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Introduction
The Lagrange multiplier technique suffices for optimizing
under the constraint
. Under inequality constraints, the optimization becomes more difficult. For example,
if the constraints are
along with nonnegative variables, the analytic solution requires
working in stages. First, the unconstrained problem is solved. Then, the extremes under each
inequality taken as an equality are obtained. Then, the extremes under pairs of inequalities taken
as equalities are found. Finally, the extremes under sets of three constraints taken as equalities
are found. The greatest or least of these extremes would then be the global maximum or
minimum.
This article shows how to work both analytically and numerically to find the global maximum of

in that part of the first octant on, or below, the plane

.

Initializations


Tools≻Load Package: Plots

Loading plots



Tools≻Load Package: Optimization

Loading Optimization



Define the objective function f.



Define the constraint g.

A Graphical Investigation
Figure 1 contains an animation of the level surfaces f = c. Click on the graph, and move the slider
in the animation toolbar. The animation shows that the level surface f = 36 is tangent to the plane
g = 6. Further, it shows that the surface f = 252 touches the constraint-plane at the "corners"
,
, and
. From these observations, it is clear that the global maximum on
the specified region is 252, and this value is attained at three distinct points.

Figure 1

The animation slider controls c, the value of f.

Code for the animation is hidden in the table cell. Upon relaunching this worksheet, the
animation automatically reverts to its first frame, ignoring the orientation option imposed on
the graph. If the "execute all" icon (!!!) in the toolbar is clicked, the animation will still revert to
the first frame, but the orientation option will be imposed. Figure 2 contains frame 22 in which
the level surface f = 252 is displayed.

Figure 2

Frame 22 showing the level surface f = 252

Analytic Solution
The Unconstrained Problem
The task template in Table 1 shows that there are eight unconstrained extrema: six saddle points
and a local maximum outside the first octant, and an obvious minimum (zero) at the origin.
Tools≻Tasks≻Browse:
Calculus - Multivariate≻Optimization≻Critical Points & Second Derivative Test
Critical Points and the Second Derivative Test
Objective
Function
List of
Independent
Variables

>
(4.1.1)
>
(4.1.2)

Equations

>

Critical Points

(4.1.3)
>

(4.1.4)
Second Derivative >
Test

(4.1.5)
Hessians and their >
Eigenvalues

(4.1.6)
Table 1

The unconstrained problem solved by task template

The Lagrange Multiplier Method
The task template in Table 2 applies the Lagrange multiplier method to the constrained problem
of optimizing
subject to the constraint g = 6.
Tools≻Tasks≻Browse:
Calculus - Multivariate≻Optimization≻Lagrange Multiplier Method
Method of Lagrange Multipliers
Enter objective function

Enter constraints
entered as functions

K6

Enter coordinate variables, separated , y, z
by commas:

x 6.666666667 -7.333333333 2. 6.666666667
y -7.333333333 6.666666667 2. 6.666666667
z 6.666666667 6.666666667 2. -7.333333333

l

146.6666667 146.6666667 16. 146.6666667

f

340.8888891 340.8888891 36. 340.8888891

1

Table 2

The Lagrange multiplier method applied by task template

At
in the first octant, the level surface f = 36 is tangent to the plane g = 6. The other
three points are not in the first octant.
The task template in Table 2 implements the LagrangeMultipliers command in the Student
MultivariateCalculus package. The result of a direct invocation of this command is shown in
Table 2, where the input code is hidden in the table cell.

Table 3
6

The LagrangeMultipliers command applied to f subject to the constraint g =

Additional Single-Constraint Optimizations
The maximum of f subject to the single constraint g = 6 was obtained with the Lagrange
multiplier technique. In addition, the maximum of f subject to each of the single constraints x =
0, y = 0, z = 0 also has to be obtained. Fortunately, the symmetry in f allows one representative
calculation to suffice for all three cases.
To subject f to the constraint z = 0, it is enough to maximize
. The structure of f reduces
this calculation to the solution of the equations
, as shown below.



Expression palette: Partial
differentiation
Press the Enter key.



Context Menu: Solve≻Solve

Except for the origin where f = 0, no critical point is in the first octant.

Pairs of Constraints
All possible pairs of the four constraints g = 6, x = 0, y = 0, z = 0 must be considered. This means
the maxima of
,
, and
must be found. Again, by the symmetry in f, one
case, say
, suffices. And again, by the structure of f, it suffices to solve the one equation
.


Expression palette: Partial
differentiation
Press the enter key.



Context Menu: Solve≻Solve

The first solution implies the origin is the critical point; the second is not in the first octant.
The remaining pairs can be reduced to pairing g = 6 with, say, z = 0, in which case the
optimization yields to the Lagrange multiplier method. The representative solution is then

where the input code is hidden in the table cell. This calculation shows that f = 72 at each of the
three critical points
,
, and
. These points are on the intersections of the
plane g = 6 with the coordinate planes.

Constraints Taken in Groups of Three
The origin is the only point common to x = y = z = 0. Grouping g = 6 with any two of these
constraints leads to the "corner" points
,
, and
, where f = 252. Thus, f
assumes its global maximum of 252 at each of these three corner points.

Numeric Solution
Obtaining an analytic solution of the inequality-constrained optimization problem seems to be a
lot of work. Is there a more direct (numeric) way to find a global optimum for such a problem?

Here are two possible approaches.

With Maple's Optimization Package
The Maximize command in the built-in Optimization package can be made to provide the global
extrema, provided an appropriate initial point is supplied.
Without the guidance of an initial point, only a local extreme is found:

The global maximum is found with:

Of course, simply changing the initial point does not guarantee that the global extreme will be
found. Some additional insight is needed to know which initial points will lead to the global
extreme. Also, it takes additional investigation to discover that the global maximum of 252 is
attained at three different points in the domain.

With Maple's Global Optimization Toolbox
The Global Optimization Toolbox is an add-on to Maple that can be purchased through its
on-line web store. Applied to the optimization problem at hand, it produces the following result.

As with the built-in Maximize command in the Optimization package, it takes appropriate initial
points, and hence added knowledge of the problem, to obtain all possible critical points at which
the global maximum occurs.

With the DirectSearch Package
The DirectSearch package, contributed to the Application Center by its author, Dr. Sergey
Moiseev, is a useful addition to Maple. It contains commands for finding a global extreme, as
well as commands for a variety of approaches to curve fitting. (See also, the Classroom Tips &
Techniques article "Nonlinear Fit, Optimization, and the Direct Search Package" in the June,
2011, Maple Reporter.)
The Search command will find a local or global extreme. Here, it found the global maximum at
the point
. The return includes the extreme value, its location, and the number of
evaluations of the objective functions.

The GlobalOptima command will find the global extreme. Here, it found the global maximum
at the point
.

The GlobalSearch command is supposed to find all local and global extrema. All such extrema
are stored, sorted, in a matrix.

To see the contents of the matrix generated by the GlobalSearch command, first increase the
rtablesize to 50 from its default 10. The fnormal command is applied to the entries of the matrix
S, so that small quantities are rounded to zero.

The first three entries correspond to the global maximum 252 at the three points
,
, and
. All the remaining entries correspond to local extrema, although some
judgment is required to deem this to be so.
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