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Abstract
Orbital based electronic structure methods are widely used to compute properties of chemical systems
and yield accurate results in systems without strong correlations, yet with the basis sets commonly used
today, these exhibit slow convergence towards the complete basis set limit. This is partially due to the
inability of commonly used basis sets, such as cc-pVXZ, to properly represent the correlation cusp
condition with a finite number of contracted Gaussian basis elements. By including an explicitly
addressing correlation cusp, these techniques can exhibit better convergence properties, but sometimes at
the cost of additional computational resources required.

Theory
Cusp conditions
In the Born-Oppenheimer approximation, the ground state wavefunction of the Hydrogen atom has the
form

which has a discontinuous first derivative at

and satisfies

It can be shown [1] that the wavefunction for a multi electron system similarly has a discontinuous first

derivative when

, and that the derivative satisfies

The existence of these discontinuities cause the kinetic energy to diverge when the respective r = 0,
compensating for the divergence of the potential energy such that the total energy is finite.
All orbital based electronic structure make at least two approximations: one that is intrinsic to the
method itself, e.g. neglecting coulombic correlation terms in Hartree-Fock methods or neglecting higher
order excitations in CISD, and another that results from the restriction of the resulting optimization
problem to a finite dimensional subspace. By expanding the size of the space spanned by these finite
bases, the result in the infinite basis set limit for a particular method can be extrapolated. The
convergence properties of orbital based methods depend heavily, however, on the particular choice of
basis. The basis elements of choice for most modern electronic structure packages are contracted
Gaussian orbitals, which have the advantage of having simple, analytically computable integrals.
However, contracted Gaussian atomic orbitals do not satisfy the nuclear cusp condition, and Slater
determinants of contracted Gaussian atomic orbitals do not satisfy the electronic cusp conditions.

Hylleraas' explicitly correlated helium ground state
Hylleraas [2] proposed that the helium ground state orbital take the form

where
, the natural coordinates for the system are given by (s,t,u), where

In (s,t,u) coordinates, the proposed wavefunction has the form

Under the Born-Oppenheimer approximation, the Hamiltonian of the helium atom has form

The approximate ground state energy can be obtained as

After performing the change of variables and necessary integrals, the energy as a function of

and b is

Differentiating with respect and
.

and b, the minimum energy can be found to be

at

R12 methods
A generalization [3] of Hylleraas' method to larger systems can be obtained using the ansatz
,
g. The Schrodinger equation then gives
,
where
is the sum of the kinetic energy operators for electrons 1 and 2,
is the interaction
potential between electrons 1 and 2, and K is everything else in the Hamiltonian. When
, the
interaction potential V diverges, so for the Schrodinger equation to yield a finite energy, it must be that
the other terms diverge in a way that compensate for the divergence of V . The term
is finite at
, as g
is a second order
that diverges to compensate for V . This is satisfied for
,
since

so the

terms cancel. Repeating this for every pair of electrons gives
.

Computational results
The result of Hylleraas' results for helium can be compared to numerical results obtained from a few
different methods.
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For comparison, the experimentally determined ground state energy of helium is -2.90338583 [4], and
the energy computed by Hylleraas' method is -2.89112. Hartree-Fock completely neglects electron
correlation energy other than the intrinsic fermionic nature of the Slater determinant wavefunction and
has a higher computed ground state energy than the Hylleraas wavefunction, which accounts for electron
correlation explicitly. Hylleraas' results are comparable even to post Hartree-Fock methods using rather
large bases of contracted Gaussian orbitals.
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