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Introduction
This worksheet contains an implementation of the encoding and decoding algorithms associated to an
error-correcting linear code. Such a code can be characterized by a generator matrix or by a paritycheck matrix and we give procedures to compute a generator matrix from a spanning set of the code
and to compute a parity-check matrix from a generator matrix. We introduce, as examples, the [7, 4,
2] binary Hamming code, the [24, 12, 8] and [23, 12, 7] binary Golay codes and the [12, 6, 6] and
[11, 6, 5] ternary Golay codes. We give procedures to compute the minimum distance of a linear
code and we use them with the Hamming and Golay codes. We show how to build the standard array
and the syndrome array of a linear code and we give an implementation of syndrome decoding. In the
last section, we simulate a noisy channel and use the Hamming and Golay codes to show how
syndrome decoding allows error correction on text messages. The references [Hill], [Huffman-Pless],
[Ling], [Roman] and [Trappe-Washington] provide detailed information about linear codes and, in
particular, about syndrome decoding.
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Generator matrices and parity-check matrices
Linear codes are vector spaces over finite fields. Maple has a package called LinearAlgebra:Modular (a subpackage of the LinearAlgebra
m
(the integers modulo a positive integer m, henceforth denoted , whose elements we will denote by
{0, 1, ... m-1}). If p is a prime number,
dimensional subspaces of

is a field and the

-vector spaces which are k-
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length, k the dimension and d the minimum distance of the code. Our examples will be binary and

ternary codes, i.e.,

- and

- vector spaces, which include the most important error-correcting

codes.
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>

The usual ways to describe a linear code is by giving either a generator matrix (namely, a matrix
whose row vectors form a basis of the code) or a parity-check matrix (a generator matrix of the dual
code, i.e., of the orthogonal space of the code). The following procedure produces a generator
matrix for the code generated over
(where the prime p is the first parameter) by a set of vectors
(the vectors parameter) which can be given either as a list or as a matrix whose files are the vectors
of the generating set.
>

Suppose now that we have the following list of binary vectors:
>

Then we can obtain a generator matrix of the binary code generated by these vectors as follows:
>

Alternatively, we can build the matrix whose row vectors are those on the list and then use the
procedure to obtain the generator matrix:
>

Observe that the relevant command that has been used to build the generator matrix is the Basis
command of the LinearAlgebra[Modular] package which, as its name already indicates,
computes a basis of the space generated by a set of vectors. Thus the rows of the generator matrix
previously constructed are obtained with the following command:

>
Here, the first paramater indicates the modulo (2 in this case), te second one is the list of vectors, the
third one specifies the format of the output vectors (row in this case) and the last one is to indicate
the format of the null space vectors in case the null space is computed. The value false used here
serves to tell the command to not compute it (recall that the null space is the kernel of the linear map
defined by the matrix or, in other words, the solution space of the homogeneous system of equations
defined by these vectors). It is important to note that we cannot use for this purpose the command
Basis of the LinearAlgebra package because what it would compute would be the basis of the
real vector space generated by these vectors, quite a different thing! In this case we would obtain:
>
Thus we see that the list itself is already a basis of the real vector space that these vectors generate, i.
e., the vectors in the list l
, where
they generate a 4-dimensional subspace of

The code defined by the generator matrix

constructed above is the [7,4] binary Hamming code, which is a systematic code ([Roman]). For a
systematic [n,k] code the GeneratorMatrix procedure provides a standard generator matrix of
the form G = [ |P] of size kxn, where is the kxk identity matrix.
We next give procedures to generate the parity-check matrix of a linear code from a generator
matrix. The next function computes the parity-check matrix by finding a basis of the dual code. The
input is a prime p that defines the field , and the vectors of a generating set of the code, which
can be given in a list or as the rows of a matrix. In the particular case in which these vectors form a
basis of the code and are given in matrix form, the second argument will simply be a generator
matrix of the code.
>

For example, a parity check matrix of the binary Hamming code is the following:
>

The same result is obtained if we compute the parity-check matrix obtained from the vector list l
defined above (which, as we have seen, generates the Hamming code):
>

If the generator matrix is systematic (a standard matrix), then the parity-check matrix can be directly
computed by the following procedure:
>

For example, since the matrix G is a standard matrix, we can compute:
>

Observe that, since a parity-check matrix of the code C is simply a generator matrix of the dual code
, we can obtain a generator matrix given a parity-check matrix H by applying the procedure
ParityCheckMatrix to H (since the dual code of
is C itself). If we apply this procedure to
a generator matrix G to obtain H and then we apply it again to H, we can obtain a generator matrix of
C different from G. However, if G is a standard matrix (all the codes that we will use will be
systematic and hence will have standard generator matrices) and we apply the
GeneratorMatrix procedure to the generator matrix thus obtained, we will recover the original
standard matrix. For example, the following computation recovers the generator matrix G1 from the
parity-check matrix H1:
>

A standard generator matrix can also be easily obtained from a standard parity-check matrix by
means of the following procedure that reverses the steps performed in
StandardParityCheckMatrix:
>

Now, the standard generator matrix of the Hamming code can be obtained from its standard paritycheck matrix as follows.
>

Our next examples will be the Golay codes. In order to display large matrices on screen, we set:
>

The Golay codes were introduced by Marcel Golay in the following one-page article, published in
1949:
Marcel J. E. Golay: Notes on Digital Coding
The generator matrices of the (extended) [24, 12, 8] binary Golay code
the [23, 12, 7] binary
Golay code
and the [12, 6, 6] and [11, 6, 5] ternary Golay codes, are given by the following
procedure which takes as inputs the prime p (2 in the binary case and 3 in the ternary) an the length
n of the code.
>

The extended binary Golay code was used in the transmission of color pictures of Jupiter and Saturn
from the Voyager spacecrafts in the years 1979-81 ([Huffman-Pless], [Ling-Xing], [Roman],
[Trappe-Washington]). The generator matrix of this code (which has length 24) is obtained as
follows:
>

From this generator matrix we can build a parity-check matrix for the binary Golay code using the
procedure ParityCheckMatrix given above:
>

The binary Golay code of length 23 is obtained by puncturing the extended binary Golay code in the
last coordinate and has the following generator matrix:
>

The parity-check matrix of the [23, 12, 7] Golay code is:
>

Since the generator matrix G2 is in standard form, we could also have used the procedure
StandardParityCheckMatrix to obtain the parity-check matrix from G2. Now, a standard generator
matrix for the dual code of the extended binary Golay code can be obtained as follows:

>

By direct observation one notices that this matrix is the same as the generator matrix displayed
above but we can use Maple to check that this is indeed the case:
>

This shows that the Golay code
is self-dual and hence being a generator matrix is equivalent to
being a parity-check matrix for this code. Since the dimension of this code is exactly equal to half its
length, the fact that the code is self-dual can also be checked by multiplying the generator matrix
G2 by its transpose and observing that the result is the zero matrix. Next, we compute a generator
matrix of the (extended) [12,6,6] ternary Golay code, which is also self-dual as it can be easily
seen:
>

From this we can obtain a parity-check matrix for this code:
>

Similarly, we obtain the generator and parity-check matrices of the [11, 6, 5] ternary Golay code:
>

>
>

The minimum distance
The minimum distance of a code is an important concept since it serves to determine the errorcorrecting capability of the code. The minimum distance of a linear code is equal to the minimum
weight of the code, i.e., to the minimum number of nonzero entries in a nonzero codeword. The
error-correcting capability of the code is equal to P(d-1)/2R (where the square brackets with lower
horizontal bars are used to denote the floor function) if d is the minimum distance of the code or, in
other words, the code can correct t errors if its minimum distance is at least 2t+1. For specific codes
there may be efficient methods to determine the minimum distance using some particular properties
of the code like, for example, in the case of the extended binary Golay code, the fact that all
codewords have weight multiple of 4 and there are no words of weight 4. Here, we are going to
give procedures to compute the minimum distance which are valid for any linear code. The
following procedure finds the minimum distance of a linear code using the fact that it equals the
minimum number of linearly dependent columns of a parity-check matrix:
>

We compute the minimum distance of the Hamming code:
>

Since its minimum distance is 3, as we have just seen, the Hamming code is 1-correcting. Next we
compute the minimum distances of the ternary Golay codes:

>
>

We see from this that the ternary Golay codes are 2-correcting. In a smilar way as above, we can use
MinimumDistance to compute the minimum distance of
but this would take several minutes on
a standard PC. We can give an alternative procedure that is faster in this case. For this, we will use
the fact that the minimum distance of a linear code is the same as the minimum weight. As a first
step, the following procedure converts a string to a list:
>

The next procedure computes all the codewords of a linear code over

using as input the prime p

that defines the field and a generator matrix of the code:
>

The extended binary Golay code is then the following (without printing it on screen):
>

In a similar way, we obtain the [23,12,7] binary Golay code:
>

Next, to compute the minimum distance of these codes, we will need the following function which
computes the weight of a codeword given as a list.
>

>

The minimum distance can now be computed as the minimum weight of all nonzero codewords,
using as input the prime p that defines the base field and a generator matrix of the code:
>

In particular, we have for the binary Golay codes:
>
>

Thus we see that the binary Golay codes are indeed 3-correcting. MinDistance can also be used to
compute the minimum distances of the Hamming code and of the ternary Golay codes which, as we
have seen before, are equal to 3, 6 and 5:
>

An [n,k,d] q-ary code is called perfect when equality is reached in the sphere-packing bound (cf.
[Hill], [Huffman-Pless], [Roman]). The Hamming code and the odd length Golay codes are perfect.
In order to see this we can use the following function that checks whether the number of codewords
equals to the sphere-packing bound and returns true in this case and false otherwise. The input
parameters are the prime p, the length, the dimension, and the minimum distance ot the code:
>

For example, the following shows that the [23, 12, 7] and [11, 6, 5] Golay codes are perfect:
>

The Standard Array and the Syndrome Array of a linear code
In this Section we are going to build the tools that allow us to perform encoding and decoding (with
error correction) using a linear code. For the codes we are using as examples there are specific
decoding algorithms which are very efficient (see, e.g., [Koscielny] for an implementation of
encoding and decoding with the extended binary Golay code), but the ones we implement here
work with any linear code. The decoding algorithms we will use are based on the standard array and
the syndrome array of the code. The standard array of a linear [n,k] code C has
rows, each of
which consists of a coset in the quotient vector space
/C which has as first element a word of
minimum weight in the coset, called the coset leader. The coset C (with coset leader the zero
codeword) is usually taken as the first row of the standard array and to construct each new row one
proceeds by taking a word of minimum weight among all the words that do not belong to the
preceding rows. This word w will be the leader of the next coset which is then the set w+C. The
standard array is computed by the following procedure, which takes as input the prime defining the
base field and a generator matrix of the code.
>

As an example, we compute the standard array of the [7,4] Hamming code. Observe that, in
leaders:
>

We will not try to compute the standard arrays of the Golay codes because they are too large. The
standard array of the [24, 12, 8] binary Golay code has
(i.e., more than 16 million) entries, each
of which is a word given by a list of length 24. The standard array of the [12, 6, 6] ternary Golay

code is not as big but it has more than half a million entries. Fortunately, we don't need these arrays
to decode with error correction, for which we will use the syndrome array which is much more
compact and manageable. The syndrome array has the same number of rows than the standard array
(namely, one for each coset) but it has only two columns. The first column consists of the coset
laders (so that it is the same as the one of the standard array) and the second column is formed by
the syndromes. The syndrome of a word x
is the word
of length n-k, where H is a paritycheck matrix of the code C and
its transpose. The next function builds the syndrome array of a
linear code using as inputs the prime p and a generator matrix of the code.
>

The syndrome array of the [7,4] Hamming code is then the following:
>

The above procedure works for any linear code defined over a prime field but is too slow to
compute the syndrome arrays of the Golay codes, since it requires to work with the full space of
or
vectors in the case of the binary codes and of
or
vectors in the case of the ternary
codes. Therefore, we are going to build these arrays using specific procedures for these codes. For a
binary Golay code, we have to build the list of coset leaders, which has
= 4096 entries in the
case of the extended [24, 12, 8] binary code and
= 2048 entries for the [23, 12, 7] code. Since
the binary Golay codes are 3-error-correcting, all the words of weight less or equal than three are
coset leaders. The number of these leaders is the sum of the number of words of weight 0, 1, 2 and
3, i.e.:
>

Therefore, in the [24, 12, 8] code, the remaining 4096-2325 = 1771 leaders must have weight greater

than 3 and, in fact, all of them will have weight 4, as we are going to see. Indeed, if we consider all
the binary words of weight 4 that have an entry "1" in a given position (for example, in the first
position), we see that their number is:
>

This makes a total of 2325+1771 = 4096 words and the difference of any two of them has weight
less than or equal to 6, which is less than the minimum distance 8 of the code. Thus no two of these
words belong to the same coset and hence they form a set of coset leaders for the [24, 12, 8] Golay
code.
As we have seen, the [23, 12, 7] binary Golay code is perfect code and, since the code is 3see this by noting that the number of binary words of length 23 and weight less or equal than 3 is
equal to the number of cosets (and no two of these words belong to the same coset):
>

Bearing in mind the preceding remarks we can see that, in the case of the [24, 12] binary Golay
code, we can obtain the list of leaders by taking all the words of weight less than 4 plus the words of
weight 4 until getting a list of 4096 words, using the following code to determine the position of the
entries "1":
>

However, we will give a more explicit way to find these positions that does not depend on the order
in which Maple computes them. The following function generates a list of length n that has entries
"1" in the positions given by the second parameter, the list l.
>

For example, the list of length 24 with 1 in positions 3, 9 and 14, and the remaining entries equal to
0, is obtained as follows:
>

The syndrome arrays of the Golay codes
and
are now given by the following procedure
that has one required parameter n for the code length and an optional parameter, show, which takes
by default the value false so that to print the syndrome array on screen one has to assign to it the
value true.
>

The syndrome arrays of the binary Golay codes of length 24 and 23 are then the following:
>

Next we are going to build the syndrome arrays of the ternary Golay codes. Since these codes are, as
we have seen, 2-correcting, all the words of weight less or equal than two will be coset leaders (and
they will be all the leaders in the case of the perfect [11, 6, 5] code). In the case of the [12,6,6] code
we see that the number of these words is, taking into account that now the nonzero elements can be
either "1" or "2", the following:
>
Thus we have that k = n-k = 6 and so the number of codewords is and the number of cosets (i.e.,
the cardinality of the associated quotient space) is also = 729, so that in addition to the words of

the case of the extended binary Golay code, it will suffice to consider all the words of weight 3 that
have the same entry on a fixed position (for example, "1" in the first position). The total number of
words thus obtained is:
>

This way we obtain the required number of words and since the weight of the difference of any two
of them is less or equal than 5 and hence less than the code weight, we know that no two of them
belong to the same coset and hence they can be taken as the set of leaders. The next function gives
all the l-tuples that can be constructed with the digits from 1 to k:
>

To build the list of leaders, we have to compute the positions in which the words will have nonzero
entries and then to fill these positions. The total number of these positions will be:
>

These positions can be computed as follows:
>

However, as we did in the case of the binary Golay codes, we will use a more specific way to
compute these positions that does not depend on the order in which Maple computes the
combinations. In the case of the [11, 6, 5] ternary Golay code the following equality shows that the

>

The number of nonzero positions in these leaders is then the following:
>

Using the preceding remarks, we see that the list of ternary Golay leaders is given by the following
procedure that takes as input the length of the code:
>

>

The list of leaders of the extended ternary Golay code, and their number, are then the following:
>

The syndrome array of the ternary Golay codes is computed by the following procedure which takes
as input the length n of the code and an optional parameter that determines whether or not the array
is to be printed on screen:
>

The syndrome array of the [12, 6, 6] ternary Golay code is then the following:
>

Next we compute the leaders and the syndrome array of the [11, 6, 5] ternary Golay code:
>
>

We note that the this array has 243 rows, as expected.
>

Encoding and decoding
We next give functions to implement channel encoding and decoding of messages given as text
strings, so that error correction will be possible when one uses the Hamming or Golay codes. We
start with a procedure that encodes words of length k (given as lists of elements of
), where k is
the dimension of the code. The inputs are the word, the prime p and a generator matrix of the code
and the output is the encoded word. The encoding algorithm consists just of multiplying the word
(in vector form) by the generator matrix of the code.
>

The next procedure decodes a received word of length n (where n is the code length). The input
parameters are the received word, the prime p, the syndrome array, and a generator matrix of the
code. Observe that we could dispense with the syndrome array as input (since it can be computed
from the generator matrix) but this would be inefficient since we would have to build the syndrome
array to decode every single encoded word. The decoding algorithm consists of finding the
syndrome of the word by multiplying it by the transpose of the parity-check matrix, searching for
this syndrome in the second column of the syndrome array and taking the corresponding coset
leader (in the first column and the same row) which will be the error word that is subtracted from
the input word. Since we are dealing with systematic codes, the final step of the decoding process
consists in discarding the last n-k "parity symbols" and keeping the first k "information symbols"
which will form the output word.

>

Example: Encoding and decoding a single word
Let us now give an example of encoding and decoding using the [24, 12, 8] binary Golay code. We
start by encoding the following binary word of length 12:
>

The codeword that encodes w is then the following:
>

Suppose now that this codeword is transmitted through a noisy channel and the received word has
three errors, so that it is:
>

Then, the decoding procedure corrects the three errors and recovers the original word:
>

Let us now make this computation step by step. First, we compute the syndrome of the received
word, which is the following:
>

The list of syndromes is the following:
>

>

Next, we search the syndrome of the received word in the syndrome list:
>

We see that the syndrome s is in the 1177-position, so that the corresponding coset leader is:
>

Now, we can recover the codeword mG by subtracting (or, what is the same in this case, by adding
mod 2) the leader just computed:
>

Thus the original message should be:
>

We can check that this is indeed the message sent:
>

We are now going to give procedures that allow us to encode and decode text messages (with error
correction) using a linear code, and we will subsequently use them with the Golay codes. The first
step will be to encode the message as a matrix whose rows will be binary or ternary words of length
equal to the dimension of the code. The message characters will be first converted to (lists of) bytes
and then to bit lists or to lists of base-3 digits. These lists of digits will have length equal to ilog[p]
(242)+1, which is equal to 8 in the case of p = 2 and equal to 5 in the case of p = 3 (since 242 =
). This way all the bytes can be represented by these lists in the binary case and all bytes
between 0 and 242 can be represented in the ternary case. This is enough because Maple will not
use bytes larger than 242 to encode printable characters and it has the advantage that when errors are
introduced in the encoded messages no integers larger than 255 will appear after decoding, which
would truncate the string when using convert/bytes to recover the message (there is still the
possibility that a message with errors will be decoded as a shorter message if these errors produce
the appearance of a zero byte).
The next function follows these steps to convert text messages to binary or ternary words of
specified length k. The inputs are the message given as a text string, the prime p (we will use either p
= 2 or p = 3 but larger primes could eventually be used if we had defined the corresponding p-ary
codes) and the length k of the words in which the message will be converted. The output is a matrix
whose rows are these words and, given the fact that the total length of the message may not be a
multiple of the specified word length, the final result will be padded with zeros to achieve a final
length multiple of k.
>

>

As a first example, we encode a message with the [23, 12, 7] binary Golay code. We are including
some cyrillic characters to show that the encoding and decoding procedures will work with non-latin
characters that Maple handles as lists of bytes.
>

We could also represent the source-encoded message as a list or as a string of characters but using
the matrix format has the advantage that to perform channel encoding we only need to multiply this
matrix by a generator matrix of the code. The procedure that does this is the following, where the
inputs are the message string, the prime p and a generator matrix of the code;
>

For example, we encode the previous message m using the binary Golay code:
>

In a similar way, we encode this message with the [11, 6, 5] ternary Golay code and with the
extended binary and ternary Golay codes:
>

Next, we give the procedure to decode a message that has been encoded with a linear code such as
one of the Golay codes. First, the following converts a list of decimal digits to the integer they
represent:

>

Now, the procedure that decodes a message using syndrome decoding. To perform the correction,
the syndrome of each received word is computed, and the leader of the corresponding coset is
subtracted from the word obtained by decoding without error correction. If the number of errors
commited does not exceed the error-correcting capability of the code, that leader will be the error
word and the original word will be correctly recovered. The input parameters are encodedmessage
(for the matrix containing the encoded message), p for the prime that defines the base field, G for the
generator matrix of the code, and syndromearray for the syndrome array of the code, which should
have been previously computed.
>

In order to make comparisons, we will also use the following procedure that decodes an encoded
message without applying error correction. Since we are working with systematic codes throughout,
the process will consist of discarding the last n-k symbols of each encoded word assuming that we
are using an [n,k,d] code. The inputs are the encoded message, the prime p, and a generator matrix
G of the code.
>

>

We now decode the previously encoded messages:
>
>
>
>

The messages were correctly recovered but this is not a great deal since no errors had been
introduced in them. In fact, we could have used the procedure Dec, which does not perform error
correction, to recover these messages as follows:
>

Examples of error correction
We are going to give a few examples to show how error-correcting codes work. For this we will
simulate a noisy channel where a specified number of errors will be pseudo-randomly introduced
and we will see how the code allows us to recover the message without errors (provided that the
number of errors is not above the correcting capability of the code). In order to see what happens
when errors are commited, we will introduce these errors at (pseudo-)random positions in the words.
For this, we first initialize the MersenneTwister pseudo-random generator.
>

The next function pseudo-randomly generates the positions where we will introduce t errors in a
word of length n.
>

For example, if we want to find the positions to introduce 3 errors in a word of length 23 we can do:
>

The next function introduces errors in the matrix that represents an encoded message. The input is
the matrix M that encodes the message and a positive integer t that specifies the number of errors that
will be introduced in each matrix row, i.e., in each transmitted word.
>

For example, we introduce 3 errors in each row of the matrices cm2 and cm2e that encode the
previously given message m with the binary Golay codes:

>
>
>

>
>

If we decode these messages without error correction, the result will be unreadable:
>
>
>
>

However, if we decode these encoded messages, which contain errors, using the error-correcting
capability provided by syndrome decoding, we will recover the original messages:
>

>

>

>

On the other hand, if we introduce in each encoded word a number of errors that exceeds the errorcorrecting capability of the code, the result will be meaningless. For example, consider the encoded
versions of the previous message m with the binary and the ternary Golay codes and let us insert 4
errors in each word in the binary case and 3 errors in the ternary:
>
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