r(x) (48.11)

and for r(x).
> eq8c := dsolve(d2, r(x));
eq8c = r(x) = _CI + ([ u(x)’ dx) _C2 (48.12)

We substitute that value of #(x) into a preceding result.
> eq9 : = expand(subs(eval (eq8b, Cil=1), eq8));
2

d
3 F(x) [@ r(x)

eq9 = . r(x) [— F(x)j — (48.13)

2
We extract the coefficient of ( % r(x) ) ,

> d3 1= op(2, op(4, [op(lhs(eq9))]));
d3 =D (y) (r(x)) (48.14)

and equate it to Q F'(x) u(x).



> eq9b := subs(d3 = -Q*F(x)*u(x), eq9);
d’ ¢’
3 F(x) [ 2 r(x)j F(x) [ 3 r(x)]

d & dx
eq9b = & r(x) (@ F(x)j — ) N E + - (48.15)
(dx dx)j 2 /-H; r(x)
d 2
+ QF(x) u(x) (a r(x)) =0
We substitute the value of 7(x) deduced above into the latter equation.
> eq9c : = expand(subs(eval (eq8c, [_Cl1=0, C2=1]), eq9b));
2 ( d d :
L2 3F(x) u(x) (E u(x)) F(x) (a u(x))
eq9c ==\ u(x)* [—2 F(x)] — N + (48.16)
dx (u(x)?) u(x)’
Fe
F(x) [@ u(x)] u(x)
- + QF(x) u(x)’=0
u(x)”

and undertake some manipulation to present results in a convenient form.

> eql0 : = expand(sinplify(eq9c, synbolic));

d 2
E 27 (g | g 5
10 = — F — .
eq u(x) [ 2 (x)) u(x) + [ 2 u(x)] F(x) + QF(x) u(x) (48.17)

=0
> eqlOb : = expand(eqlO/u(x));
2 d?
P 2 F(x) (i u(x)j [— u(x)] F(x)

eqlOb := — F(x) — dx

d? u(x)? u(x) +u(x)' QF(x) =0  (48.18)

> eqlOc := collect(eqlOb, [diff(F(x),x$2), F(x)]); # equivalent to
B4

2 (i u(x))z & u(x)

& dx dr? 4
eqllc = —5 F(x)+ | - + +u(x) Q| F(x)=0 (48.19)
dx? u(x)2 u(x) ) )
To confirm this result we undertake some differentiations,
> c2 :=diff(diff(u(x), x)/u(x), x);
d? d 2
—— ulx) (— u(x)j
c2 = dr _ A (48.20)




>eqll := (Dff(Dff(u(x),x)/u(x),x)*F(x)
- (diff(diff(u(x),x)/u(x),x))*F(x)) = 0;

d d_2 ¥ d 2
eqll = € {dx—u(X) F(x) — v’ " — (dx u(X)) F(x)=0 (48.21)
dx u(x) u(x) u(x)2
> eqllb : = expand(eqlOc + eqll);
: P (4 u(x>)2 L)
eql1b == 4 F(x) — dx +u(x)* OF(x) + 4| F(x) (48.22)
dr? u(x)2 dx u(x)

=0

so to generate the result in a known form.
> eql2 := collect(eqllb, [diff(F(x),x$2), F(x)]); # B4

L2 (% u(x)j -

eql2 = P Fx)+ | -———5—— +u@x)" 0+ = F(x)=0  (48.23)

Because

jw(r)zerJu(x)zF(x)z (% r(x)) dr = JF(x)2 (E r(x))zdx,

if y(7) be normalised, F'(x) becomes also normalised with the metric
2

dGZ(% r(x)) dx = u(x)4dx

We apply this transformation to the general coulombic problem, with reduced quantities such that
h . . . . ) 2B
2— =m, = 1, for which the coulombic potential energy of electrostatic attraction, - ——, between an
T r

. . 2B . ) ) ) . A
electron and an atomic nucleus is V' (r) = - —— with B > 0, and with a centrifugal distortion, + = of
r &

the coulombic attraction related to angular momentum,
> eql3 := subs(Q = 2*Ec - Ar"2 + 2*B/r, eqlOc);

d 2 &
2 | — u(x) 5 u(x)
& dx dx A
eql3 = @ Fx)+ |- ( u(x)2 j + w(x) + u(x)4 (2 Ec— ? (48.24)
+ 2TBJ F(x)=0

2
. B . / 1 1
so that the discrete spectrum has energy values £ = --—— withn=/+m—1,1= [ 4+ 1 T
’ 2n

and m=0, 1, .., < n—[— 1. This coulombic potential energy supports bound states provided that



1 . : : : .
A> - 7 With an appropriate scaling of energy and distance between electron and atomic nucleus and

a logarithmic scale on the abscissal axis, we plot this coulombic potential energy for /=0, 1, 2, 3.

> eval f(-1.602e-19"2/ (4*Pi *8. 854187815e- 12*r/ 1. Oe- 10) +
(6.62606957e-34/ (2*Pi)) "2/ (2*5.4857990946e- 4*1. 660538821e- 27*
r"2/ 1. 0e-20));

_ 2306568886 x 107 6.104264152 x 107"

2
r I3

(48.25)

> plots[sem | ogplot]([seq(-0.2307/r + 0.06104/r"2*I*(1+1), 1=0..3),
0],
r=0.2..70, -0.15..0.15, colour=[red, bl ue, green, magent a,
bl ack],
title="coul onbic potential energy", titlefont=[TlIMES, BOLD
14],

| egend=["1=0","I=1","1=2","1=3","E = 0"], |abels=["r", "E'],

axes=frane, linestyle=[1,1,1,1,2]);
coulombic potential energy

0.107

0.054

0.057

1=0 I=1 1=2 [=3= = === E=0

In these reduced units the minima of these curves for the H atom are
> seq(sol ve(diff(eval (-0.2307/r + 0.06104/r"2*1*(1+1)),r)=0, r), I=
1..3);

1.058344170, 3.175032510, 6.350065020 (48.26)
soequaltor=2a,for/=1,r=6a,for/=2 and r=12q for/=3,0r/ (/+ 1) a, in general. The H
atom is treated at length in section 1.53.

1

For a transformation of independent variable 7(x) =x(r)" or x(») =r(x) ", the condition for u (x) is



> eql3b := u(x) = sqgrt(diff(x*nu,x));

x'v

X

eql3b == u(x) =

When we make this substitution into the preceding general result, we obtain
> eql3c : = collect(expand(sinplify(subs(eql3b, eql2),
synbolic)), [diff(F(x),x$2), F(x)]); # B8

& [ (xv)zsz B v 1

eql3c = — F(x) + + F(x)=0
1 d’ ) b 45 45 )
: 2 d .
For a particular case v =2 so that r(x) =x(r)” and u(x) = Er(x) , we obtain
> eqlda :=r = x"2;
eqlda = r=x*
> eqldb = u(x) = sqrt(diff(rhs(eqlda), x));
eqldb == u(x) =2 Jx
> eqldc = expand(sinplify(subs(eqld4a, eqldb, eql3), synbolic));
2
eqldc =8 x*EcF(x) + 8 BF(x) — 3F(§) + d2 Flx) — LI;(X)
4 x dx X
> eqld : = collect(eqldc, [diff(F(x),x$2), F(x),x]); #
2 R
eqld == — F(x) + |8x"Ec+ 8B+ . F(x)=0
dx X
> Q*HO = op(1, op(2, [op(lhs(eqld))]));
344
=8> Ec+ 8B+ 5
X

=0

Bl1l

(48.27)

(48.28)

(48.29)

(48.30)

(48.31)

(48.32)

(48.33)

which resembles the eigenvalue equation for a canonical linear harmonic oscillator, treated in section

1.23, for which V' (x) = c02 xz, with frequency ®, angular momentum L and energy E™ given by

o = -8 Ec, L(L+1)=44+ >, E°-4B

4

A calculation with these relations and the corresponding ones above for the general coulombic problem

yields the eigenvalues of that canonical harmonic oscillator as
3
E%=w (2m+L+ 5)
and the corresponding eigenfunctions are

Flx) =y = —— y()°

Zx

The metric for the canonical harmonic oscillator is d 6 =4 x2 dx.




A transformation 7(x) =e¢ “* witha >0and - < x < o,
> eqlba :=r = exp(-a*x);
eqlsa :=r=e ** (48.34)

> eql5b := u(x) = sqrt(diff(rhs(eql5a), x));

eql5h == u(x) =\ -ae " (48.35)
yields this result.
> eql5c : = expand(sinplify(subs(eql5a, eql5b, eql3), exp));

2 2 2
F 2F B 2F E
(x)a n (x)a — F() PA+ (x)a Ec
4 4 (eax)2

d2
eql5c = g F(x) — =0 (48.36)

We make some appropriate substitutions for B, Ec and 4,
> eql5d : = sinplify(subs(B=-2*Ec*exp(-a*x0), eqlbc), exp);
2

2
_ _ -44—1 F
eql5d = -4 F(x)a*Ece ““ T L 2 F(x) a* e *“ Ec + % F(x) + ( 4) a Flx) (48.37)
=0
> eqlb5e : = sinplify(subs(Ec=-De*exp(2*a*x0)/(2*a"2), eqgl5d), exp);
Ca(-x0+ a4y, & (-44—1)d’ F(x)
eql5e =2 F(x) Dee ™% — F(x) Dee > (™ ">+@F(x)+ ? (48.38)

=0

> eql5f = sinplify(expand(subs(A=-EM a"2-1/4, eql5e), exp));
2

-a(- a(- d
eq15f::2F(x) Dee a(-x0+ x) —F(x) Dee 2a(-x0+ x) + 4

2 F() + EMF(x)=0 (48.39)

to produce a result in a standard form.
> eql5 := collect(eql5f, [diff(F(x),x$2), F(x)]);
2

eqls = & F(x) + (-Dee >0+ 4 2 pee™ (™09 L EM) F(x) =0 (48.40)
dx2

2
This result has the form d—2 F(x) + O(x) F(x) =0 with Q(x) as
dx

> eqlé := 'Q'M = op(1, op(2, [op(lhs(eql5))]));
eql6 = QM=-Dee 2 (0TI L3 pee (0N L Eyp (48.41)

Hence Q(x) for this case has a form Q(x)MZE v — Vy,(x) with potential energy of Morse's form,

V() -D, (e—2a(x—x0) - e—a (x—xo)).

M
> eql7 := VM (x) = eval (-rhs(eql6), EM=0);

treated in section 1.49.

(48.42)



eql7 =V, (x) =Dee > TV — 3 pee (T (48.42)

Adopting characteristic values x0 = 1.5 and @ =2.5 in convenient units, we plot the reduced function
Vi(X)
De
> plot(eval (rhs(eql7)/De, [a=2.5, x0=1.5]), x=0..5, -1..1, colour=
red,
nunpoi nt s=500, title="Mrse's function for potential energy"”,

titlefont=[ TI MES, BOLD, 14], | abel s=[" x", "E De"]

)

Morse's function for potential energy

EDe (.5

-0.51

The minimum of this function ¥, (x) is at

> x = solve(diff(rhs(eql7), x), X);
x=x0 (48.43)

As discussed in section 1.49, this function V, (x) supports states of discrete energy of finite number for

E E
— < 0and ti for — >0.
D and a continuum for =

e e

1.49 coupling of angular momenta
> restart;

Clebsch—Gordan (CG) coefficients are numbers that arise in the coupling of angular momenta, in
quantum mechanics; they appear as the expansion coefficients of eigenstates of total angular momentum
in an uncoupled tensor product basis. The name derives from German mathematicians Alfred Clebsch
and Paul Gordan, who encountered an equivalent problem in invariant theory. This section is adapted
from a worksheet developed by Professor M. Horbatsch and appears here with permission.



This calculation of coefficients for vector coupling is based on representing J, 12 in a basis of the

eigenstates of angular momentum for a single particle and the diagonalization of the matrix of these

coefficients. We apply matrix elements of operators for raising and lowering to assemble the matrix.
<jme+| I+ [m> = <j,m| J- | jm+1> = -h_*sqre((j-m)*(+m+1))

oD =01 927 4+ 212 +J1_ 32+ + J1+* J2_. When

assembling the matrix representation we bear in mind that the five terms on the right side of the above

equation separate into two groups: the former three terms contribute only on the principal diagonal; the

We apply this decomposition: J

h
latter two terms are on adjacent diagonals. To couple J1=3/2 and J2=1, we work in units in which 2—
T

is denotedh = 1.
> interface(warnl evel =0):

wi th(linalg):
>jl1 :=3/2
j2 1= 1;
3
==
j2:=1 (49.1)

Our general interest is to choose an allowed value of total angular momentum to which /1 and ;2 couple,
1.e., within range |j1 - /2| .. (j1 +,2), but in this approach in which J 2is diagonalized in basis |j1 j2 ml
m2>, we use not a specification ofJ but rather find the Clebsch-Gordan coefficients for all possible
values of J. To leave the z-projection of total J maximally unrestricted, we determine the maximum
allowed length:

>J =1+ ]2
Ji=— 49.2)

Our task is to represent J % in basis [i1 j2 ml1 m2>with j1 and ;2 specified through their quantum numbers.

The matrix representation of J ? hence becomes labeled with 1 and m2, which do not vary
independently but are restricted according to condition m1 + m2 = M; we thus choose a projection from
the range M = -J...J. To obtain coupling, we choose any but the largest or smallest; the reason to avoid
the largest projection is that only one combination of z-projections of J1 and J2 works in that case.

> M:=-J + )2 + 1;

Mi=- (49.3)

1
2
The solution of the eigenvalues and eigenvectors of J 2 provide

2
* through the eigenvalues the allowed quantum numbers of J 2, re.,h J(J+ 1), with the possible
choices of J that are compatible with the chosen /4,

* in anticipation of half-integer spins we choose M such that it is compatible with J, i.e,. for integer J we
choose integer M, whereas for half-integer / we choose half-integer A/, and

* the eigenvector for a given eigenvalue of J 2 produces the set of coupling coefficients that indicates
how the uncoupled states combine to form an eigenvector of J 2,



The question arises how to find the correct range of values (m1,72) through the use of restrictions, such
as M=ml +m2. This range determines the size of the matrix. With a counting method we determine the
matrix size in variable ic; the configurations are stored in cf:
>ic := 0:
for nmL from-j1to j1l do
for n2 from-j2 to j2 do
i f nl+n2=M t hen

ic :=1ic + 1:
cf[ic] :=[nl, n2]:
print( Conbination ",ic, involves [mL,nm2]= ",cf[ic], wth
m+m=M ", M;
end if;
end do:
end do:
I C;
o . 3 . 1
Combination , 1, involves [ml,m2]=, [— ER 1}, with ml +m2=M: , - 5
o . 1 . 1
Combination , 2, involves [ml,m2]=, [ Y O}, with ml +m2=M: , - 5

1 1
Combination , 3, involves [ml,m2]=, [E’ —1 }, with ml +m2=M.: , - —

2
3 (49.4)
Herein j2, which is the smaller of the two, steps through all allowed values:
> Jsq = matrix(ic,ic,0);
0 00
Jsg:=10 0 0 (49.5)
0 00

In this square matrix the row and column indices pass through all allowed values of m1,m2, i.e., each
index from 1 to ic; We call them m1, m2 and m1p, m2p for row and column indices respectively. We
require also indices to refer to the matrix entries, in a range from 1 to ic, called im2 and im2p. To
understand the diagonal matrix entries is straightforward: they are simply the sum of the diagonal

elements of the operators.J1 2 JrJ22 + 2%J1z*J2z, 1.e., of the eigenvalues of these operators. The off-
diagonal elements require one to understand the following structure:

whenm2 =m2p + 1, fromml =M -m2 =M-m2p - 1and mlp =M -m2p =ml + 1, ml =mlp - 1, and vice
versa, when m2 =m2p - 1, ml =m2p + 1, so that J1 +J2- and J1 - J2+ have entries on diagonals just
above and below the principal diagonal.

> for irowfrom1l to ic do
mL .= cf[irow[1]:
n .= cf[irow[2]:
for icol from1l to ic do



mip := cf[icol][1]:
nmp := cf[icol][2]:
i f nm2=nRp then

Jsqg[irow,icol] :=j1*(j1+1)+j2*(j2+1)+2*nll*nR:
elif pml=nilp-1 and n2=n2p+1l then
Jsq[irow,icol] :=sqgrt((j2-nm+1)*(j2+nR)*(j 1+ml+1)*(j1-nl)):

print(nml, mp, n2, n2p, Jsq[irow,icol]);

elif ml=nilp+1l and n2=nRp-1 then
Jsq[irow,icol]:=sqrt((j1-ml+1)*(j 1+nil)*(j2+nR+1)*(j2-nR)):
print(nml, mp, n2, n2p, Jsq[irow,icol]);

end if:
end do:
end do:
3 1
-—,-—,1,0,/6
27 23 b} 3\/—
1 3
-—,-—,0,1,J6
2: 2’ b} ’\/_
1 1
-—,—,0,—1,22
29 2, ) ) \/_
1 1
—,-—,—1,0,2/2 (49.6)
2 2
The result for J 2 is
> 'Jsq" = eval (Jsq);
11
— 6 0
4 \/—
23
Jsqg=| 6 e 22 (49.7)
0 22 S

To find the allowed total angular momentum for which the chosen A/ sublevel becomes realized, we

2

calculate the eigenvalues and bear in mind that they follow /2 J(J+ 1).

> ei genval ues(Jsq);
15 35 3
— Y, 49.8
T (49.8)
Among the three possible eigenvalues of J 2 we find both the previously selected maximum
configuration ./ =1 +;2 and the minimum J =1 -2, and one between these extrema.



> J*(J + 1);

35
) (49.9)
> abs(j1 - j2)*(abs(j1 - j2)+1);
3
= (49.10)

The mixing coefficients indicate that the uncoupled basis states labeled with [j1 m1]and [;2 m2] can be

coupled to [J M] values specified with fixed M and with calculated J from the diagonalization of J % The
meaning of the eigenvector entries is that the coeffcients indicate how much of the product of states [;1
ml]and [j2 m2]is required with m1, m2 specified in table cf. The first eigenvector component is thus the
admixing coefficient for values (m1, m2) given in cf] 1]; the second eigenvector entry is that for the
product of [j1 m1]|with [j2 m2] with m1 and m2 given in cf[2], etc.

> vec := eigenvects(Jsq);
vec = %, 17 {I’}}, 27 1’ {I’}} (49°11)

4

o)

The eigenvector corresponding to the chosen value of / when normalised gives the coupling
coefficients.

> nops([vec]);

3 (49.12)
> nmyvec = Vector(3):
for i from1 to nops([vec]) do
if vec[i][1l] = J*(J+1) then
nmyvec : = op(vec[i][3]);
print( unnornmalised eigenvector: ~, nyvec);
end if:
end do:
unnormalised eigenvector. , @ | g (49.13)
> CG : = map(conbi ne, nornmalize(nyvec));
G| V10 VIS 30 (49.14)
10 5 10

The normalisation is important to maintain unitarity, and thereby a probabilistic interpretation. If we
prepare the system in eigenstate [/, M, j1, /2], and then measurej1 zand ;2 z the square of the Clebsch-
Gordan coefficient provides the probabilities to measure a particular set of allowed values (m1, m2). First
we verify this interpretation.
> add(Cdi]72, i=1..vectdin(CQ);

1 (49.15)

> print(cf);
(49.16)



a1 [- £} - [ 1)

> seq(Cdj]"2, j=1..3);
1 3 3
10° 35’ 10 (49.17)
The statement is that, for eigenstate |J=5/2, M=-1/2, j1=3/2, j2=1 >, the probabilities are
10 % to be in combination (m1,m2) = (-3/2, 1),
60 % to be in combination (m1,m2) = (-1/2, 0),
30 % to be in combination (m1,m2) = (1/2, -1).

In a procedure to calculate the Clebsch-Gordan coefficients, to generate a general formula given, e.g.,
in W. J. Thompson: Angular Momentum, Wiley 1994, eq. 7.51, one introduces first the related (3j)
coefficient for coupling three angular momenta to zero, which involves a sum over &, implemented as a
sum over 2*£, to allow a half-integer projection of angular momentum.

> Threed := proc(j 1, L, 2, n2,j3, nB)
| ocal k,tk,tkm n,tkmax,res, phas, nl, n2,dl, d2,d3,term
i f ml+mR2+nB <> 0 then

RETURN( 0)
end if;
tkmin := 2*max(0, j2 - j1 - nB);

t kmax :
res := 0;
phas := (-1)*(tkmn/2 + j2 + nR);
for tk fromtkmn to tknmax by 2 do

k := tk/2;

nl :=(j2 +j3 +m - k)!;

#print("nl= ",nl);

n2 :=(j1 - nm + k)!,;

#print("n2=",n2);

dl := k!'*(j3 - j1 +j2 - k)!;

#print("dl= ",dl);

d2:=(j3 - mB8 - k)!;

#print("d2= ",d2,k,j1,j2,nB);

d3 :=(k +j1 - j2 + nm)!;

#print("d3=",d3);

term: = phas*nl*n2/(d1*d2*d3);

2*mn(j3 - nB, j3 - j1 +]2);

phas : = -phas;
res :=res + term
end do;

sinplify(res)*(-1)"(j1-j2-nmB)*sqrt ((j 3+ 1-j2)!*(]j3-j1+ 2)!*(] 1+
j2-73)*(j3-nB)! *(j 3+nB)!
[ (() 14 2+ 3+1) P *(j1-ml) P *(j 1+mL) ' *(j 2-mR) ! * (] 2+nR)
1))



end proc:

>CCeC:=(j1,m,j2,n2,J) -> conbine(Threed(j1,nl,j2,n2,J,-nl-nR)*
sqrt(2*J+1)*(-1)"(j 1-j 2+ml+nR));

CGC = (j1,ml,j2, m2,J) - combine( ThreeJ (j1, m1,j2, m2,J, -ml — m2)-J2-J+ 1 (49.18)

.(_l)j]—j2—|—m1+m2)

For our example we havejl j2 and the range of m2 and m1:
>51,j2,[-2,0,1],[M(-2),MM1],; # The matrix is forned on
stepping with n2 [-1,0,1].

3 1 1 3
—, 1,[—1 1, =, -—, -— .
I ESEE (49.19)
We calculate and test the Clebsch-Gordan coefficients.
> Cd 1];
J 10
10 (49.20)
> Cq:(] 11 MI-:L!J 21-11‘]);
v 30
10 (49.21)
> % - %%
N J 1
30 — 0 (49.22)
10 10
> Cd 2];
J 15
B (49.23)
> Ce&C(j1,Mj2,0,J);
N0 (49.24)
10
> sinmplify(%- 9%89;
0 (49.25)
> CeC(j1,M1,j2,1,d);
Vv 90
30 (49.26)
> Cd 3];
30
10 (49.27)

> % - 9%



J30 /90 (49.28)

10 30

The effect of the calculation is that |[J M1 j2> = |5/2, -1/2, 3/2, 1> = add( CG[M - m2, m2]* |j1, M - m2>
2 m2> m2 =-1..1)

>J,Mjl,j2
5 1 3
EIRERE L (49.29)

There are sum rules for Clebsch-Gordan coefficients given in Thompson's book (or other books on
group theory or angular momentum algebra), which can be verified with explicit calculations.

An application of Clebsch-Gordan coefficients or (3j) symbols is the evaluation of angular integrals
over three spherical harmonics. Thompson listed it as eq. 7.102 and shows how it follows as a special
case of an integral over three Wigner rotation matrices. We begin with a definition of the spherical
harmonics.

> with(orthopoly):

> Plm:= proc(theta, |::nonnegint, m:integer)
| ocal x,y,f;
X := cos(theta);
i f mrO then
f 1= subs(y=x, diff(P(l,y), y$m);
el se
f = subs(y=x, P(l,y));
end if;
(-1)~n¥sin(theta)”™n¥f;
end proc:
> Pl m(theta, 3, 2);
15 sin(0)” cos(8) (49.30)
For spherical harmonics PIm with negative argument are unnecessary.
> Y := proc(theta, phi, |::nonnegint, m:integer)
| ocal ni,;
mL := abs(m;
i f ml>l then
RETURN(" | n} nust be <=1 for Y_Int);
end if;
exp(l*nmphi)*Plm(theta,|,nm)*(-1)"ntsqrt ((2*1 +1)*(l-nml) !/ (4*Pi *
(I+m)!));
end proc:

> Y(theta, phi, 3,0);

5005(9)3 3 cos(0) \/7

2 2

(49.31)
2Jm



> Y(theta, phi, 3,1);
2
elq)sin(e) [%_%] V21
12y

>No :=(I,m ->int(int(evalc(Y(theta, phi,|,n) *conjugate(Y(theta,
phi, 1, m)), phi=0..2*Pi)*sin(theta), theta=0..Pi);

(49.32)

n/ .2'T
No = (1, m) ”J U evalc(Y(8, 0,1, m)-Y(6,0,1,m)) dq)J sin(8) do (49.33)
0 0

> No(1,0);
1 (49.34)

We test the following double integral.
> A = (I,Mj1,nm,j2,n2) ->int(int(evalc(Y(theta,phi,j1,nm)*Y
(theta, phi,j2,nR)
*conjugate(Y(theta, phi,J,M)), phi=0..2*Pi)*sin(theta),
theta=0..Pi);
n/ .2'm
Al == (J,M,j1,ml, j2, m2) »—»J U evalc(Y(0, 0,71, ml)-Y(0, 0,2, m2)-Y(6,d,J,M)) (49.35)
0o \7o

do |-sin(0) d6

The restrictions on the angular-momentum parameters are a triangle rule on (/1, 2, J), that;1 +;2 +J
must be an even integer, and that m1 +m2 = M. For example,

> AI(2,1,1,0,1,1);

NERES 49.36)
10y
In terms of (3)) symbols the integral can be calculated as
> A3 = (I,Mj1,nm,j2,n) ->sinplify((-1)"Msqgrt((2*]1+1)*(2*

j2+1)*(2*J+1)/ (4*Pi))*Threed(j1,m,j2,n2,J,-M*Threel(j1,0,j2,0,J,
0));

22+ 1) (2J+1)

251+ 1)-
Al3j == (J,M,jl, ml, 2, mZ)Hsimpll]ﬁ/[(—l)M-/ (2514 1) . (49.37)
T
ThreeJ (j1, ml,j2, m2,J, -M)-ThreeJ (jl,0,;2,0,J, 0))
> AI 3] (21 11 1101 11 1)1
V15
(49.38)

10/n



Integrals of this type arise in atomic physics in the computation of multipole expansions of the potential

energy of a charge distribution, and in the computation of matrix elements of dipolar moment, e.g., in

radiative decay, in which cartesian components of the position vector are represented as Y (/,m), e.g.,
x+1ly=rY(L1).

el.50 exercise

1) Undertake the calculation for the other allowed A values and the same J value, i.e., /=1 +2;
calculate the probabilities to find the system in a particular (m1,72) configuration, and display
graphically using arrows for the (j1,m1) and (j2,m2) angular momentum vectors how state (J M) arises.
i1) Inspect other./ values for which the set of (/1 m1)and (2 M - m1) configurations couples to (/ M) and
construct the probabilities as well as the graphical representations discussed in 1).

iii) Choose another combination of;1 and ;2, and repeat the calculations for parts 1) and ii).

iv) Verify the short formula by comparing it against the symbolic computation of the integral; apply
large values of the angular momentum parameters and verify its computational advantage.

Content of this worksheet is copyright 2021 J. F. Ogilvie and contributors.



