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Abstract

We describe in this work a five-qubit quantum convolutional error correcting
code and its implementation on a classical computer. The encoding and decod-
ing circuits and an error correction procedure are presented. We will verify that
if any X, Y, Z error or any product of them occurs on one or two qubit, this
correction always allows to recover the useful information or to obtain a list of
possible errors. The originality in this correction is the winning time obtained
by measuring only the required syndromes, thus avoiding the decoherence phe-
nomenon. Also, we give the average fidelity for double errors recovered as single
errors having same syndrome.
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1 Introduction

The classical information processing is performed with physical supports, which
are governed by the classical physics laws. The quantum information processing uses
particles, which obeys to quantum mechanics (electrons, ions, photons...). An electron
can carry information : according to its spin, it represents the bit 0 or the bit 1. The
quantum information support called qubit is a physical system, which can be in two
quantum states representing the bits 0 or 1. The advantage of quantum information
processing is the possibility for the qubit to be in a two states superposition, which
is forbidden for the classical bit. However, any environment-qubit interaction will
break this superposition at one of its two possible states. Another essential tool is
the qubits entanglement, which is used in quantum computing. An n-qubits system
entangled state is not the n-tensor product of every qubit state, as it is the case
for a separable state. The particularity of the entanglement is that any evolution
of one qubit state will affect the other qubits states in the entangled system. This
specific quantum behavior and the superposition states gives to quantum computing
a potential superior to classical computing.



Unfortunately, the entanglement is very sensitive to the environment noise. The
superposition and entanglement loss is called decoherence and introduces errors in
computation, which requires quantum error correcting code. In fact, while the clas-
sical computation error probability is negligible, the error probability is very high in
quantum computation. The difference comes from the physical nature of the informa-
tion support : The electrons number in a capacitor can vary without changing the bit,
but if an electron spin changes then the bit value will change. As the experimental
protection against decoherence is very hard, several quantum codes have been built
to correct computation errors. A quantum error correcting code aims to identify the
qubits states alteration caused by the noises and then to recover the correct states.
A quantum code is similar to a classical code, but have one particularity: We cannot
copy the qubit state to protect it because it is impossible to clone the quantum in-
formation. In fact, the codedwords are build by intrication between the superposed
qubit state carrying the useful information and a number of additional qubits states
called ancillas. If an errors affects the qubits, a correcting procedure allows getting a
system separable state, containing the recovered useful information. For further read-
ing, quantum information and computation is treated in details in reference [1]. A
good introduction to quantum error correction is given in [2] and quantum computing
for non-physicists is described in [3].

The convolutional codes, among the quantum codes, aim to protect a continuous
information flow transmitted by a sender through quantum channels and processed by
a receiver. The reference [4] describes in details the theory of quantum convolutional
codes. We propose in this paper the simulation on Maple of a five qubit quantum
convolutional error correcting code using the Feynman program. The work is orga-
nized as follows: we begin by giving in section 2 some basics of quantum computing
and compare in section 3 the convolutional and the block error correcting codes. The
quantum convolutional code are introduced in section 4 and section 5 describes the
particular five-qubits convolutional code and its simulation on a classical computer.
Section 6 concludes the paper, section 7 gives the references and the code simulation
by Feynman program is depicted in section 8 (appendix).

2 Basics gates for quantum computing

Consider an n-qubits system in interaction with the environment. We represent an
error as unitary transformation U overall the "n-qubits+environment" state. It can
be a bit flip X, a phase flip Z and both of them Y=iXZ. We give below, the matricial
representation of these errors and their effect on a superposed state |¥) = «|0)+ 5 |1).
The Kets |0) and |1) correspond, for example, to respectively the spin +1/2 and -1/2
of an electron , or the fundamental and excited states of an atom. The factors a
and 8 with (|a)® 4 |B|*> = 1) are in general complex number and give respectively the
probability |a|® and |8|* that the qubit is in the states |0) and |1).



If none error occurs, we use the identity matrice I : I:< (1) (1) )

The matricial representations of a single qubit states are:
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The phase flip error is represented by the Z Pauli matrice : Zz( (1) _01 )
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We also use in quantum error correcting code the Hadamard (H), controlled-not
(CNOT or CN), controlled-Z (CZ) and Toffoli (T) gates. These gates act respectively
on one, two and three qubits. We give below their matricial representation and effect
on some states.

Hadamard gate: H:( 1 31 )

This gate transform a simple state in a superposed state and inversely:
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Controlled-not gate (CNOT): on=| &, o |
0010

The matricial representations of a two-qubit system states are:
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This gate acts on two qubits and flips the second one (target) if the first one
(controller) is equal to 1:

CN|[00)=]00) ; CNJ|01)=1[01) ; CNI10)=[11) ; CN|11)=10)
1 0 0 O
01 0 O
Controlled-Z (CZ): cz=| | . | |
000 —1

This gate realises the transformation C'Z|11) = —|11) and leaves the other Kets
inchanged.
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This gate acts on three qubit and flips the third one (target) only if the two others
(controllers) are equal to 1:

T|110) = [111) ; T|111) = [110) with [110) = and  [111) =
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3 Quantum error correcting code

There are two classes of error correcting codes: block codes used for burst errors
(like in secondary memories) and convolutional code aimed at protecting a continuous
information flow transmitted over long distance by noisy channel. In block code, after
waiting that all the bits arrive at the encoder, we divide them into a finite number of
equal blocks which are encoded separately, such that each block is independent of the
other blocks during all the encoding procedure. Then, finite number of syndromes
extraction and recovery operations are separately realized on each block after waiting
that all the bits arrive on the receiver. In convolutional code, the information flow
is converted in a single codeword whatever is its length by encoding online unequal
successive groups of qubits. The encoding of any qubits frame depends on the pre-
ceding and the following frames. Unlike as in blocks code, the encoding starts as soon
as the first qubits group arrives at the encoder without waiting the other ones. The
most important attribute of the convolutional codes is their maximum likelihood error
estimation algorithm for all memoryless channels with a complexity growing linearly
with the encoded qubits number (exponentially for the block codes). The syndromes
extraction and recovery operations are realized on each encoded qubits frame as soon
as it arrives on the receiver. This online processing of the information that character-
izes the convolutional codes allows to efficiently counter the decoherence phenomenon
better than the block codes. Table 1 summarizes the comparison between block and
convolutional codes.

Block code Convolutional code
Application Channel with burst errors Errors in a long distance
(secondary memories,.. ) communication channel
Equal blocks separately Online encoding of unequal
Coding encoded after the arrival of qubits frames into a
all the bits to the encoder single codeword
Error estimation algorithm Online error estimation
Error detection | with exponential complexity algorithm with linear
starting after the arrival complexity starting at the
of all the bits to the receiver arrival of the first frame
Blocks separately Online decoding of each
Decoding decoded after the arrival qubits frame as soon as
of all the bits to the receiver it is corrected

Table 1: Block codes versus convolutional codes.



4  Convolutional codes

A quantum convolutional code can be described by using the stabilizer code. We
encode k to be protected qubits in a frame of n qubits containing (n-k) ancillas
(rate=k/n). In general, we define for an (n,k) qubits code a stabilizer group Gy =
{M;,i=1.....(n—k)} with k < n . It contains (n — k) generators M; which are a
tensor product of the Pauli operators I, X,Y and Z : M; = {£1,+i} x {[, XY, Z}".
We define the generator weight as the number of its Pauli operators X, Y and Z.
The code subspace C associated to the stabilizer group (n,k) is the whole of the
eigenvectors {|U)} of the generators with the eingenvalue +1: M; |¥) = |¥), V M;
€ Gy and |¥) € C [4].

If an error E affects the state |¥), the generator action will gives M;F |¥) =
+FEM;|¥) = £|¥) because M; commutes or anticommutes with E. In fact, we apply
the generators on the affected coded state |¥’) = E |¥) to measure the eigenvalues.
The eigenvalues whole of the (n — k) generators M; corresponding to one error E is
called the error syndrome. As we can know all the possible errors syndromes, an error
list corresponding to the measured syndromes is deduced. Then, we choose in the list
the most probable error and recover the correct coded state.

The stabilizer group of a quantum convolutional codes has a convolutional struc-
ture, which gives them two specific properties. First a maximum likelihood error
estimation algorithm for all memoryless channels with a complexity growing linearly
with the encoded qubits number (exponentially for the block codes). Secondly an on-
line qubits encoding : a qubit coded state is transmitted through the communication
channel, without waiting the arrival to the encoder of the other qubits [4].

The general procedure of a convolutional code is described in reference [5]. The
sender performs the encoding circuit by applying successively on the qubits stream,
the same group U of unitaries gates . One particularity of convolutional coding is
that two successif groups of gates U; and U; 1 overlap a number m of same qubits. A
frame of qubit is sent through the channel as soon as the gates finished acting on it,
without waiting the other qubits processing. The encoding circuit is then considered
"online" as it acts on a few qubits frame at a time. This rapid processing is necessary
because of the decoherence phenomenon. As the noisy channel will probably corrupts
the qubits, the receiver performs syndromes measurements to diagnose errors. These
measurements require that the used generators should have a finite weight, because
the sent qubits stream is composed of a finite qubits number . Also, the generators
should be divided in equal groups acting on an equal qubits sets to get an online
measurement.

The measured syndromes are processed by an error estimation algorithm (like
Viterbi algorithm) to determine the most likely error in a qubits frame. The suitable
gates are applied to recover the correct sent coded state. Finally, the received encoded
qubits are decoded online (a qubits frame decoding starts just after its correction has



finished) to recover the original qubits stream holding the useful information. Each
procedure step can begin even if the previous one is not finished. The qubits are
processed frame by frame to obtain at the end an error free quantum data ready
for quantum computation. In conclusion, all the operations (encoding, measurement,
correction and decoding) in a convolutional code are online, so that the sender and
receiver do not have to process sequentially [5].

5 The five-qubits quantum convolutional code

We present below the five-qubits quantum convolutional code described in refer-
ences [6][7] and our simulation of this code with Feynman Program. .

5.1 Generators

This code uses five qubits (n=>5) to protect the information contained in one
(k=1) of them (rate=k/n=1/5). We define for this code a stabilizer group G; =
{M;,i=1....4} which contains the four generators M; :

M, =ZXXZIIIIIIII My=I1ZXXZIIIIIII M;=IIZXXZIIIIII
My =11TZXXZIIII]

The other generators are given by :
My j =19 M; withi>0 and 1<j<4 ; My =..J111ZX.

All the code generators have the same weight equal to four. We note that the
position of every Pauli operator in a generator M; (1 > i > 4) is five time shifted to
the right in the generator M, 4. We also remark that the generators are independants
as they commute with each other because we have for every qubit ¢ [6][7] :

[XHY” = [X“Zz] = D/??Z1] 7é 0 and [XMX?] = [Zzazl] = [Ea}/z] =0

5.2 Encoding circuit

The reference [4] gives the coding circuit of a five-qubits quantum convolutional
code (figure 11, page 22). The circuit is executed from the left to the right and
each horizontal line represents one qubit on which is successively applied different
gates. The ancillas are initially in the |0) state and the qubits holding the useful
information in the superposed states |Q;) = «;|0) + 3,]1). A gate on a qubit is
represented by a box placed on it. When a box is related to another qubit, it indicates
a conditionally application of the corresponding gate with this qubit as controller.
Because of their specificity, convolutional codes propagate the information carried
by a qubit to its successors. This information propagation can be a problem in
the decoding circuit : an error on a finite number of qubits in the noisy channel,
propagates to an infinite number of qubits. To avoid such catastrophic error, the



gates in encoding and decoding circuit are arranged in a finite number of layers in
which they commute with each other. This layer structure is the necessary and
sufficient condition for noncatastrophicity [6][7] .

5.3  FError detection and correction

To correct a single or double error from qubit 2 to qubit 12 [4] (figure 11, page
22), the syndromes are measured from generators M; to Mg :

My =ZXXZIIIIIIIT My =1ZXXZIIIIIII My =1I1ZXXZIIIIIT
My =1ITZXXZIIIII M;=1I1I1ZXXZIII Mg =I1IITT1IZXXZII
M; =1ITITITZXXZI Mg=IIIIII11ZXXZ Mo =1IIITITITIZXXZ
My =IIITITIIIIIZXXZ My =IIIIIITITITIZX X Z

Mo =IIIIIITIIIITIIZX X Z

We note that the generators M; to My act from the first to the seventh qubits.
While the generators My to Mg act from the sixth to the twelfth qubits. Then the
two groups of generators apply on seven qubits with an overlapping of two qubits
(the sixth and the seventh). The generators My to Mjs act from the eleventh to
the seventieth qubits with an overlapping of two qubits (eleven and twelve) with
the precedent group (M; to Mg). It is a general property of a convolutional code
that the generators are divided in groups all acting on a same number of qubits
with an overlapping of m qubits between two successive groups. For the five-qubits
convolutional code we have m = 2 and we call it a (5,1,2) code or in general a
(n, k,m) code [6][7]. The stabilizer group S of an (n, k, m) convolutional code is given
by: S = sp{iji = [®jzn @My;,1<i<n—-k,0 §j} where My ; € Gptm and
M; ; are independent and commute with each other [4].

5.4 Syndromes extraction

We explain, below, the error detection made by syndrome extraction [7]. This is a
non-destructive measurement procedure as it does not disturb the system coded state.
We use the same symbols as those of the simulation to facilitate its understanding.
We begin by adding to the to be measured state |Q27) a new qubit initially in the
simple state |0) and then transformed in a superposed state by applying the gate H.
The obtained state |Q28) is the tensor product of |Q27) with the added qubit state :

H |0)=—7 (10) + (1)) =[+) (1)
|Q28)=|+)1Q27) = = (10} 1Q27) + [1) |Q27)) (2)

The generator M is conditionally applied on [Q28) (if the first qubit state is |1)):



Q2818) = M; [Q28) = % (10)1Q27) + M, [1) [Q27)) = 5 (10)]Q27) £ [1) [Q27))

as M; |Q27) = £Q27) (3)

The generator M; eigenvalue is +1 or -1 for a given error E affecting the coded
state |@25) sent by the encoder, depending if M; commutes or anticommutes with E

M; |Q27) = M;E |Q25) = +EM; |Q25) = +E|Q25) as M, |Q25) = |Q25) and
1Q27) = E|Q25) then M;|Q27) = +|Q27) (4)

If the eigenvalue is +1 then M; and E commute (value 0 in the syndrome). If it
is -1, then M; and E anticommute (value 1 in the syndrome). Then we obtain :

|Q281b) = 5 (|0) + [1)) [Q27) = |+) |Q27) (5)

We apply the gate H; (the suffix indicates the first qubit) and obtain a separable
system state containing the unchanged coded state |Q27) :

|Q281c) = Hy [Q281b) = |0) [Q27) or [1)[Q27) as Hy |+) = [0) or [1) (6)
We can identify the first qubit state by applying on it the Z; gate :

1Q281) = 74 |Q281¢)= 7, |0) [Q27) or Z [1)Q27) (7)
as Z110) = [0) and Zp|1) =—|1) we finally obtain:

|Q281) = |@281¢c) ( syndrome 0) or |Q281) = — |@Q281c¢) (syndrome 1) (8)

5.5 Syndromes computation

The syndromes are obtained using the commutators of the X;,Y; and Z; gates on
qubit "i": (X, Vi) = (X, Zi] = Vi, Zi) £ 05 [Xo, Xi] = (20, 2] = [V;, Yi] = 0.

We know for example, that an error X; anticommutes with a generator M if it
contains a Z or Y at its ieme position. An error X;Z; anticommutes with a generator
M if it contains Z or Y at the position ¢, or X or Y at the position j. The generators
My, and Mo are not concerned as they act from qubits 13 to qubits 17. Each row
gives the syndrome for the error E contained in the first column. The rows order
is aimed at leading the error estimation algorithm whose beginning is presented in
appendix 8.4. The values in boldface indicates the generators to be measured for
detecting the error E. We don’t need to measure all the generators because in most



cases only some of them are sufficient to identify error. In fact, the aim is avoiding
the decoherence phenomenon by winning time in measurement.

The tables 2, 3 and 4 below, show the syndromes for all the possible errors (253
errors) on one or two qubits in the frame from qubits 1 to qubits 11 (in fact qubits 2
to qubits 12 if we take in count the first not sent qubit shown in figure 2.

E Syndromes E Syndromes
Y3.22%4 1111000000 | XsZg 1001100000
Z9Xs 1110100000 X3Zg 1001011000
Yo,Z21Z3 1110000000 | X3Xg 1001010010
Z975,X1X3,X3X4 | 1101000000 X3Z9g 1001001100
ZoZl7 1100110000 | X3X19 1001001010
Z9Xg 1100100100 | X3X7 1001001000
7976 1100100000 X3X11 1001000101
7978 1100011000 | X3Z10 1001000100
Z9Xg 1100010000 | X371 1001000010
ZaZs 1100001100 | X3,2175 1001000000
Z9X10 1100001010 VAVAS 1000110000
ZoX7 1100001000 | 7:Xg 1000100100
Z9X11 1100000101 | z1%Zg 1000100000
72710 1100000100 7178 1000011000
79711 1100000010 Z1X9 1000010010
Z9Z11 7 1100000010 X3Xg 1000010000
Y1,29,21X4 1100000000 | Z1Zg 1000001100
7174,X2X3 1011000000 71X10 1000001010
X3X5 1011100000 | zZ1X7 1000001000
Z1X5 1010100000 71710 1000000110
7973,X374,21X2 1010000000 7Z1X11 1000000100
X3Z7 1001110000 71711 1000000010
X3Xg 1001100100 71,X1%2,X3%5,729X4 | 1000000000

Table 2: Error syndromes for bit flip X and phase flip Z on one or two qubits. The
values in boldface indicates the generators to be measured for detecting the error E.
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E Syndromes E Syndromes
Z3X¢g 0111010000 | Z4Z10 0011000100
Y 4,X124,23Z5 0111000000 | Z4Z11 0011000010
7377 0110110000 Z4,X2Z5 0011000000
73Xg 0110100100 X578 0010111000
X1X5,X4X5,23%Z¢ 0110100000 | X5Xg 0010110010
7378 0110011000 | Xo2Z7 0010110000
7Z3X9g 0110010000 X5Z9 0010101100
7379 0110001100 X5X10 0010101010
Z5X10 0110001010 | X5X; 0010101000
Z3X7 0110001000 | X5Z10 0010100100
7Z3X11 0110000101 X5X11 0010100101
73710 0110000100 | X2Xg 0010100100
73711 0110000010 | X5Z11 0010100010
73,X1X2,X9Xy 0110000000 | X5,X2Z¢ 0010100000
X1X6,X4X6 0101010000 | X2Zg 0010011000
X175,X4%5,29X3,Z2374 | 0101000000 XoXg 0010010010
X1Z7,X4Z7 0100110000 | X5Z7,Z4X6 0010010000
X1Xg,X4Xg 0100100100 | X2Zg 0010001100
1 X1%6,X4%6,23X5 0100100000 | X2X1g 0010001010
X178,X478 0100011000 | XoX7 0010001000
X1X9,X4Xg 0100010010 | X2Z19 0010000100
X1Z9,X47Z9 0100001100 XoX11 0010000101
X1X10,X4X10 0100001010 | X5Xg 0010000100
X1X7,X4X7 0100001000 X27Z11 0010000010
X1Z10,X47Z10 0100000100 | X9,X173,X5%¢,Z3X4,Z47Z5 | 0010000000
X1X11,X4X11 0100000101 XX8 0001110100
X17Z11,X47Z11 0100000010 Y¢,25Z27 0001110000
X4,X1,X923,217Z2 0100000000 | Z5Xg 0001100100
X5Xg,Z477 0011110000 | X¢Z7,24X5,Z5%¢ 0001100000
Z4Xg8 0011100100 | XgZg 0001011100
Ys5,24%6 0011100000 | XgX1g 0001011010
7473 0011011000 | XeX7,Z57Zs 0001011000
X9Xg,Z4Xg 0011010000 | XgX11 0001010101
Z4Z9 0011001100 | XgZ10 0001010100
Z4X10 0011001010 | XgZ11 0001010010
Z4X7 0011001000 | Xg,Z5X9 0001010000
Z4X11 0011000101 | Z5Zg 0001001100

Table 3: Error syndromes for bit flip X and phase flip Z on one or two qubits. The
values in boldface indicates the generators to be measured for detecting the error E.
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E Syndromes E Syndromes
Z5X10 0001001010 | ZgXy3 0000011101
X6Z8,Z5X7 0001001000 | Y9,ZgZ1o 0000011100
7Z5X11 0001000101 X9X10,X7X9g 0000011010
75710 0001000100 | Zg,ZgZ11 0000011010
75711 0001000010 XoX11 0000010101
75,X6X9,X2724,21X3 0001000000 | X9Z10,27Xg,Z87%9 0000010100
Yg,Z77Z9 0000111100 X9,X9Z11,28X10 0000010010
Z7X10 0000111010 X7728,25X¢,26Z7 0000010000
Y7,2678 0000111000 X10X11 0000001111
Z7X11 0000110101 Y10,29Z11 0000001110
X8X9,Z7Z10 0000110100 | X7Xq1 0000001101
77711 0000110010 | Zg,X7Z10 0000001100
77 726X0 0000110000 | X10.X7711 0000001010
XgX10 0000101110 | ZgX11 0000001001
X7X8,Z67Z9 0000101100 X7,728X9,X10%11,Z29Z19 | 0000001000
Z6X10 0000101010 | Yy 0000000111
Xg8Z9,26X7,277Z8 0000101000 | Z9X10,Z10Z11 0000000110
XgZ11 0000100110 | Xy 0000000101
Z6X11 0000100101 | Z10,X7Z9,Z6Xsg 0000000100
X8,Z6Z10 0000100100 | Z11,X7X10 0000000010
Z6Z11 0000100010 | Z10X11 0000000001
XgX11 0000100001 XXy 0000000000
Z,X2X5,27X9,X8Z19 | 0000100000 No error 0000000000

Table 4: Error syndromes for bit flip X and phase flip Z on one or two qubits. The
values in boldface indicates the generators to be measured for detecting the error E.

5.6 Simulation on Maple with Feynman Program

The Feynman program described in [8][9][10][11] and obtainable from [12] is a
set of procedures supporting the definition and manipulation of an n-qubits system
and the unitary gates acting on them. Section 8 presents the five-qubits convolutional
code simulation, made with Feynman program version 4, 2008.

The appendix 8.1 shows the encoding simulation made with Feynman program.
We note that the first qubit will not be sent through the channel, because no gate is
applied on it [4] (figure 11, page 22). We also remark that until the state |Q8) the
encoding procedure concerns only five qubit (qubit 2 to qubit 6). The encoding from
the states |Q9) to |Q20) concerns six qubits. The state |Q21) which is the tensor
product of the five-qubits and six-qubits states |@8) and |Q20) respectively is not
yet the coded state. We derive the coded state |@25) by applying the remaining CZ
gates shared by the two former qubits frames. This procedure reduces the running
time, because the product of several big matrices drill a too long running time. The
final coded state |Q26) corresponds to the system from qubit 2 to qubit 17. To verify

12



that the coding circuit gives the correct coded state, we measure in appendix 8.2
the generators eigenvalues for the state |Q25) (M; |Q25) = |Q25),1 < i < 8). The
message "M; true" proves that M; stabilizes the coded state |@25). As we obtained
this message for all the generators, we conclude that our simulated coding circuit is
correct. The syndromes extraction explained in section 4.3 is simulated in appendix
8.3 from generator M; to generator Mg. We give in appendix 8.4 the correction for a
single an double error in the frame from qubit 2 to qubit 12. The syndromes are listed
in the tables 2,3 and 4 in order to make easier the error detection. For each error, we
search in the tables, other error having similar syndromes, then we only measure the
eigenvalues which allow identifying this error. Making the lowest number of measures
is required by the decoherence phenomenon. At the end, the coded state is recovered
from qubit 2 to qubit 12. Then, another procedure using generators Mg to Mg starts
for detecting error from qubit 13 to qubit 24. Once this detection is beginning, we
start decoding the previous corrected qubits frame. The decoding circuit simulated
in appendix 8.5 is the coding circuit of figure 2, but inversely executed. For more un-
derstanding, we divided the simulation by layers of gates commuting with each other.
To reduce the running time, only one gate (cn, ¢z, Z or H) is applied at a time on a
single qubit of the eleven-qubits system. In fact, the running time of the subroutine
called "Feynman quantum _operator" increases with the qubits number.

5.7 Results

The table 5 shows the fidelity F' calculated for errors with same syndromes and
table 6 some different errors with same fidelity. This fidelity is the overlap F' =
(U] p,,, | W) where |U;) = [Q1)®]Q2) is the correct transmitted useful qubits state and
P = |¥m) (| the density matrix for the measured state |¥,,) = |Q1m) ® |Qam) -
When a double error happens, the state |¥,,) is obtained by applying (after syndrome
measurement and before decoding) the operator corresponding to a single error (more
likely) having similar syndrome. For example, if the coded state is affected by the
double error E = X5Zg, we recover it by applying the operator X5, then obtain
the fidelity F' = |2a% — 1|2 < 1, and if £ = X1Z3 we obtain ' = 1. When some
double errors have no similar syndrome with single errors, we consider them with
equal probability. For example, the errors (X;Xg, X4 Xg) with same syndrome are
recovered by applying the operator X, X¢ when X; X error is introduced or inversely.
The factors a; = cos(0;/2) and 3, = e'®isin(0;/2) are illustrated in the block sphere
by the spherical angles (6;, ¢,), then we can express the fidelity F'(0;, ¢;) in term of
these angles. The table 7 resume the fidelity F'(0;, ¢;) and average fidelity F, for all
the possible errors on the two useful qubits (|Q1),|Q@2)). We note that if an error
X5Xg occured and is recovered by applying the operator Z4Z; (same syndrome), or

inversely, then both the two useful qubits are affected after decoding. In this case the
average fidelity is F, = %, but it could be F' = 1 if the applied operator corresponds
to the actually occured error. The average fidelity is calculated by integrating over
the angles (0;, ¢;) :
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Fo, = (1/47) // F(0;,6,)sin(0,)d0:do, ;0 < 0, < 7 and 0 < ¢, <2 (9)

FE F(Olpﬁlaa%ﬂZ)
X1,X4,X223,2122 1,1,1ou |20¢%—1|2,\0¢15T—61a’{\20u | B +8, 0]
X2,X1%3,23X4,X5%6,2425 1,1,1, 2a%—1|2 , |0516T+510f1k‘2
X3,21%5 1 |on B +B8, 05
X5,X92%¢ 1, \20[%7“2
<6,75%0 1, 2031/
X7,28X9,X10%211,29%10 1, |2a%—1|2 , |2a§—1|2 , |a2ﬁ§+ﬁ2a§|2
X8,26210 1, |5 +B505]”

X9,X97211 1, ‘20&%—1}2
X10,X7%211 1, ‘20&%—1}2

X1 1
71,X172,X3%5,22X4 L |@15T—5104T|2
723,X1X2,X2X4 1,1, 2a%—1|2
¥2,2143 L |a15${_5104>1k|2
X1X59X4X5,23%26 1,[20&%—1}2,|2a%—1|2

Table 5: Fidelity for errors with similar syndromes.

E F(alaﬂlvo@wBQ)
X1%23,23X4 1
2 2
X2726.X526.X1X2.X2X4 |2O¢171|
2 2
25X9,28X9,X10211.:X7211 |2a2—1|
2
7125.2475 |a1ﬁf+ﬁ10f{|
2
29210.26%10 a2 B3+ B3|
2
X122.41%3 a1 81— 0]
2 2
X5X6.24%7 Lou Jag B1—Bra]|” [azB5—Braj)

Table 6: Some errors with similar fidelity.
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3 (0> 510> F(0.9) F,
Noerror | <aq, f><qz, 5> 1 1
X <B1,01><ag, By> |a1ﬁT+ﬁ1aT|2: \sin@lcos¢1|2 1/3
7 <, fB1><qz, o> |2a%—1|2:00526‘1 1/3
Y1 1< By, 01> <, fy> |a151‘—51a’1‘|2: |sin915in¢f| 1/3
X5 a1, Bio<fa > | |afs+By05 - [sinbacoss,” | 1/3
Z <, B1><qg, — 5> |2a§—1|2:c03292 1/3
Ys 1<y, B1>< By, 0> |85 — 62a§|2:|sin925in¢2|2 1/3
X1Xo <B1,a1><fy, s> |sinf1cose,|” |sinbacospy|” 1/9
X175 <B1,01><ta, — 9> \sin91005¢1|2 cos20 1/9
X1Ys 1<B1, a1 >< =By, an> |sinf1cose,|” |sinfacospy|’ 1/9
71X, <1, f1><fq, ag> 05201 |sinfzcosps|” 1/9
AR <, By><qa, — 5> c0s%01cos*04 1/9
7Z1Ys 1<, fB1><- By, 0g> 05201 |sinfysing,|” 1/9
Y1 Xo <=0, a1><f4, ag> |sinfysing, |” |sinfacosdy|” | 1/9
Y127, 1<—f01, a1><qa, — 5> |sinfy sing, |” cos0, 1/9
Y1Ys <—B1,a1>< By, s> \sin&lsinqbﬂz |sin923inq’>2\2 1/9

Table 7 : The fidelity F(0, ¢) and average fideliy Fy, for differents possible errors on
the useful qubits.

5.8 Generalisation

We can generalize the results obtained for the first processed qubits frame (qo
to qi12) to all the frames because of the convolutional property of the code. In fact,
when the first frame has been processed by the receiver (syndrome measurement and
recovery), he can decode it and access the useful qubits states (|@Q1),|Q2)). Then,
he starts the same processing for the next frame (qi2 to qa2) to access the qubits
states (|Qs),|Q4)) and so on. We note that the receiver should not decode qubit g2
before he finished processing the second frame where it is used as controller and tar-
get. For k eleven-qubits frames containing n = 2k useful qubits, each qubit qa5m 1)
(m=1,2,...,k) is common to frames m and m+ 1, but should be decoded with frame
m + 1. Table 8 gives for any qubits frame (q; to qi+10 , { = 2,..,5n — 8) the fidelity
obtained by the procedure described below.

(X, X0, Z; 210, X 20), (2 = g,k <12,
124, k<1410, 1=12,22,.)

i=1/2,3/4,....,(n—1)/n

E Fl(amﬂz) Fai
(XJ7Z]aY])?(2j]§127 1 1
127<1+10,1=12,22,.)

Lou |207-1 & |ai5fj:5iaﬂ2 1ou i

2 2
Xm+6X, 70 Zmy5Zm+8, Lou Iaiﬁl‘*ﬁiafl |ai+1ﬁ?+1*ﬁi+1a?+1|

m=—1,5,10,...,5(n —1),n = 2

1ou

Table 8 : Fidelity for double error in one frame containing two useful qubits.
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We have considered only single or double error in one frame, triple error or more
being very unlikely. We conclude from table 5 that for each frame containing two
useful qubits, one of them is recovered in the majority of cases. The two decoded
useful qubits (Q;, Q;+1) are both affected after decoding only if an error X,,,16Xm+7
or Zmt5Zm+s, m = —1,5,10,...,5(n — 1) occurs in the channel. The fidelity for two
useful qubits is given by :

Fyo= (0] [030) (0] | 02) = [(Qu,| Q) [P [(Qu, s | Qo) (10)
For n useful qubits transmitted, the fidelity is given by the expression :
F=1LF =1, {Qu| Q)" [(Qtr | @y ) s i=1,3,n—1 (11)
The total average fidelity is:
F,=1ILF, , Fo,=1or (3)or(§) ,i=13,...,n—1 (12)

Suppose that a number n; among the processed qubits frames are recovered with
average fidelity F,, = 1/3, and that a number ng of the frames are recovered with
average fidelity F,, = 1/9. Then the (3 — n; — ny) remaining frames are recovered
with average fidelity F,, = 1 and the total average fidelity is :

F, = (1)(gmmma) (1) 1y (13)

We define the probability P; and P, corresponding respectively to average fidelity
F,,=1/3and F,, =1/9 as:

P1 = 27/12 and P2 = %?2 (14)

We obtain the average fidelity as function of P; and Ps :

Fu(Py, Py) = (1)3(-P=P) (1yPan /2 (1yPyn /2
Fa(P17P2):(3%)(P1/2)+P2 (15)

We can suppose P, < P; as the average fidelity F,, = 1/9 concerns only two
double channel errors (X, +6Xm+7 OF Zmt5Zm+ys, m = —1,5,10,...,5(n — 1)). The
figure 1 shows the average fidelity for (0 < P, = P <1, P, 20) for different number
n of useful qubits. We see that the fidelity decreases rapidly when P increases and
vanishes for lower value of P if n is higher. Finally, it is close to one for very low
values of P (X 1072) and is better when n is lower for fixed value of P.
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0 0z 04 0.6 0.& Lo
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n=2 n=5 n=10 n=50 =74 n=101 n=140
=200

Figure 1: Evolution of the average fidelity versus the probability P of occuring a
double channel error X; Xy, Z;Z; or X;Z), for differents number n of useful qubits.

6 Conclusion

We investigated in this paper a five-qubits quantum convolutional error correcting
code. We described the encoding, error correction and decoding of the first sent qubits
frame. The processing of the next qubits frame is similar because of the convolutional
property of the code. The simulated coding circuit, gives in a short time the correct
coded state. Our proposed correction procedure, performs the required measurement
syndromes only, thus avoiding the decoherence phenomenon. Finally, we showed in
this work that the fidelity in the case of double errors having same syndromes as
single error is close to one only if the probability of these errors is very low.
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8 Appendix: Simulation of the five qubits convolutional
code with Feynman Program.

8.1 Coding circuit

The coding circuit is simulated in accordance with the diagram of figure 11, page
22 in reference [4]. The boxes H and Z represent the Hadamard and the Z gates
respectively. The gate H transforms each simple state |0) in a superposed state |+)
and the gate Z change |+) to |—). The states |Q1), |@2) and |Q3) are not concerned
by the gate H as they are already in a superposed state |¥;) = «; |0) + 3,]1) . The
simulation begins by calling Feynman program and Linear Algebra. The state Qo is
the tensor product of five qubits state (qubit 2 to qubit 6) after applying H and Z
on them (<1,0> is the state |0)). The five qubits state Q8 is obtained after applying
all the controlled gate X, Y and Z except the two last controlled Z (CZ) (layer 5 and
6) on qubit 6 as we have before a CZ gate (layer 4) applied on it with qubit 7 as
controller. We note that Q2 and Q3 correspond to the controlled-Y gate applied on
qubit 5 with qubit 2 as controller (we write [1,4] instead of [2,5] because the first qubit
is not sent through the communication channel as no gate is applied on it). Coding
from qubits 7 to qubit 12 begins by applying the H and Z gates (layer 1 and 2) to
obtain the six qubits state Q9. The six qubits state Q20 is obtained after applying
all the controlled gate X, Y and Z except the CZ gate (layer 5 ) on qubit 7 as we
have before (layer 4) a CZ gate on qubit 6 with qubit 7 as controller. Applying the
CZ gate will change its value and introduces an error. We note that in state Q10, for
example, [5,4] indicates the position 5 and 4 in the six qubits system we are encoding,
but corresponds to qubit 11 (controller) and qubit 10 (target) in the twelve qubits
system. In coding from qubit 2 to qubit 12 we construct the tensor product Q21 of
the states Q8 and Q20 and then apply on it the four remaining CZ gates ([6,5] in
layer 4, [2,5] and [7,6] in layer 5 and [3,5] in layer 6) to obtain the completely coded
eleven qubits state Q25. We proceed in the same manner for coding from qubit 13 to
qubit 17 to obtain the seventeen qubits coded state Q26. Below, the coding circuit
simulation with first some explained instructions:

Z:= Feynman quantum_operator("Z"): Matrice for the phase flip gate.
H:=Feynman quantum_operator("H"): Matrice for the Hadamard gate.
Qo:=Feynman _evaluate("Kronecker product",Z.H.<1,0>,Z.H.<1,0>,
H.<1,0>,<al,bl1>,H.<1,0>): Tensor product of five qubits states (<1,0>=]|0)).
Ql:=Feynman quantum _operator(5,"cn",[5,4]).Qo: Conrolled-not gate on
the five qubits system state Qo to obtain the state ;. The fifth qubit is the controller
and the fourth one the target.
Q2:=Feynman quantum _operator(5,"cz",[1,4]).Q1: Conrolled-Z gate on the
five qubits system Q; to obtain the state Qs. The first qubit is the controller and the
fourth one the target.:
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> with(Feynman): with(LinearAlgebra): Digits:=20:

Z:=Feynman quantum_operator("Z"): H:=Feynman quantum_operator("H"):
# Coding from qubit 2 to qubit 6

Qo:=Feynman__evaluate("Kronecker product",Z.H.<1,0>,Z.H.<1,0> H.<1,0>,
<al,bl> H.<1,0>):

Ql:=Feynman quantum_operator(5,"cn",[5,4]).Qo:
Q2:=Feynman _quantum_ operator(5,"cz",[1,4]).Q1:

Q31:=I.Feynman quantum_operator(5,"cn",[1,4]).Q2:
Q3:=ILFeynman_quantum _operator(5,"cz",[1,5]).Q31:

Q4:=Feynman _quantum _operator(5,"cz",[2,1]).Q3:

Q5:=Feynman _quantum__operator(5,"cz",[2,4]).Q4:
Q6:=I.Feynman _quantum_ operator(5,"cn",[2,4]).Q5:

Q7:=Feynman quantum_ operator(5,"cz",[3,2]).Q6:

Q8:=Feynman quantum_operator(5,"cn",[3,4]).QT:

# Coding from qubit 7 to qubit 12

Q9:=Feynman__evaluate("Kronecker product",Z.H.<1,0>,Z.H.<1,0> H.<1,0>,
<a2,b2> H.<1,0>,Z.H.<1,0>):

Q10:=Feynman quantum_ operator(6,"cn",[5,4]).Q9:
Q1ll:=Feynman quantum _operator(6,"cz",[6,5]).Q10:
Q12:=Feynman _quantum__ operator(6,"cz",[1,4]).Q11:
Q13:=I.Feynman _quantum_operator(6,"cn",[1,4]).Q12:
Ql4:=Feynman quantum_operator(6,"cz",[1,5]).Q13:
Q15:=Feynman quantum_ operator(6,"cz",[2,4]).Q14:
Q16:=I.Feynman _quantum_operator(6,"cn",[2,4]).Q15:
Q17:=Feynman quantum__ operator(6,"cz",[2,5]).Q16:
Q18:=Feynman _quantum__operator(6,"cz",[3,2]).Q17:
Q19:=Feynman _quantum_ operator(6,"cn",[3,4]).Q18
Q20:=Feynman _quantum_ operator(6,"cz",[3,5]).Q19:

# Coding from qubit 1 to qubit 12
Q21:=Feynman__evaluate("Kronecker product”,Q8,Q20):
Q22:=Feynman quantum_operator(11,"cz",[6,5]).Q21:
Q23:=Feynman_quantum_operator(11,"cz",[2,5]).Q22:
Q24:=Feynman _quantum_operator(11,"cz",[7,6]).Q23:
Q25:=Feynman _quantum_ operator(11,"cz",[3,5]).Q24:
# Coding from qubit 13 to qubit 17
Q251:=Feynman__evaluate("Kronecker product",Z2.H.<1,0> H.<1,0>,<a3,b3>,
H.<1,0>,Z.H.<1,0>):
Q252:=Feynman_quantum_operator(15,"cn",[15,14]).Q251:
# Coding from qubit 2 to qubit 16
Q253:=Feynman_evaluate("Kronecker product",Q25,0252):
Q254:=Feynman__quantum__operator(15,"cz",[11,14]).Q253:
Q255:=I.Feynman_quantum__operator(15,"cn",[11,14]).Q254:
Q256:=Feynman _quantum__ operator(15,"cz",[11,15]).Q255:
Q257:=Feynman _quantum_ operator(15,"cz",[12,11]).Q256:

[

!

)

Q258:=Feynman _quantum_ operator(15,"cz",[12,14]).Q257:
Q259:=I.Feynman _quantum_operator(15,"cn",[12,14]).Q258:
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Q260:=Feynman _quantum_ operator(15,"cz",[12,15]).Q259:
Q261:=Feynman _quantum_ operator(15,"cz",[13,12]).Q260:
Q262:=Feynman_quantum_ operator(15,"cn",[13,14]).Q261:
Q26:=Feynman__quantum_ operator(15,"cz",[13,15]).Q262:

8.2 Stabilisation of the coded state |@25)

After constructing the eleven qubits coded state |@25), we have to check if our
coding procedure is correct. Then, we apply the eight generators M; to Mg and
verify that M, |Q25) = |Q25) for 1 < i < 8. The generator M1=72ZXXZ is applied in
the following manner: the first Z gate is suppressed as the first qubit is not sent, the
second qubit ([1] instead of [2]) is bit flipped to obtain the state Sla and the third and
fourth (]2,3] instead of [3,4]) qubits are respectively bit and phase flipped to obtain
the state S1. Dividing this generator in two parts allows reducing the running time.
Finally, we verify the equality |S1) = |@25) using a message "M1 true". We process
in the same manner for all the other generators and obtain the same message "M;
true", witch is the proof that the coding procedure is correct. Below, the simulation
of the stabilisation with first some explained instructions:

Sla:=Feynman quantum _operator(11,"X",[1]).Q25: Application of a bit flip
on the first qubit state in an eleven qubit system. We note that this operator X is at
the second position in the generator M, =7ZXXZIIIIIIII. It occupies the first position
because the first qubit has been suppressed.
Sl:=Feynman quantum operator(11,"XZ",[2,3]).S1a: Application of a bit
and phase flip on respectively the second and third qubit . It is in fact the third and
fourth operator of the generator M;. All the generators were divided in two parts to
reduce the running time.

# Generator M,

Sla:=Feynman quantum _operator(11,"X" [1]).Q25:
Sl:=Feynman quantum _operator(11,"XZ",[2,3]).S1a:

if evalb(Equal(S1,Q25))=true then print("MI1 true") else print("M1 false");fi:
# Generator M,

S2a:=Feynman_quantum_operator(11,"ZX",[1,2]).Q25:

S2:=Feynman quantum_operator(11,"XZ",[3,4]).S2a:

if evalb(Equal(S2,Q25))=true then print("M2 true") else print("M2 false");fi:
# Generator M;

S3a:=Feynman_quantum_operator(11,"ZX",[2,3]).Q25:

S3:=Feynman _quantum_operator(11,"XZ",[4,5]).S3a:

if evalb(Equal(S3,Q25))=true then print("M3 true") else print("M3 false");fi:
# Generator My

S4a:=Feynman quantum _operator(11,"ZX" [3,4]).Q25:
S4:=Feynman quantum _operator(11,"XZ",[5,6]).S4a:

if evalb(Equal(S4,Q25))=true then print("M4 true") else print("M4 false");fi:
# Generator M;

Sha:=Feynman quantum_operator(11,"ZX",[5,6]).Q25:
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S5:=Feynman_quantum_operator(11,"XZ",[7,8]).Sba:

if evalb(Equal(S5,Q25))=true then print("MS5 true") else print("M5 false");fi:
# Generator Mg

S6a:=Feynman quantum _operator(11,"ZX",[6,7]).Q25:

S6:=Feynman quantum_operator(11,"XZ",[8,9]).S6a:

if evalb(Equal(S6,Q25))=true then print("M6 true") else print("M6 false");fi:
# Generator M;

S7a:=Feynman _quantum_operator(11,"ZX",[7,8]).Q25:

S7:=Feynman quantum_ operator(11,"XZ",[9,10]).S7a:

if evalb(Equal(S7,Q25))=true then print("M7 true") else print("M7 false");fi:
# Generator Mg

S8a:=Feynman _quantum _operator(11,"ZX",[8,9]).Q25:

S8:=Feynman _quantum_ operator(11,"XZ",[10,11]).S8a:

if evalb(Equal(S8,Q25))=true then print("MS8 true") else print("M8 false");fi:

Below the given output : Welcome to Feynman (April 2008)
"M1 true”
"M2 true”
"MS8 true”
"MJ true”
"M5 true"
"M6 true”
"M7 true”
"M8 true”

8.3 Syndromes extraction for generators M, to My

First, we introduce an error on the |Q25) state , for example a single bit flip on
the first qubit ([1]) or a double bit flip on the first and the eight qubits ([1,8]). We
add a superposed qubit state (H.<1,0>=|4)) by constructing a tensor product with
the affected state |@Q27) . This added qubit will allow the receiver to make sounding
in the coded state and know if it is affected by an error without disturbing it (see
section 4.3). The generator M; is conditionnally applied in two parts ("c¢" means
conditionnal application of X or XZ on second [1,2] or third and fourth [1,3,4] qubits
with the first added qubit as controller) to obtain a twelve qubits state |Q281b). The
application of H on the first qubit (12,"H",[1]) will transform it in a simple state |0)
or |1) in the twelve qubit state |Q281c) .Finally, applying the Z gate on the added
qubit will give |0) (]Q281)=|Q281c)) or |1) (|Q281)=-|Q281c)). Below, the simulation
of this syndrome extraction procedure with first some explained instructions:

Q27:=Feynman quantum _operator(11,"X",[1]).Q25: A bit flip occurs on the
first qubit in the communication channel.

Q28:=Feynman __evaluate("Kronecker product",H.<1,0>,Q27): A superposed
qubit state is added to the system.
Q28la:=Feynman quantum _operator(12,"c","X",[1,2]).Q28:
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Q281b:=Feynman quantum _operator(12,"c","XZ",[1,3,4]).Q281a: Gener-
ator M; is conditionally applied on the affected coded state.
Q281c:=Feynman quantum operator(12,"H",[1]).Q281b: Application of H
on the added qubit.
Q281:=Feynman quantum _operator(12,"Z",[1]).Q281c: Application of the
7 gate on the added qubit.

Q28la:=Feynman quantum _operator(12,"c","X",[1,2]).Q27: X gate is con-
ditionally applied ("¢") on qubit 2 ( if the first qubite is 1) in a twelve qubits system.
Q281b:=Feynman quantum _operator(12,"c","XZ",[1,3,4]).Q281a : Con-
ditional application of the gates X and Z on respectively the third and fourth qubit.
We note that we conditionally applied the generator M;.
Q281c:=Feynman quantum operator(12,"H",[1]).Q281b: We apply again
H on the first qubit to obtain a simple state H |[+) = |0) or H |—) = |1).
Q281:=Feynman quantum _operator(12,"Z",[1]).Q281c: The application of
the Z gate on the first qubit will give Z]0) = [0) or Z|1) = —|1).

# Single error between qubit 2 and qubit 12
Q27:=Feynman _quantum_ operator(11,"X",[1]).Q25:

# Double error between qubit 2 and qubit 12
Q27:=Feynman _quantum_operator(11,"XX"[1,8]).Q25:

# Adding one superposed qubit state

Q28:=Feynman _evaluate("Kronecker product",H.<1,0>,Q27):

# Generator M,

# Conditional application of M,
Q28la:=Feynman__quantum_operator(12,"c","X"[1,2]).Q28:
Q281b:=Feynman__quantum _operator(12,"c","XZ"[1,3,4]).Q281a:
# Application of H and Z on added qubit
Q281c:=Feynman__quantum_operator(12,"H"[1]).Q281b:
Q281:=Feynman quantum_ operator(12,"Z",[1]).Q281c:

# Generator M,
Q282a:=Feynman__quantum_operator(12,"c","ZX",[1,2,3]).Q28:
Q282b:=Feynman__quantum _operator(12,"c","XZ"[1,4,5]).Q282a:
Q282c:=Feynman__quantum_operator(12,"H" [1]).Q282b:
Q282:=Feynman _quantum_ operator(12,"Z",[1]).Q282c:

# Generator M3
Q283a:=Feynman__quantum_operator(12,"c","ZX",[1,3,4]).Q28:
Q283b:=Feynman__quantum _operator(12,"c","XZ"[1,5,6]).Q283a:
Q283c:=Feynman__quantum_operator(12,"H"[1]).Q283b:
Q283:=Feynman _quantum_ operator(12,"Z",[1]).Q283c:

# Generator My
Q284a:=Feynman__quantum__operator(12,"c","ZX",[1,4,5]).Q28:
Q284b:=Feynman__quantum _operator(12,"c","XZ"[1,6,7]).Q284a:
Q284c:=Feynman__quantum_operator(12,"H"[1]).Q284b:
Q284:=Feynman _quantum_ operator(12,"Z",[1]).Q284c:
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tion.

# Generator M;

Q285a:=Feynman _quantum_operator(12,"c","ZX" [1,6,7]).Q28:
Q285b:=Feynman__quantum_operator(12,"c","XZ",[1,8,9]).Q285a:
Q285c:=Feynman _quantum_operator(12,"H" [1]).Q285b:
Q285:=Feynman__quantum__operator(12,"Z",[1]).Q285c:

# Generator Mg

Q286a:=Feynman _quantum_operator(12,"c","ZX" [1,7,8]).Q28:
Q286b:=Feynman__quantum_operator(12,"c","XZ",[1,9,10]).Q286a:
Q286¢c:=Feynman _quantum_operator(12,"H" [1]).Q286b:
Q286:=Feynman__quantum__operator(12,"Z",[1]).Q286c:

# Generator M;

Q287a:=Feynman quantum_operator(12,"c","ZX" [1,8,9]).Q28:
Q287b:=Feynman__quantum_operator(12,"c","XZ",[1,10,11]).Q287a:
Q287c:=Feynman _quantum_operator(12,"H"[1]).Q287b:
Q287:=Feynman__quantum__operator(12,"Z"[1]).Q287c:

# Generator Mg

Q288a:=Feynman _quantum_operator(12,"c","ZX",[1,9,10]).Q28:
Q288b:=Feynman__quantum_operator(12,"c","XZ",[1,11,12]).Q288a:
Q288c:=Feynman__quantum_operator(12,"H" [1]).Q288b:
Q288:=Feynman quantum_operator(12,"Z",[1]).Q288c:

# Generator My

# Error

Q27a:=Feynman quantum_ operator(16,"X"[1]).Q26:

# Adding one superposed qubit state
Q28a:=Feynman__evaluate("Kronecker product" ,H.<1,0>,Q27a):
Q289a:=Feynman__quantum_operator(17,"c","ZX",[1,10,11]).Q28a:
Q289b:=Feynman_quantum _operator(17,"c","XZ",[1,12,13]).Q289a:
Q289c:=Feynman__quantum_operator(17,"H"[1]).Q289b:
Q289:=Feynman _quantum_ operator(17,"Z",[1]).Q289c:

# Generator M,

Q290a:=Feynman _quantum_operator(17,"c","ZX",[1,11,12]).Q28a:
Q290b:=Feynman quantum_operator(17,"c","XZ",[1,13,14]).Q290a:
Q290c:=Feynman__quantum_operator(17,"H",[1]).Q290b:
Q290:=Feynman _quantum_ operator(17,"Z",[1]).Q290c:

8.4 Detection and correction from qubit 2 to qubit 12

The tables 2,3,4 present the syndromes in order to facilitate the error detec-
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The errors Y3 and Z3Z4 are put in the first row because they contain the
first four value equal to one in their syndrome.
ond position because it has the first three values and the value for Ms equal to
one in their syndromes and so on untill the error Z3Xg witch has a zero for M,
in its syndrome. We continue to place the errors so that the values equal to one
in the syndromes are shifted to the right untill the last one X;X,; witch has no
value equal to one in its syndrome. Then, for each error E, we search in the tables

The error ZsXs is in the sec-



other errors having similar syndromes and determine the generators to be measured
to identify this error. We present below the detection procedure for the two first
(table 2) and the two final (table 4) rows with first some explained instructions:

if evalb(Equal(Q281,-Q281c))=true and evalb(Equal(Q282,-Q282c))=true
and evalb(Equal(Q283,-Q283c))=true and evalb(Equal(Q284,-Q284c))= true
then print(" Y3 or ZsZ, error detected"):fi: We measure the eigenvalues al-
lowing to identify two possible errors. The most likely one is choosen depending on
the transmitting channel (a single error is generally more likely than a double one).

if evalb(Equal(Q281,-Q281c))=true and evalb(Equal(Q282,-Q282c))=true
and evalb(Equal(Q283,-Q283c))=true and evalb(Equal(Q285,-Q285c))=true
then Q29:=Feynman quantum _operator(11,"ZX",[2,5]).Q27: fi:

if evalb(Equal(Q29,Q25))=true then print("Z,Xs error detected"):fi: The
measured syndromes allow an error identification witch gives fidelity equal to one.

# Detection giving a list of two errors (table 2)
if evalb(Equal(Q281,-Q281c))=true and evalb(Equal(Q282,-Q282c))=true
and evalb(Equal(Q283,-Q283c))=true and evalb(Equal(Q284,-Q284c))=true
then print(" Y3 or Z3Z, error detected"):fi:
# Correction of error perfectly identified (table 2)
if evalb(Equal(Q281,-Q281c))=true and evalb(Equal(Q282,-Q282c))=true
and evalb(Equal(Q283,-Q283c))=true and evalb(Equal(Q285,-Q285c))=true
then Q29:=Feynman quantum_operator(11,"ZX",[2,5]).Q27: fi:
if evalb(Equal(Q29,Q25))=true then print("Error Z>Xs5 corrected"):fi:

# Correction of error perfectly identified (table 4)
if evalb(Equal(Q285,Q285¢))=true and evalb(Equal(Q287,Q287c))=true
and evalb(Equal(Q288,Q288c¢))=true and evalb(Equal(Q289,Q289c))=true
and evalb(Equal(Q290,-Q290c))=true
then Q29:=Feynman quantum_ operator(11,"ZX",[10,11]).Q27: fi:
if evalb(Equal(Q29,Q25))=true then print("Error Z;0X;; corected"):fi:
# Detection giving a possibility of no error or one error (table 4)
if evalb(Equal(Q281,Q281c))=true and evalb(Equal(Q282,Q282c))=true
and evalb(Equal(Q283,Q283c))=true and evalb(Equal(Q284,Q284c))=true
and evalb(Equal(Q285,Q285c))=true and evalb(Equal(Q286,Q286c¢))=true
and evalb(Equal(Q287,Q287c))=true and evalb(Equal(Q288,Q288c))=true
and evalb(Equal(Q289,Q289c¢))=true and evalb(Equal(Q290,Q290c))=true
then print("No error or error X7 X, detected"):fi:

Below some obtained outputs : Welcome to Feynman (April 2008)

"Yg or ZyZ, error detected”
"Error Z,X 5 detected”
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8.5 Decoding from qubit 2 to qubit 12

The decoding procedure is simulated using the coding circuit of the figure 2 but
the six layers of gates are considered in the inverse order. We note that all the
instructions concern an eleven qubits system witch drill a high running time. Perhaps
that Feynman Program offers the opportunities or needs modifications to decode by
small qubits groups. Below the simulation with first some explained instructions:

Q30:=Feynman quantum_operator(11,"cz",[3,2]).Q29: The gate Z is ap-
plied on the second qubit if the third qubit is one.

Q31:=Feynman quantum_operator(11,"cn",[3,4]).Q30: The gate X is ap-
plied on the fourth qubit if the third qubit is one.
Q47:=Feynman quantum _operator(11,"Z",[10]).Q46: The gate Z is applied
on the tenth qubit.

Q59:=Feynman _quantum_operator(11,"H",[1]).Q58: The gate H is applied
on the first qubit. We can apply at one time the gates H, by the next instruction:
Feynman quantum operator(11,"HHHHHHHHH",[1,2,3,5,6,7,8,10,11]).
We have avoided this procedure because it takes too much time.

# Sixth layer

Q30:=Feynman__quantum_ operator(11,"cz",[3,2]).Q29:
Q31l:=Feynman quantum _operator(11,"cn",[3,4]).Q30:
Q32:=Feynman _quantum_operator(11,"cz",[3,5]).Q31:
Q33:=Feynman _quantum_operator(11,"cz",[8,7]).Q32:
Q34:=Feynman _quantum_ operator(11,"cn",[8,9]).Q33:
Q35:=Feynman quantum_ operator(11,"cz",[8,10]).Q34:

# Fifth layer

Q36:=Feynman _quantum_operator(11,"cz",[2,1]).Q35:

Q37:=Feynman quantum_operator(11,"cz",[2,4]).Q36:

Q38:=-1.Feynman_quantum_operator(11,"cn",[2,4]).Q37:

Q39:=Feynman quantum_operator(11, "CZ ,12,5]).Q38:

Q40::Feynman_quantum_operator(11, z".[7,6]).Q39:

Q41:=Feynman _quantum _operator(11,"cz",[7,9]).Q340:
ol

Q42:=-1.Feynman__quantum __ operator(ll n" [7,9]).Q41:
Q43:=Feynman _quantum_ operator(11,"cz" [7,1 ]).Q42:
# Fourth layer

Q44:=Feynman__quantum_ operator(11,"cz",[6,5]).Q43:
Q45:=Feynman__quantum_operator(11,"cz",[6,9]).Q44:
Q46:=-1.Feynman_quantum_operator(11,"cn",[6,9]).Q45:
Q47:=Feynman _quantum_ operator(11,"cz",[6,10]).Q46:
Q48:=Feynman _quantum_ operator(11,"cz",[1,4]).Q47:
Q49:=-1.Feynman _quantum_ operator(11,"cn",[1,4]).Q48:
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Q50:=Feynman _quantum_ operator(11,"cz",[1,5]).Q49:
Q51:=Feynman _quantum_ operator(11,"cz",[11,10]).Q50:
# Third layer

Q52:=Feynman quantum_operator(11,"cn",[5,4]).Q51:
Qb53:=Feynman _quantum_operator(11,"cn",[10,9]).Q52:
# Second layer

Qb54:=Feynman _quantum_operator(11,"Z",[1]).Q53
Q55:=Feynman _quantum_ operator(11,"Z",[2]). Q54
Q56:=Feynman__quantum__operator(11,"Z",[6]).Q55:
Q57:=Feynman _quantum_operator(11,"Z",[7]).Q56:
Q58:=Feynman _quantum_ operator(11,"Z",|

# First layer

6
7
11)).Q5T:

Q59:=Feynman _quantum_ operator(11,"H",[1]).Q58:
Q60:=Feynman quantum_ operator(11,"H",[2]).Q59:
Q61:=Feynman _quantum_ operator(11,"H",[3]).Q60:
Q62:=Feynman _quantum_operator(11,"H" [5]).Q61:
Q63:=Feynman _quantum_ operator(11,"H",[6]).Q62:
Q64:=Feynman _quantum_ operator(11,"H",[7]).Q63:
Q65:=Feynman _quantum_ operator(11,"H",[8]).Q64:
Q66:=Feynman _quantum__operator(11,"H" [10]).Q65:
Q67:=Feynman _quantum_operator(11,"H" ,[11]).QG66:
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